MaAtH 260 ExaM #1 KEY (SUMMER 2022)

1 The system is equivalent to

8—4
(xlal.Q) = (g - 3$2, g>7

h —12

from which we conclude that the system has no solution if g # 2, h = 12; a unique solution if
g € R, h # 12; and an infinite number of solutions if g = 2, h = 12.
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and so the solution set is: 1 = —9, x5 = 4, x3 free.

2 The system is equivalent to

3 Let A= [al a ag]. The system Ax = b is found by row operations to be inconsistent.
That is, there exists no x = (z1,x2, r3) such that rja; + xeas + x3a3 = b, and so b is not a
linear combination of a;, ay, as.

4 Augmented matrix is

1 2 1] 0 1 2 110
-3 -1 2| 1| ~ |0 5 5|1
0 5 3|-1 0 0 1]1

Solution is (21, 2, r3) = (27 —é, 1).

5 Let A= [Vl Vo Vg]. With row operations we find that

—2 8 -5
A~| 0 =3 -1,
0 0 4

which shows that A has a pivot position in every row, and thus each b € R? is a linear
combination of vy, vg, v3 (see Theorem 1.4 on page 39 of the textbook—a forerunner of the
Invertible Matrix Theorem). This means b € Span(vy,vq, v3) for each b € R?, so that R* C
Span(vy, vo, v3), and therefore Span(vy, vq, v3) = R3. That is, {vy, vy, v3} spans R

6 We must find integers x1, ..., x4 such that
r1NagPOy4 + 2,Ba(NO;), — x3Bag(PO4), + 4NaNOs.

is a balanced equation. Listing in the order Na, P, O, Ba, N, we need

3 0 0 1
1 0 2 0
I 4 =+ X9 6 = T3 8 + x4 3
0 1 3 0
0 2 0 1



Collecting all terms on the left side of the equation yields a system with augmented matrix

30 0 =110 10 =2 01/0
10 =2 010 01 -3 0]0
4 6 -8 =30 ~|0 0 6 =10
01 -3 0|0 00 0 010
02 0 110 00 0 0]0
We find that xy = 2x3, xo = 3x3, x4 = 6x3, with x3 free. Letting z3 = 1 then gives

(1,9, x3,4) = (2,3,1,6).

7 Let A have the vectors as its columns. Now, Ax = 0 has augmented matrix

1 =5 110 1 -5 110 1 -5 110
-1 7 1]0] ~ (0 2 210l ~ (0 1 110
3 8 h|0 0 23 h—3]|0 0 0 h—=26/|0

The system has nontrivial solutions if and only if h = 26, whereupon the IMT implies the
columns of A (i.e. the vectors given) are linearly dependent.

8 Since T'(ex) = vy for k = 1,2, the standard matrix is readily obtained:

A=[T(e)) T(ex)]=[vi vz}:{‘g _g}

9 T linear if and only if 7(0) = 0. However, here we have T'(0) = AO+b =b # 0, and so T’
is not linear.

10a The standard matrix for 7" is

1 4 -5
A:[?, ~7 4}

Now, T'(x) = 0 if and only if Ax = 0, but the system Ax = 0 has augmented matrix

1 4 =510 1 0 —11]0

3 =7 410 01 =110
which has solution set x; = x3, x5 = z3, x3 free. Thus we find that, for instance, x = (1,1, 1) is
a solution to Ax = 0, so Ax = 0 has nontrivial solutions. This immediately implies the column

vectors of A are linearly dependent, and therefore T is not one-to-one by Theorem 2 on the
back of the exam.

10b From the work in part (a) we see that A has a pivot position in every row, and thus
Ax = b has a solution for every b € R? (see Theorem 1.4 again). Since T'(x) = Ax, it follows
that T is onto.



3

11 Let A=[a; --- a,]and B=[b; --- b,]. Suppose T(x) = Ax and T'(x) = Bx for
each x € R". Now, for each 1 < k < n, T(e;) = Aep = a, and T'(e;) = Be, = by, so that
aj, = by for each 1 < k < n, and therefore A = B. (Note it is not essential to assume that A is
the standard matrix for T, but the problem is stated as the textbook states it.)

12 Since
23 5k —10 23 15
AB:{—g k+15] and - BA = {6—3/& k+15}’
we have AB = BA only if 5k — 10 = 15 and 6 — 3k = —9. Both equations are satisfied if and
only if k£ = 5.



