MATH 260 ExaM #3 KEY (SUMMER 2021)

la A is a triangular matrix, and so the eigenvalues are immediately seen to be —3, 0, 4.

1b We find a basis for E4(4), the eigenspace of A corresponding to the largest eigenvalue 4.
We have

Es(4) ={x: Ax =4x} = {x: (A —41)x = 0},
so the job is simply to solve the system (A — 4I)x = 0 to get Span { [7 0 1]T}, and so
{[7 0 1]7} is a basis.

2 We have A? = O. Suppose Ax = \x for some x # 0. Then
0 = Ox = A’x = A(Ax) = A(\x) = A\(Ax) = A(Ax) = N\*x,

which implies A2 = 0, and hence A\ = 0. Therefore we conclude that 0 is the only eigenvalue of

A.

3 The characteristic equation det(A — AI) = 0 becomes (A — 2)(A — 1) = 12, which has
solutions —2, 5. Since

Ea(=2) = {x: Ax = —2x} = {x: (A +2[)x = 0} = Spa“{{_i]}
and

Ea(5) = {x: Ax = 5x} = {x : (A — 5)x = 0} = Span {H} ,
D:{_g g} and P:{_i ﬂ
4 For T(x) = Ax we find [T]s = [[T(b))]s [T(bs)]s], where

Tble = |72 e (e =[]

Ya

with T, T2, Y1, Y2 such that ZL’lbl + $2b2 = T(b1> = Abl and y1b1 —+ y2b2 = T(bg) = Abg
These are two systems of equations having the same coefficient matrix, and we solve both

simultaneously:
3 —1|/5 5 2 110 5 1 0] 1 2
2 110 5 3 —1|/5 5 0 1|-2 1|°

we let

From this we obtain
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5 X-u 5 3
6 x= ( k)uk:—ul——ug—l—ng.
1 Ui - Ug 2 2

7 By a theorem we have U'U = I, and so, for any x,y € R",
(Ux)-(Uy) = (Ux)'(Uy) =x'U'Uy=x"Iy=x"y =x-y.

8 Let W = Span{u;,uy}. The best approximation is

) 2 5 27/49
e X - Uy 1P 4 | =2 |-8/49
xSl 2 (o= | * 1| 3| = | o
- 3 2 —5/98
9 Let
3 —8 3
B 1 |4 -3
u = -1 Us = 6 ) us = 6
1 -2 6
Set wi; = uy. By the Gram-Schmidt procedure,
1
(U2 "W ) —1
Wo = Ug — Wi = s
Wi +-W; 3
1
and
-1
(u3~wl) (ug'Wz) -1
W3 = U3 — Wi — Wo —
Wi W Wo - Wy -1
3
Orthogonal basis for Col A is {wy, wa, w3 }.
10 Best approximation is
A~ T? r? r?
p= npo) o e L ()

(Po,;po)” " (p1ip1)”  (p2:p2)
Now,

(r.po) = r(=3)po(=3) + r(=1)po(—1) + r(1)po(1) + r(3)pe(3) = 0,
and similarly (r,p1) = 164, (r,p2) = 0, (p1,p1) = 20. Note we don’t need (ps,ps). We finally

obtain ,
16 41

H(t) = —pi(t) = —L.
p(t) 20 pi(t) 5



11 Let u; = 3, uy = 2t, ug = t2. Set w; = u; = 3. By the Gram-Schmidt procedure,

3
6t dt
WQZUQ—MW1:2t—I33— 3 :2t,
(Wi, W) f739dt
and
3 3
wom g W) (waws) o, [ 30 [0 s
(Wi, W) (W2, wa) ff’39dt ffg 42 dt

{w1, Ws, w3} is an orthogonal basis.



