MATH 260 ExaM #3 KEY (SUMMER 2020)

1 The eigenspace consists of all x € R? such that Ax = —2x, or equivalently (A + 2I)x = 0.
Solving the system show this to be the subspace

Span{[l 1 S}T},
and so {[1 1 B]T} is a basis.

2 Set B = [b;;]. We're given that, for each 1 < i < m,

m

> by =p.
j=1
Let x; € R™ have all entries equal to 1. Then

> ey bij

o
Bxi=| : |=|p|=p|1|=px,
Z;;bmj H

which shows that u is an eigenvalue of B (with x; being an associated eigenvector).

3 This will be det(A — AI) = 0, which works out as
AP —2)2 + 9N+ 94 = 0.

4 Find bases for the eigenspaces for A. From det(A — AI) = 0 we get characteristic equation
A% —6X — 16 = 0, and hence eigenvalues A = —2, 8. Solving (A + 2I)x = 0 gives Span{[3 7]},
so {[3 7]"} is a basis. Similarly the eigenspace for A\ = 8 has basis {[I — 1]T}. Therefore we
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X — X|| = — =~ 5.969.
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5 We first get

and so the distance is

6 The linearity of T'(x) = 2proj, x — x will follow from basic properties of the dot product.
For scalar ¢ and x € R",

T(cx) = 2proj,cx — cx = 2<Cl)fllll>u —x = c[2<%>u - x} = c[2proj,x — x| = ¢T'(x),



and for x,y € R",

) X + -u
T(X+Y)ZQPTOJe(X+Y)—(X+Y>:2{%]‘1_’:—}’
:2(—X'u+—y.u)u—x—y
u-u u-u
X-u y-u
= G)u o+ )]
u-u u-u
= [2proj, x — x| + [2 proj, x — x|
=Tx)+T(y).
Therefore T is linear.
7 Let
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then set w € W' to be
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B 1 13
W =X 3 13
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8 Let
3 -8 3
1 —4 -3
u = —11|’ Uy = 61’ U3 = 6
1 -2 6
Set w; = u;. By the Gram-Schmidt procedure,
1
()| s
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(113'W1> (US'WQ) —1
W3 = ug — Wi — Wo =
Wi+ W Wy - Wy -1
3

Orthogonal basis for Col A is {wy, wa, w3}.



9 Best approximation is

r? T? r?
< p0>po+ ( p1>p1~|—< p2>

(pO, p0> <P1 ) P1> <p2, b2

p= D2-
)

Now,
(r,po) = r(=3)po(—3) + r(=1)po(—1) + r(1)po(1) + r(3)po(3) = 0,
and similarly (r,p;) = 164, (r,ps) = 0, (p1,p1) = 20. Note we don’t need (py, p2). We finally

obtain
164 41

B(t) = S5m(t) = —t.

10 For u,v,w € V and scalar ¢, we find using linearity and dot product properties that
(,v) = T(w) - T(v) = T(v) - T(w) = (v,u),

and
(04 v,w) = T(u+v) - T(w) = [T(w) + T(v)] - T(w)
=T(u)-T(w) +T(v) -T(w) = (u,w) + (v, w),
and
(cu,v) =T(cu)-T(v)=cT(u) -T(v)=c[T(u) -T(v)] = c(u,v),
and

(u,u) =T(u) - T(u) = |T(w)]* > 0.
Next, suppose that (u,u) = 0. Then T'(u) - T'(u) = ||T(u)||* = 0, which implies T'(u) =
and since 7' is one-to-one we conclude that u = 0. Finally, if u = 0, then 7'(u) = 7°(0)
and so (u,u) =0-0=0.
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11 Let u; = 3, uy = 2t, ug = t2. Set w; = u; = 3. By the Gram-Schmidt procedure,

3
6t dt
wymy - 2w gy SOt
<W17W1> f_3 gdt
and
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Wy m g = W) aw) [ L2

(Wi, W) (W, Wa) S, 9dt [ 4t dt

{w1, ws, w3} is an orthogonal basis.



