MATH 260 ExaAM #3 KEY (SUMMER 2014)

la To find the B-coordinates of v, we find a,b € R such that

—1 1 5
al 1|+b|2|=]|T7],
1 1 3
which is to say we solve the system
—a+ b=5
a+2b="7
a+ b=3

The only solution is (a,b) = (—1,4), and therefore
—1
el

1b Letting u; = [-111]" and uy = [1 2 1], by an established theorem we have

M = [[111]c [112]c]7

and so we must find the C-coordinates of u; and u,. Starting with u;, we find a,b € R such
that avy, + bvy = uy; that is,

2 -3 ~1
all|+b| o= 1],
0 1 1

which has (a,b) = (1,1) as the only solution, and hence

o[}

Next, we find a,b € R such that av; + bvy = uy; that is,

2 -3 1
all|+bl O0|=12],
0 1 1

which has (a,b) = (2,1) as the only solution, and hence

e[}

w2

1c Using the B-coordinates of v found above, we have

[V]e = M[v]s = E ﬂ l_ﬂ - m

Therefore



2 We have B = (vy,v3), and C = (wy, wg, ws). Now,

or=2((i)- |z |

We need the C-coordinates of L(v;), which means finding aq, as, ag such that

1 -1 0
awi + aswe +asws =ay | O|+as| 2|+4as|l| = L(vy);
-1 2 2
that is,
ap — asg =1
{ 2&2 —I— az = —2
—ai + 2&2 + 2(1,3 = —5,
which solves to give a; = 1, as = 0, and a3 = —2. Thus
1
[L(vi)le=| 0
-2
Next,

wor-4()-[ ]

We need the C-coordinates of L(vs), so we find ay, as, ag such that

1 -1 0
A1W1 + aoWo + a3wWs3 = Q1 0 + a9y 2 + as 1| = L(Vg).
—1 2 2

Like before, this yields a system of equations. We put its augmented matrix into row-echelon
form:

1 -1 0] 2 1 -1 0] 2 1 -1 0] 2 1 -1 0| 2
0 2 1| 1|~]0 21 I{~]0 1 2|-1f({~|[0 1 2|-1
-1 2 2|-3 0 1 2|-1 0o 21 1 0O 0 -3| 3
which solves to give a; = 3, a; = 1, and a3 = —1. Thus

3

[L(va)le=| 1

-1

The BC-matrix of L is therefore
1 3



3a Find the characteristic polynomial:
2—t 0 -2

Pat)=det(A—tD)=| 0 3—¢t 0 |=(2—1¢)

‘3—t 0
0 0 3—t

0 3—75‘ =(2-1)(3 -1t~

The characteristic equation is (2 — ¢)(3 — t)? = 0, which has solution set {2,3}. Hence the
eigenvalues of A are 2 and 3.

3b The eigenspace corresponding to 2 is
Ea(2) ={xeR®: Ax = 2x} = {x: (A — 2I)x = 0}.

Passing to the augmented matrix for the system (A — 2I)x = 0, we have

00 -2/0
01 010
00 110
Thus the solution set of the system is
T K 1
yl:y=z=0andz e R } = Of:teR ) =Spanq |0
z 10 0

A basis for E4(2) is thus By = {[1,0,0]"}.
The eigenspace corresponding to 3 is

Ea(3) ={xe€R®: Ax = 3x} = {x: (A — 3)x = 0}.

Passing to the augmented matrix for the system (A — 3I)x = 0, we have

-1 0 -20
00 0]0
00 0]0
Thus the solution set of the system is
x 0 -2 0 —2
yl:x=-—2zandy,zeRp=<s|1|+t| O|:s,t€R ) =8Spanq |1], 0
z 0 1 0 1

A basis for E4(3) is thus By = {[0,1,0]",[-2,0,1]" }.

3c A spectral basis for A (i.e. a basis for R? consisting of linearly independent eigenvectors

of A) is the ordered basis

B=BUBy,=|[]|0|,|1|,| O
0



4

The eigenvalues corresponding to these eigenvalues are 2, 3, and 3, respectively. Therefore the

diagonal matrix we seek is

20
D=|0 3
0 0

0
0
3

As for P, that is the 3 x 3 matrix with column vectors being the vectors in B in the order that

they appear:

P =

OO =
O = O

4a By Ye Olde Gram-Schmidt Process,

Vo - W1

Wy = Vg — Wi =

Wi W

SN O W

and

V3 - W; V3 Wo

W3 = V3 — W1 —

Wi+ W1 W3 - Wy

An orthogonal basis for W is therefore
1 1/2
0 0
1] =1/2
0 0

or

0
1
10
3

—2
0
1
1
510
-5
0
2
1 1
Y
3
1
0
11>
0

O = O =

-1
0

Y

1/2

—1/2|

1/2 0
0| |1
~1/2 0l
0| |3

0
1
0 Y
3

the latter basis obtained by replacing ws with 2wy to rid ourselves of fractions.

4b Find the norms of the vectors wy, ws, and w3 found above:

lws|| = V10,

[will = V2, |lws] =
An orthonormal basis for W is thus
Wi Wo W3 1

{ |

V2

Wl lwall™ [Iwsl|

1
\/57

O = O =

1/2
0

~1/2

0

) \/1—0

0
1
0
3



