MATH 260 ExaM #2 KEY (FALL 2018)

1 Let S be the set. Clearly S # @ since 0 — 2(0) = 4(0) shows that [0,0,0] € S.
Suppose [x1,y1, 21], [T2, Y2, 22] € S, 80 21 — 2y; = 421 and x5 — 2y = 425 hold. Adding these
equations and rearranging terms then yields

(ZL’l + l’g) — 2(y1 —+ yg) = 4(21 + Zg),

which shows that [x1 4+ 2, y1 + 2, 21 + 22] € S, and hence [z, 1, 21] + [x2, Y2, 20] € S. Therefore
S is closed under addition.

Next, suppose that [z,y,z] € S, so that x — 2y = 4z. Let ¢ € R. Then ¢(x — 2y) = ¢(4z2),
or equivalently cx — 2(cy) = 4(cz), which shows that [cx,cy,cz] € S, and hence c[x,y, 2] € S.
Therefore S is closed under scalar multiplication. We conclude that S is a subspace of R3.

2 Since W ={xeR":x-v=0forall veV} itis clear that 0 € W and thus W # @. Let
x,y € W. For any v € V we have
(x+y) v=x-v+y - v=0+0=0,

which shows that x +y € W. Hence W is closed under addition. Also, for any scalar ¢ we
have (¢x)-v = ¢(x-v) = (¢)(0) = 0, which shows that ¢x and thus W is closed under scalar
multiplication.

3 Suppose that

1 1 -1 0
C1 2 +CQ 3 +03 1 = O
0 -1 1 0

This is a system:

c1 + 62—63:0
201—|— 3CQ+63:0
—CQ+03:0

The only solution (the derivation is omitted here) is ¢; = ¢o = ¢3 = 0. Therefore the vectors
are linearly independent.

4 Fixx,y € S. Let u € [x,y], so u = (1 — s)x + sy for some 0 < s < 0. Now, x € S
implies x = t1vy + tavy for some 0 < t1,t5 < 1, and y € S implies y = t;v;] + tovy for some
0 <ty,ty < 1. Hence

u = (1 — s)(t1V1 -+ t2v2) + S(tAlVl + {:\QVQ) = |:(1 — S)tl + Sfl]Vl + [(1 — S)tg + 852] Vo.
Now, for k € {1,2},
0 < (1—8)ty+stp < (1—5)(1)+(s)(1) =1,

and therefore u € S. It follows that [x,y] C S, and therefore S is convex.



5 Coordinates are [c, ¢o, c3] ", where

0 1 1 1
|l 1{+e|ll+e|0l=]1
-1 0 2 1
A system arises:
Co+ C3= 1
c1+ ¢y =1

—C1 -+ 203 =1

The solution to the system is [c1, co, c3]" = [1,0,1]7.

6 Suppose that >"" ¢;v; = 0. Then for each 1 < j < m, noting v; - v; = 0 for all i # j, we
find that

(Zcivi>~vj20-vj = Zci(Vi'Vj):O = Cj(Vj'Vj):O = Cj||Vj||2:O.

i=1 i=1
Now, ||v;|| # 0 since v; # 0, and therefore ¢;||v;||* = 0 implies ¢; = 0. Therefore the vectors
are linearly independent.

7 We have, replacing x and z with s and ¢ along the way,

T s 1 0
P = Yyl:iy=22x+32) = 2s+3t|:s5,teR P =Cs|2|+t|3]|:s,teER
z t 0 1
Thus a basis for P is
1 0
21,13
0 1

8 The dimension of this vector space, which we’ll denote by .S,,, will equal the number of
entries in an n X n matrix that lie on or above the main diagonal. The number of diagonal
entries is n, and if the number of entries above the diagonal is k, then the total number of
entries is 2k + n (the number of entries above, on, and below the diagonal). But we also know
the total number of entries is n?, so n* = 2k + n, and hence k = (n? — n)/2. Finally we have
2 2
(s =n s R T

9 We get a matrix in row-echelon form using elementary row operations on the given matrix:

1 2 -3 1 2 -3 1 2 -3
-1 =2 31 SRR 100 00 0| men [0 =308
4 8 —12 —r1+rg4—ryY O 0 0 0 O 0
1 -1 5 0 -3 8 0 0 0



Now it is clear that the rank of the original matrix is 2.

10 We have T'(z,y) = (u,v) with u = 3z and v = 7y. Now,
2 2

2 v 2 U v
et e (e ()1 e
Tt +y = 3 +7 = 9—1-49

The image of the circle 22 + y* = 1 under T is therefore the set

w?  v?
=+ —==1

in the wv-plane. This is of course an ellipse with center (0,0).



