MATH 250 ExaM #3 KEY (SUMMER 2024)

1 Auxiliary equation 72 — 3r2 + 4r — 2 = 0 has roots 1 and 1 & i. General solution:

y = (c1 + cacosx + czsinz)e”.

3 —x

2 Auxiliary equation r°> — 7 = 0 has roots —1,0, 1. General solution is y = ¢; + c2e” + c3e
Using the initial conditions, we find that ¢; +co +c3 = 4, ¢o — c3 = 4, and ¢y + ¢3 = 4. Solving

this system of equations yields ¢; = 0, ¢o = 4, c3 = 0. Solution to IVP: y = 4e”.
3 Model: 502" + 200z = 0, z(0) = 0, 2/(0) = —10. Here z(t) < 0 is the position that
compresses the (vertically hanging) spring. From the ODE comes

x(t) = ¢1 cos 2t + o sin 2t,

and with the initial conditions we find z(t) = —5sin2t. Period of motion is 7 seconds. Now
find ¢ such that #/(t) = 5 m/s, or cos 2t = —%. The times are

t T + d t 2 +
= —+7n an = - TT7n
3 3 7
n > 0 an integer.
4 For |z| <1,
d( 1 d = , 1 - -
— = — — — =) - .
dx(l—x) dxnz:x (11— an (1—x)? ; n
5 Lety=> o,k soy =372, kepa™'. DE then becomes
Z ket — Z et =a? Z[(/{: + 1)cpy1 — ar)a® = 22
k=1 k=0 k=0

Thus we have
3

(c1 = co) + (2c2 — er) + (3es — 2)a’ + Z[(k + Depyr — ez = 22,
k=0

so that ¢y —cog =0, 2c0 —¢; =0, 3c3 —ce = 1, and (k+ 1)cpy1 — ¢ = 0 for £ > 3. We only
need to find a particular solution to the DE, so let ¢¢g = 0. Then ¢; = ¢ =0, ¢3 = %, and

Chi1 = k+1ck for k > 3. Using the recurrence relation, we have ¢, = &= = 2, ¢5 = %, and

12 =
generally ¢, = k! for £ > 3. We get

:iz 2§:x—k—2—2x—x2:2ex—2—2x—x2
k! k! ‘

k=3



6 Puty=> 7, c,2" into the ODE to get

inn—lcm e 2+x2ncn ne 1+220nx =0,
n=2 n=1 n=0

SO
Z [(n+2)(n+ 1)cnsa + nc, + 2¢, )" =0,
n=0
and hence (n + 2)(n + 1)cpi0 + nc, + 2¢, = 0 for all n > 0. Solve for ¢, 19:
C?’l
S > 0.
Cn+2 n + 17 n = 0
We use this recurrence relation to find
Co Co Co
Cy = —Cy, C4=——, Cg= — Ch = —— ...
2T M Ty T 13 T 1.3.5. T
and generally
(—=1)"co
Con n Z 1
(DB)(B) -+ (2n—1)
Also we find
C1 (6] C1
C3 2705*2 , Cr = 2.4 67
and generally
_]_ n
( ) a n > 1.

Cont+1 = ) =z
(2)(4)(6) - - - (2n)
Since ¢ and ¢; are left arbitrary, setting ¢p = 0 and ¢; = 1 results in y = )~ , ¢,2" becoming

2n+1 2n+1
Z Con+1T =+ Z (2n) x .

Letting ¢y = 1 and ¢; = 0 gives

’I’L

= ;anx =1+ Z (2n — 1>x2”.

The general solution (not asked for here) is y = d1y1 + d2y2 for arbitrary dy, ds.




