MATH 250 ExaM #3 KEY (SUMMER 2016)

1 We have
Z n(n —1)e, 2" ? =5 Z cpr™ T = Z(n + 1)(n + 2)cp02™ — 5 Z Cp—oT"
n=2 n=0 n=0 n=2

= 2¢y + 6c3x + Z(n + 1)(n + 2)cpi0a™ — Z 5cp_ox"

n=2 n=2
= 2¢cy + 6cgz + Z [(n+1)(n + 2)chya — Bens] ™.

n=2

2 Substituting

(0.] o
Yy = E cpr” and Yy = E nepz™ !
n=1

n=0

into the ODE gives

o0 o0
E ne 2t =z E cpx”,
n=1 n=0
o o
n—1 __ n+1
c1 + nc,T = CnT ,
n=2 n=0

and then with reindexing we obtain

SO

c1 + Z(n + 1D)epz™ = Z Ch1x" = ¢+ Z [(n + 1)cper — cn_l]x” =0.
n=1 n=1 n=1

This implies that ¢; = 0, and (n+1)¢,41 —¢,—1 = 0 for all n > 1. This leaves ¢y to be arbitrary,

and

Co 1 0 Co Co 0 Co 0 Co
Cy = — Cy3 = — = Cp=—=— cs = Cg = c7 = cg = ———
2 27 3 3 ’ 4 4 2.4’ b ’ 6 7 ’ 8 2.4.6-8’

and so on. Thus

0 2n
Y=ottt o6t tea6.8" T Conz%n!an’
or equivalently
=Xal3)

for arbitrary ¢ € R. (Solving the ODE by separation of variables gives y = ce®/2 which is the
same thing.)

3 Substituting y = >~ ¢,2" into the ODE gives

n(n —1)c,a"? — 22 Z ne,z" !t + 8 Z cpx” =0,
n=1 n=0

n=2



whence comes

o oo [e.e]
Z(n + 1)(n + 2)cpp0z” — Z 2nc,x" + Z 8¢,z =0,
n=0 n=0 n=0

and then

o0

[(n+1)(n+ 2)chsa — 2nc, + 8¢, |2 = 0.
n=0

This implies that
(n+1)(n+ 2)cpyo — 2ne, + 8¢, =0,

for all n > 0, and hence

2n — 8
Cn = Cp.
+2 (n+1)(n+2)
We now calculate
—6 4 —6)(-2 —6)(—2)(2
Coy = —4607 C3 = gcl’ Ccy = 5007 cs = %cla e = O, cr = ( )(7' )( )Cl,
—6)(—2)(2)(6
cg =0, 092( ) 9,)( , ¢ =0,

and in general
(=6)(=2)(2) - - - (4n — 10)

Cont1 = 2n+1)! “
for n > 0, and ¢y, = 0 for n > 3. Now, since
oo o0 o
Yy = Z Cpx" = Z C2nx2n + Z C2n+1x2n+17
n=0 n=0 n=0

we conclude that

, 4, =L (=6)(—=2)(2) -+ (4n — 10) o, .,
Z/:co(l—4x +§x)+c1<x—|—;< )( ()Qn—i—l)! )x +)‘

This along with the initial condition y(0) = 3 yields ¢y = 3. From

) 6 L (—6)(—2)(2) - -+ (4n — 10)
y=—800w+360:6+61<1+z( )( ><(2>n>!< >x>

n=1

and the initial condition ¢'(0) = 0 we get ¢; = 0. Therefore
4
Yy = 3(1 — 42 + §m4) =3 — 122 + 4a2?

is the solution to the IVP.

4 We have

8 o0 1 1 1 1
L[f](s) = / e *tdt + / te Stdt = —=(e™® — 1) + <§ + —2) e ¥ ==+ (z + —2>688.
0 8 S s S S s s



! 20 1 1 48 24 6 1

5b L[(2t —1)%](s) = L[8* — 12¢* + 6t — 1](s) = 8-—'—12-§+ e Rl it e R

5¢ We have
t ot
etsinht:et<6 c ): 162t — 1,
2 2 2
and so
1 1 1 1 1 1 1
t-h _ 2t Zrn S — -
L]e' sinht](s) L[e*](s) 2£[ 1(s) 2 5-2 25 2s-2) 25



