MATH 250 ExaM #3 KEY (SUMMER 2013)

1 The model for the mass-spring system is
20y" + 140y’ + 200y = 0, y(0) =0.25, ¢'(0) = —1.
The auxiliary equation is
2072 4 140r + 200 = 0,

or 72 + 7r + 10 = 0, which has roots —2,—5. Thus the general solution to the ODE is
y(t) = cre7 + cye™. From the initial condition y(0) = 0.25 comes ¢; + ¢ = 0.25, and
from y/(t) = —2c1e™* — 5ege ™t and the initial condition 3'(0) = —1 comes —2¢; — 5y = —1.
Solving the system

c1+ Cco= 0.25
—201 - 502 = -1
yields ¢; = % and ¢y = %. Therefore
1 1

£ = 2 4 5t

Since the equation 1—126*% + %e*’t = 0 has no real solution, it follows that the object never
returns to the equilibrium position.

2 There are two external forces acting on the object O: F(t) and also gravity. Thus the total
external force on O at time ¢ is

Foy = mg+ F(t) = (8 kg)(9.8 m/s?) 4+ cos 2t N = 78.4 + cos 2t N.

We need to determine the spring constant k. Upon attaching O to the spring, the spring
stretches until its tension comes to equal the magnitude of the gravitational force acting on O.
We have, by Hooke’s Law, with the understanding that down is the positive direction,

—(8 kg)(9.8 m/s®) = —mg = — Fyravity = Fipring = —ky = —k(1.96 m),

and so —1.96k = —78.4, which yields a spring constant of & = 40 N/m. The model for the
mass-spring system, my” + by’ + ky = Fex, is thus

8y" + 3y’ + 40y = 78.4 + cos 2t. (1)
The form of a particular solution to
8y" + 3y’ + 40y = 78.4

is yp, (t) = A, where A is some constant. Now, y, () = y; (t) = 0, and so substitution into
8y" + 3y’ + 40y = 78.4 gives 40A = 78.4 and finally A = 1.96. Therefore y,, (t) = 1.96.
The form of a particular solution to

8y" + 3y’ + 40y = cos 2t
is yp, (t) = Acos2t + Bsin 2t. Substituting this for y in the ODE yields
8(Acos 2t + Bsin2t)” 4+ 3(Acos 2t + Bsin 2t)' + 40(A cos 2t + B sin 2t) = cos 2t,

which gives
(8A+ 6B) cos 2t + (—6A + 8B) sin 2t = cos 2t,



and so we must have

—6A+8B=0
Solving this system of equations yields A = 2/25 and B = 3/50, and therefore

{ SA+6B=1

2 3
Ypo (t) = 2—5 cos 2t + % sin 2t.

By the Superposition Principle a particular solution to (1) is ¥, = yp, + Yp,, OF

2 3
yp(t) = 1.96 + o7, €08 2t + =0 sin 2t, (2)

which happens to be the steady-state solution for the mass-spring system. However, it is
common practice to take the equilibrium position to be wherever the spring comes to rest
once the mass is attached to it. We're given that the spring stretches 1.96 m, so we shift the
point where y equals zero down by 1.96 m by subtracting 1.96 from the right-hand side of (2),
resulting in
2 5 3 . 9

Yp(t) = o5 €08 t+ =5 5in t

as the steady-state solution. Alternatively we may write

Yp(t) = 0.1sin(2t + ),
where ¢ = arctan(4/3) ~ 0.927.

3 We have
L[f](s) = / e S f(t)dt = / e *'sint dt.
0 0
Use integration by parts: fab w' = uv|z - f; w'v with u(z) = e and v'(z) = sint to get
/ e *sintdt = [—e_St cos t}g - / se *costdt =1+ ™ — s/ e * costdt.
0 0 0

Use integration by parts on the rightmost integral with u(z) = e~ and v'(z) = cost to get

/ e Stsintdt=14+e¢ ™ — s <[€_St sin t}g — / —se sintdt)
0 0

=14 ™ — 82/ e stsint dt.
0

Now isolate the integral:

14+e™

(32+1)/ e sintdt=1+e ™ = /e“sintdt— 5
0 0 s*+1

Therefore



4 Using the table provided,

9 5t 21 2
E[t € ](5) = (s — 5)2H - (s —5)3

5 Using the table provided,
L[t° — 7 sindt](s) = L[t°](s) — TL[e* sin4t](s)
I S S
(s —0)5+1 (s +3)2 442
~ 120 28
T 50 (s+3)2+16

6 Use a trigonometric identity for this, along with the table provided:
L[e¥ cos?t](s) = L[ - (3 + L cos2t)|(s) = SL[e¥](s) + 2L [e cos 2t] (s)

1 0! 1 s—38 1 s—8

2 R T2 (582422 2(5—8)  25—87+8

7 Partial fraction decomposition is necessary: we have
s+ 11 3 2

(s—1)(s+3) s—1 s+3

L {%] (t) =3L7" L i J (t) —2L£7" [S Jlr 3] (t) = 3e' — 2e7?.

and so

8 We have
L[y")(s) + 2L[Y1(s) + 2L[y)(s) = L[t*] (s) + AL[t] ().
Letting Y'(s) = L[y(t)](s) and using relevant properties gives
2 4
s?Y (s) — sy(0) — ¢/ (0) + 2[sY (s) — y(0)] + 2Y (s) = STz
The initial conditions come next:
2 4
s +142sY +2Y = — + =
s3 s
Solving for Y yields
B 2 . 4 1
Cs3(s2425+2)  s2(s2425+2) s2425+2°

Now we employ partial fraction decomposition to obtain

v 1 1+1 8/2 n 2+2+ 25+ 2 1
S\ 28 82 3 242542 s 82 s2425+2 524+ 25+ 2




3/2 1 1 3s/2+1
s s2 83 (s+1)2412
3/2 1 1 3s/2+3/2 1/2
_ Sz 1 1 ssRasp 12
s 82 83 (s+1)?24+1 (s+1)2+1
Finally, we take the inverse Laplace transform of each side to get

y@):v—gﬁ*{é}@%+£_1£4(ﬂ—FE”{&J(@%—;E*[G:S%;IT]@)
-5 o
= —g +t+ %tQ + ge_t cost — %e‘t sin t.

9 Taking the Laplace transform of both sides of the ODE yields

[S*LIy(0](s) — $2(0) — sy/(0) — 5'(0)] — [*LIy(B](5) — 59(0) — y/(0)]
+ [sLly(®)](s) — y(0)] — LIy(1))(s) = L[0](s).
Letting Y'(s) = L[y(t)](s) and noting that £[0](s) = 0, we use the initial conditions to obtain
[s*Y(s) —s* — s — 3] — [s*Y(s) — s — 1] + [sY(s) — 1] = Y (s) = 0,
and thus 243 E
Yis) = P —rs—1 (s—=1)(s2+1)
The partial fraction decomposition of the rational expression on the right-hand has the form
s>+ 3 A Bs+C

G-DE+1]) s—1 £11°

whence
2 4+3=A(*+1)+ (Bs+C)s—1)=(A+B)s*+ (C - B)s+ (A—C).

This gives rise to the system

A+ B =1
{ —-B+C=0
A —-C=3
which has solution (A, B,C) = (2,—1,—1), and so
2 s+1 2 S 1
Y(S)_s—l_s2+1 Ts—1 241 241
Finally,
4 1 1 s 1 1
oo =207 |- o[ o - o | e
leads to

y(t) = 2¢" — cost —sint
as the solution to the IVP.



