MatH 250 ExaM #4 KEY (SUMMER 2012)

1. y(t) = cost — 4e® + 8e*.

2a. We have g(t) = 20u(t) — [20 — 20u(37 — t)] + [20 — 20u (47w — t)], which simplifies to
g(t) = 20[u(t) + u(37 — t) — u(4m — )],

or even
g(t) =20[1 +u(3m —t) — u(4m — t)]
if ¢ > 0 is understood.

2b. First we need

Llu(a —t)](s) = /Ooo e *u(a —t)dt = /Oa et dt =

1 _ 6—(],8

S

Now,

Lg(t)](s) = 20L[1](s) + 20L[u(3m — t)](s) — 20L[u(4m — t)](s)

20 1 — —37s 1 — —A47s
== 420 (L> — 20 (L)
S S S

2c. Letting Z(s) = L[I(t)](s), we have

S S

[s*Z — sI1(0) — I'(0)] + 2[sZ — I(0)] + 2T = ? +20 (ﬂ> - 20 (ﬂ>

20 — 20e37™ 4 20e 47

S

20 — 2067 + 20e47
(52 + 25 +2)T = 10s + 20 + e rae
S

S*T —10s + 2T — 20 + 27 =

and thus
10s + 20 20 20 20
T —_ o —37s —471'3. 1
(s) s2+2s+2+s(32+25+2) 5(52—1—25—1—2)6 +s(s2+23+2)6 (1)
Partial fraction decomposition gives
20 10 10s + 20

s(s2+2s+2) s 2+2s+2
and so (1) becomes
10 10 10s 4+ 20 10 10s + 20
ya e —37s - 747rs'
(s) s (5 52+23+2>6 +(5 52+25—|—2)€
Rewriting this as

10 1 s+1 1
T = — —1 — _ —37s
(s) 0(s (s+1)2+1 (s+1)2+1)€




410 1 s+1 1 e
- = — e
s (s+1)2+1 (s+1)2+1

and taking the inverse Laplace transform of both sides, we obtain

I(t) =10 — 10u(t — 3m) [1 — &3 cos(t — 3m) — ¥ sin(t — 37r)]
+ 10u(t — 4m) [1 — "™ cos(t — 4m) — e*" ' sin(t — 4m)]

or equivalently
I(t) =10 — 10u(t — 37)[1 + (cost + sin t)e_(t_?’”)} + 10u(t — 4m)[1 — (cost + sin t)e_(t_M)} :

3a. Trivial.

3b. Trivial.

5. Solution will be of the form

y(x) = Z cra®.
k=0

Substituting this into the ODE gives

o (0.
E ket — E cpxt = 0.
k=1 k=0

Reindexing, we obtain

i kE+1)cpqx —ickxk =0,
k=0 k=0

or equivalently

Z [(k+ 1)cks1 — i 7% = 0.

k=0
This implies that (k + 1)cgy1 — cx = 0 for all £ > 0, or ¢x1 = ¢x/(k + 1). From this we find
that ¢; = co, co = ¢1/2 = ¢p/2!, 3 = ¢3/3 = ¢o/3!, and in general ¢, = ¢o/k!. Therefore

o0

kz —zk —co+cox—i—5x +6 3+---,

where ¢y is an arbitrary constant.



6. We find a general solution of the form
oo
= Z Ckili’k,
k=0
with the series converging on some open interval [ containing 0. Substituting this into the
ODE yields
oo oo [e.e]
Zk —1) ckx —xQchkxk_l—chkxk:O,
k=2 k=1 k=0

and thus

Z k(k —1)cpa®2 — Z ket — Z cpahtt =
2 k=1 k=0

Reindexing so that all series feature z*, we have
Z(k + 1) (k + 2)cppor” — Z(k: — 1)ep_1a” — Z cr_1x® = 0.
k=0 k=2 k=1

Finally we contrive to have the index of each series start at 2 by removing the first two terms
of the leftmost series and the first term of the rightmost series:

2¢9 + 6c3x + Z (k+ 1)(k + 2)cpyoz®| — Z(k — D)ep12 — |cor + Z Cp1z = 0] )
k=2 k=2 k=2

Hence

2¢y + (6c3 — co)x + Z [(k+1)(k 4 2)cpyo — (k — 1)ep1 — cp1] ¥ =0,
k=2
which simplifies to become

o0

202+<6€3—CO ZE+Z k+1)(/€+2)0k+2—]€6k 1]ZE =0.

This implies that 2co = 0, 6¢3 — ¢y = O, and
(k + 1)(k‘ + 2>Ck+2 — ]{ZCk,1 =0
for all £ > 2. That is, co = 0, c3 = ¢o/6 = ¢ /(2 - 3), and

k
W= Dk +2) !
for k = 2,3,4,.... The recursion relation enables us to express all ¢, exclusively in terms of ¢
and cq:
2 3
C4—m01 05_ﬁ02_0
4 4 . 5 . 2-5 .
g = ——¢C ¢ = =
756" 2356 6.7t 3.4.6-7"
6 0 7 4.7
= ——(5 = = = &
BT 7RO T8 9972356897
8 2-5-8 . 9
clo = 7 =
79107 3-4-6-7-9-10 " 10-11



0 4-7-10
11-12°72.3.56-8.9-11-12°°

Cl2 =

So we have

. Co 3 2C1 4 4(30 6 2'561 7 4'760 9
y) =t art St e e s st T3 167 723568 9"
2.5-8¢ 47106 ;
3.4.6.7-9-100 2.3.56.8-9-11-12°
Setting cp = 0 and ¢; = 1 yields the particular solution
2 2-5 2-5-8
yi(z) =+ —a' + z’ + 04

3-47 '3.4-6-7 3-4.6-7-9-10
22, 22.5% . 92.52.82

_$+Ex B T TR
2.5 B 1P
_x+z BT

k=1
and setting ¢o = 1 and ¢; = 0 yields the particular solution
1 4 6 4.7 9 4-7-10

-1 3 124 ..
ya(z) = 14 —a° + 55689 '2.356.80 11.12°

2.3° T2.3.5.6° 2.
1 £ BT, 2T,
—1—|—§x —|—6 + ol ar—l—Ta: +
£2.72... (3k — 2)?
=1+ 23k,
2 (3k)!

Since y;(z) and yo(z) are linearly independent, the general solution to the ODE may be ex-
pressed as

=225 (3 1)

. 42 72"'(3k_2)2x3k
(3k + 1)!

14D (3h)!

k=1

y(x) =ag |z + +a;

k=1
for all x € I, where ay and a; are arbitrary constants.

7. Since x = 2 is an ordinary point for the ODE, we expect to find a general solution of the

form
= ele - 2), )

with the power series converging on some open interval I containing 2. From (2) comes

= Z kep(x — 2)F!
k=1
and

Zk‘ —1Ckl‘—2)
k=2



which when substituted into the ODE yields

221{: —1ckx—2 chkx—2k1+20k1’—2

It will be expedient to express z? in terms of  — 2. Since (z — 2) = 22 — 4r + 4 we have

= (222 +4r —4= (v —2)°+4(z—2) +4,

and so (3) becomes

[(x—2)2+4(a:—2)+4]§:k( k—1)cg(z — 2)F chk (z —2)F~ 1—|—ch (x —2)"

and thus

D k(k = Vep(r —2)F +4>  k(k —1)ck(3:—2)k1+42k — 1ep(z —2)%
k=2 k=2

k=2

— Z kep(z — 2)F 1 + Z cr(x —2)F =
k=1 k=0

Adding zero terms and reindexing where needed, we obtain

WE

=
Il
=)

k=0 k=0

Zk‘+1 Cra( x—2k+ch x—2
k=0 k=0

or equivalently

o0

> [k(k = D)eg + 4k(k + Deger + 4(k + 1) (k + 2)cpr — (b + Ve + a (2 — 2)"
k=0

for all € I. Therefore we have
k(k —1)cp + 4k(k + V)egpr +4(k+ 1) (E+2)cgpyo — (K + 1)cgr1 +cx =0
for all k£ > 0, which rearranges to become
(4k* + 3k — 1)cpr + (K2 — k + 1)ey,
4k? + 12k + 8
Using the recursion relation (4), we obtain

Ckt2 = —

G —C
Cy = g
and
bt 1 fa—a L 3c— T
G Ty __Z< 8 >_ﬂcl_ %6
Hence

y(@) = co+er(r —2) + ealr —2)? +ealw —2)° + -

k(k — 1)ep(z —2)% + 4§: E(k 4+ 1)cpyi(z — 2)% + 4§:(k: + 1) (k 4 2)cpa(z — 2)*

=0

(3)



c1 — Cy 300 —Tc
8 96
is a power series expansion about 2 for a general solution to the ODE.

=c+calr—2)+ (x—2)*+

(3;_2)3_|_...



