MATH 250 EXAM #4 KEY (SPRING 2017)

1 This is a nonlinear equation with y missing. Let v = ¢/, so /' = y” and the ODE becomes
2%u’ +u? = 0. This is separable, yields
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for arbitrary a. If a # 0,
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for arbitrary . If a = 0,

1
y =—z = y:—§x2+ﬁ.

Therefore the solution set of the ODE contains the family of functions
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2 The equation is nonlinear with  missing, so we cast y in the role of the independent variable
and make the substitution u =y’ = dy/dxz. Then

y , du  dudy  du

YoV T T dyde” Yay
and the ODE becomes
U du
(14 u?)3/2 dy

The equation is separable, giving
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where (3 is an arbitrary constant. Letting # = 0, we get
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This is again a separable equation, becoming

i/\/#dy:/dx.

Making the substitution w = 1 — (ky)? yields
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for arbitrary a. Let o = 0, so that
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With the £+ we have the right and left halves of a circle. Squaring and doing some algebra gives
1
xQ + y2 - PoR
K

a circle with center (0,0) and radius 1/x. Setting x = 1 yields y?> = 1 — z%. One choice for the

function f is therefore f(z) = /1 — 22.

3 From Hooke’s Law we have 10 = k(2), and so k = 5 1b/ft is the spring constant. The mass
m is given by W = mg, so m = W/g = 10/32 = 5/16 slug. The equation of motion is thus
5
1—6y" +B8y +5y=0 = 5y’ +168y + 80y = 0.
The auxiliary equation is

5r? + 1637 + 80 = 0. (1)
The mass-spring system is overdamped if (1) has distinct real roots, critically damped if (1)

has a double root, and underdamped if (1) has complex conjugate roots. By the quadratic
equation we have

_ —168 4 /(163)2 — 4(5)(80)  —83 +4,/453% — 25
B 2(5) B 5 7

and so the system is overdamped if 43? — 25 > 0, which gives 3 > g Critical damping occurs
if = g, and underdamping occurs if 0 < 8 < g

4 Substituting

o (o]
y = E cpx”  and Yy = E ne, !
n=0 n=1

into the ODE gives

o [o¢] o0 o0
E ne,a = 2? E " = ¢+ 2c1 + E ne ™t = E cpz 2,
n=1 n=0 n=3 n=0

and then . .
c1 + 2cox + Z(n + 1)cn+1x“ = Z Cp_oZ".

n=2 n=2

Now we have .
c1 + 2cow + Z [(n + Depyr — cn_g]x” =0
n=2
for all x in some open interval, implying that ¢; = ¢ = 0, and (n + 1)¢,11 — ¢—2 = 0 for all
n > 2. This leaves ¢y to be arbitrary, and

Co C3 Co Ce Co
C3 3a Cq 5 Cs ; Ce 6 367 Cr 3 Cg 3 Cg 9 3697
and so on. Thus
o 3n
o C_03 Co 6 Co 9 Co 12 o Col
Y=ot g s gt e g T30 127 T Z3nn!’
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or equivalently
1 /23\"
y—cznzoa(i) -

for arbitrary ¢ € R. (Solving the ODE by separation of variables gives y = ce™ /3, which is the
same thing.)

5 Substituting y = >~ ¢,2" into the ODE gives
o0

oo [ee]
nn —1ec,a" 2 +x Z ne "t — 2 Z cpx” =0,
n=0

n=2 n=1

whence comes - . -
Z(n + 1)(n + 2)cpi0z”™ + Z ne,x” — Z 2c,2" = 0,
n=0 n=0 n=0

and then

[(n + 1)(n+ 2)cpie + nc, — QCH} " = 0.
—0

n

This implies that
(n+1)(n+2)cyto + ne, — 2¢, =0,
for all n > 0, and hence

2—n
Cnio = Cn-
2 (n+1)(n+2)
We now wind up our propeller beanies and calculate
1 —1 3
2 =Co, 3= 5101, cy =0, G = ZrCu cg = 0, 1=l s 0,
_=3-5 _0 _3:5-7
Co = 9! €, Co=VY, Cnn= Tcl,
and so on, giving
1 1 3 3-5 3-5-7
Yy=co+car+ cox” + 50113 — aclxg’ + ﬁclxj — Tclxg + 11 ciztt -
1 1 3 3-5 3-5-7
_ 2 Ls L5, 9 7 979 9 99 M 43
—co(1+x)+cl(m+3!x R or Tttt )
2 S~ (—1)"[1-3-5---(2n — 1))z +3
= ¢o(1 + 22 — : 2
‘ol +x)+cl<x+6+; (2n + 3)! 2)

This is the general solution to the ODE. Now we employ the initial condition y(0) = 1 to obtain
co = 1. Putting this into (2) and differentiating yields

22 S (=1)[1-3-5---(2n — 1)]x2nt2
;( )" (2n —1)] )

=9 1+ 2
Y $+Cl(+2+ (2n + 2)!

Our initial condition y'(0) = 0 clearly implies ¢; = 0. Therefore the solution to the IVP is
y=1+2°




