MaTH 250 ExaM #2 KEY (SPRING 2017)

la Basic model for radioactive decay: z(t) = zoe . Given: x(0) = 100. Thus xo = 100 and
we have z(t) = 100e~*. Find k. Given: z(6) = 96.6. So 96.6 = 100e~*, which solves to give
k ~ 0.00577. Therefore

$(t> — 100670.0057715.

After 24 hours the quantity of isotope remaining is
2(24) = 100e %0774 ~ 871 mg.

1b Find ¢ for which z(t) = 10:

In0.1
100e-000577t _ 1 o=0005T7t _ (3 — 4— _ ~ 399.1 hr.
¢ ¢ 0.00577 '

2 Newton’s Law of Cooling states that T'(t) = k[T'(t) — M], where M = 68 is the temperature
of the house. From this ODE we obtain

1 _ _ kt
/T_68dT_/k;dt o T(t) = 68 4 Cet.

Letting ¢t = 0 be the time of death and ¢ = 7 the time of discovery, we're given T'(0) = 98.6,
T(r) =83, T(r+1)=77. With T'(0) = 98.6 we find that C' = 30.6. So

T(t) = 68 + 30.6¢".
Now, with 7'(7) = 83 and T'(7 + 1) = 77 we obtain

25
83 = 68 +30.6¢"" = € = il (1)
and
77 = 68 4 30.6eF7H) = 68 + 30.6eF7¢", (2)
respectively. Substituting (1) into (2) gives
25
77 = 68 + 30.6 <5—1€ ) :

which solves to give k = In0.6. Putting this into (1) yields

25
06 — & = 7~ 1.40 hr.

Therefore 1.40 hours elapsed between the time of death and the time the body was found.

3 Let x(t) be the mass of sugar (in kilograms) in the tank at time ¢ (in minutes), so that
x(0) = 4. The volume of solution in the tank at time ¢ is V(t) = 400 + 3¢. The rate of change
of the amount of sugar in the tank at time ¢ is:

z'(t) = (rate sugar enters Tank 1) — (rate sugar leaves Tank 1)

- (1) () - () ()




15z(t)
400 + 3t~
Thus we have a linear first-order ODE:

=0.72 -

15z
x' + 3t+—400 = 0.72.
To solve this equation, we multiply by the integrating factor
p(t) = exp (/ 371400 i5400 dt> = PG00 — (3¢ 4 400)°
to obtain
(3t + 400)°" + 15(3t + 400)*z = 0.72(3t + 400)°,
which becomes
[(3¢ + 400)°x]" = 0.72(3¢ + 400)°
and thus

1
(3t + 400)°z = 0.72 / (3t + 400)° dt = 0.72 [E(St + 400)6} + c.
From this we get a general explicit solution to the ODE,
x<t)_3t—|—400+ c
25 (3t +400)>
To find ¢ we use the initial condition z(0) = 4, giving ¢ = —12(400°), and so

3t + 400 400 1\’
1 iy DY e I
=(t) 25 <3t+400)

4 Let y; = 2° and y, = 2%, We have y| = 322 and y/ = 6x. Substituting into the ODE gives
2?*(67) — 62(37*) +122° =0 & 62° —182°+122° =0 & 0=0.

Thus we see that y; is a solution to the ODE. A similar procedure will show that s is a solution
as well.

Suppose c123 + cox? = 0 for all z € (0,00). When z = 1 we get ¢; + ¢y = 0, and when z = 2
we get 8¢y + 16¢o = 0. To satisfy both of these equations requires that ¢; = ¢ = 0. Therefore
{z3, 2} is a linearly independent set of functions on (0, c0).

By definition a fundamental set of solutions to a 2nd-order ODE on an interval [ is a set
{y1,y2} of two functions that is linearly independent on I, with y; and y, each satisfying the
ODE on I, so we're done.

5a Auxiliary equation: 2r? — 7r 4+ 3 = 0, which has solutions r = %, 3. General solution:

y(z) = cre™? + ¢y

5b Auxiliary equation: r3 + 3r? — 4r — 12 = 0. Now,
r2(r+3)—4r+3)=0 = (r+3)*-4)=0 = (r+3)(r—-2)(r+2) =0,



so solutions are r = —3,2, —2. General solution:

y(x) = cre7% + cpe® + cze” .

6 Auxiliary equation: r? — 6r 4 25 = 0, which has solutions

6+ /62 — 4(25)
r =
2

=3 = 4.

General solution to ODE:

y(x) = ¥ (c; cos4x + cysindx),
and hence
/ _ 3x : 3z :
y'(z) = 3e>(c1 cosdx + ¢y sindx) + e°*(—4c; sinda + 4ey cos 4x).
with the initial conditions given we find that ¢; = 3 and ¢y = —2. Therefore the solution to
the IVP is

y(x) = e**(3 cos 4r — 2sin 47).

7 Roots to the auxiliary equation must be 0 and 2 4+ 5i. Auxiliary equation:
rlr—2+5)][r—(2-5)] =0 = r’—4*+29r=0.
The ODE with this auxiliary equation:
y" —4y" + 29y = 0.



