MaATH 250 ExaM #1 KEY (SPRING 2017)

1 We have
’ ry

= —, €T = s
Yy \/m y( 0) Yo

which is an IVP that will have a unique solution if

Ty
z,Y) = ———= and x,y) =
are both continuous on an open rectangle containing (g, o). This is so for any (zg,yo) € R?
such that y2 — 64 > 0, or equivalently yy € (—00, —8) U (8,00). That is, the IVP will have a
unique solution if

(29 —y — 128)x
07— 64

(z0,y0) € {(z,y) 1y < —8 or y > 8}.

2 The force of air resistance on the body is kv? for some constant k, while the force of gravity
on the body is mg. The sum of these forces equals mv’, where v’ is the acceleration of the body.
Thus: kv? +mg = mv'.

3 Apply separation of variables to obtain
1 t
[y = [ =na = wINl = (-0 - tre 5 N = ot

where C' = e > (0. Thus
t+2_y

N = CeltDe

for C' # 0. However, it can be seen that N = 0 is also a solution to the ODE, and so we

conclude that
t+2_y

N = Celte

for C' € R is a one-parameter family of solutions.

4a Separation of variables gives

/4ydy—/(3x—l)dx = 2y2—ga:2—x+c.

With y(—2) = —1 we obtain ¢ = —6, and so we have

2 _ 3,2 1, — /3,2 _ 1. __
y =q0° —5x—3 or |yl =4/32%— 37— 3.

This is good enough for us. However, since y < 0 at the initial point (—2, —1), we can resolve
the absolute value:

4b  We must have 322 — 12 — 3 > 0, or equivalently z € (— 0, 1_§/§) U (H:‘,)/ﬁ, oo). But

1 2
since x < 0 at the initial point, it follows that the interval of validity is ( — 00, 1’@).




5 We have ¢/ + (2x — 1)y = 4o — 2. Integrating factor is

_ 6f(2:p71)dt _ -

() e,

which we multiply the ODE by to get

2_ dy 2_ 2_
' (20— ety = (4 - 2)e”,

or
!
<ex2’xy> = (42 — 2)e” "

Integrate both sides:

2

e’ Tty = /(43& —2)e” "Fdy = 26" +-c.

Therefore
y(z) =2+ ce” .

6 The equation is separable:

| = i — Ri|l = E — Ril = e~ £t0) — e R/L
/E i di /dt = In|E il=t+c = | i|=e"L Ce ,

for C' > 0, and hence

' E— Ce—Rt/L
i(t) = =————.

With the initial condition i(0) = iy we find that C' = E — iy R, and therefore

E—(E —i —Rt/L
ity = £=1 ;{03)6 .

7 We find a function F such that F,(z,y) = e” +y and Fy(x,y) = 2+ x + ye¥. Now,

F(z,y) = /(6““’ +y)de = e +xy +g(y)
for arbitrary differentiable function g. Then
24xtye’ =Fy(x,y)=z+4dy) = g =2+ye’ = gly) =2y+ye’ —¢’,
SO
F(z,y) =" 4+ xy + 2y + ye¥ — €Y.
Solution to ODE is F(z,y) = ¢; that is,
e +axy+2y+ye’ —e¥ =c.

Initial condition gives y = 1 when x =0,s0 14+ 04+ 2+ e —e = ¢, or ¢ = 3, and therefore the
solution to the IVP is

e+ (y—1)e' + (v +2)y = 3.



8 Rewrite the equation as

1+ (y/z)er)”
vy = ey/z ’

Let u =y/z, so ¥y = xu’ 4+ u. Equation becomes

14 ue* 1 1
zu' 4 u = * = u=— = /—dx:/e“du = Infz[=¢€"+c
e re T

= |z| = Ce = ce’”, C>0.

Therefore
z=C0e"", C+£0.

9 Rewrite equation thus: y' + (6/x)y = 3y*/3. This is Bernoulli with n = 4/3, P(x) = 6/,
and Q(z) = 3. Letting v = y'™™ = y~ /3, we obtain the linear equation
2

v — —v=—1.
x
Multiplying by the integrating factor u(z) = x~2 yields
1, 2 2 1\ 1 v 1 B )
EU—;U——E = PU ——; = ﬁ—;‘i—c = V=T +cx,
whence
B 1
v= (x + cx?)3

Also y = 0 is a solution.



