MATH 250 ExaM #4 KEY (SPRING 2015)

1 We have

o [e.e]

n(n—1)cz" = =5 Z cpx”t Z(n + 1)(n + 2)cp02™ — 5 i Cp_oT"”

= 2¢y + 6c3r + Z(n + 1)(n+ 2)cpp0z" — Z 5¢p_ox"

n=2

= 2cy + 6czx + Z [(n + 1)(n+ 2)cpyo — 5cn,2} x".

n=2

2 Substituting

(0.0] o
= E cpx” and Yy = E ne !
n=1

n=0

into the ODE gives

(2x —4) i ne, "t + f: cp” =0,
n=1 n=0

which with reindexing becomes

[(2n+ 1)c, — 4(n + 1)cpyq]a™ = 0.
n=0
This implies that
2n+ 1)e, —4(n+ 1)cpy =0
for all n > 0, so in particular
1 3 3-5 3-5- 7

C1 = ZCOa Co = 42 2, C3 = 43'3!007 Cq4 = 44 4‘

and in general
3:5-7---(2n—1)

4qn .

n — Co,

so that

o0

3:5-7- (2n —1)
y—coz 4n . n‘ Zn—l'n'<>'

=0

3 Substituting y = > 7 ¢,2" into the ODE gives

n(n — 1)c 2"~ —2xchn ne 1—}—8ch$ =0,

n=2

whence comes
x

n=0 n=0 n=0

Z(n + 1)(n+ 2)cpp0x™ — i 2ne,a" + i 8cpx™ =0,

n=2



and then

> [+ D(n+ 2)ensz — 2nen + 8cy) 2™ = 0.
n=0

This implies that
(n+1)(n+ 2)cpre — 2ne, + 8¢, =0,
for all n > 0, and hence

2n — 8
Cnp = Cn
+2 (n+1)(n+2)
We now calculate
—6 4 —6)(—2
cp = —4dco, 3= 301, Cy = 500, Cs = %Ch c6 =0,

cg =0, cg=

and in general
o (E6)(=2)(2)- - (4n — 10)
2n+1 —
(2n +1)!
for n > 0, and ¢y, = 0 for n > 3. Now, since

o oo o0
_ n __ 2n 2n+1
Yy = E CpX’ = E ConX™" + E Con+41T ,
n=0 n=0 n=0

we conclude that

Yy =Co (1 — 42 + %x“) + e <x + i (=6)(=2)(2)--- (4n — 10)952”“) ‘

(2n+1)!

This along with the initial condition y(0) = 3 yields ¢y = 3. From

) 6 = (=6)(—2)(2) - -+ (4n —10)
y:_gcoﬂg%ﬁ(;l(HZ( )(=2)(2) - >x>

(2n)!

n=1

and the initial condition ¢'(0) = 0 we get ¢; = 0. Therefore
4
y = 3(1 —42” + 51:4) =3 — 1227 + 42"

is the solution to the IVP.

4 We have

cm<>—/2 _Stdt+/wt‘“dt——1( 2y (24 L)

5 Applying linearity properties,

L[f](s) = L[8t> — 12> + 6t — 1](s) = 8L[t*](s) — 12L[t*](s) + 6L[t](s) — L[1](s)

=8 12 S 46— — = = o —

3! 21 1! 0! 48 24 6 1
s4 53 s2 s st 83 s s



6 Applying partial fraction decomposition and linearity properties,

| S gy = g | 2 gy = o |2 B
EE e

—4s s(s —4) s s—4

—_1 *11 §71L __1 §4t
= 4£ Lhw+4£ L_4hw_ 1716

7 Let Y = L[y](s), so the Laplace transform of the ODE is

L[y'](s) — L[yl(s) = 2L][cosbt|(s) = sY —y(0)—Y = = 3:925 = Y= = 1)?882 +25)’

and hence

yt) = £7 {(3 - 1)?; T 25)]( )= 1{3 : i %2135} )

L
PN i

1, e’ — cos 5t + 5sin 5t
13 '

53¢~ 1—3(cos5t—5sin5t) =



