MatH 250 EXAM #5 KEY (SPRING 2014)

1 Solution is

1
zt)y=e"+e M+ 3 [e7% — 2e~2(HD 4 6_(t+4)}u(t —2)

2 We take the Laplace transform of each side of the ODE, using linearity properties to obtain
L[y"](s) + 4L[y](s) = 2L[6(t — m)](s) — L[5(t — 2m)](s).
Now, letting Y'(s) = L[y|(s) we obtain
[s?Y (s) — sy(0) — ¢/ (0)] +4Y (5) = 2e7™ — 2™,

whence )
2e77™8 e TS
Y(s) = $24+4 s244
and so )
A 2e7 TS e e 4TS
O I R F B 1 () )
If we define h(t) = sin(2t), then
2
LIMONs) =
SO
s 277
£lh(e = m)u(t = m)(s) = e LAO)(S) = 55—
and hence

L1 {8226:1 (t) = h(t — m)u(t — m) = sin(2t — 2m)u(t — ) = sin(2t)u(t — ).

In similar fashion we obtain

o [862‘;1 (t) = Shit — 2m)ult — 2r) = £ sin(2% — 4x)u(t — 2m) = 2 sin(21)u(t — 2r).

Putting these results into (1) yields
y(t) = sin(2t) [u(t — ) — fu(t — 27)].

3 Letting
1
Fls)= ——
() 5244’

we see that F/(s) = L[f](s) for f(t) = 4 sin2t. Using the identity

1

sinzsiny = §[cos(x —y) — cos(xz + y)],

we have

~1 1 _ -l _ B ‘1. 1.
L [m] (t) =L [F(s)F(s)](t) = (f = f)(t) = /0 §SIH<2(t —u))- 58111(211) du



t

1 /[t 11 1

= —/ [cos(2t — 4u) — cos(2t)]du = — | —=sin(2t — 4u) — ucos(2t)
8 /s s 1 .
1 1

=1 sin(2t) — gt cos(2t).

4 We have y"(t) = y(t) — 2y/(t) + t?, and so using the initial conditions we obtain
y'(0) = y*(0) — 2¢/(0) + 0* = 17 — 2(1) = —1.
Next, v = 2yy’ — 2y" + 2t, so
y"(0) =2(1)(1) = 2(=1) +2(0) = 4.
Finally, from y® = 2yy" + 2(3/)? — 2y + 2 we have
y@(0) =2(1)(=1) +2(1)* — 2(4) + 2 = —6.
The nth-order Taylor polynomial for y with center 0 is

n (k) 0 "0 (n) 0
Pty =YY k'( Vi y(0) + 4/ (0 + —yQ(‘ VY nf Jn
prt ! ! !
We have
an "0 (4) 0
Py(t) = y(0) + / (0)t + yQ(' )2 ¥ 3(| Jp ¥ 4'< )
1 2. 1
=14t— -2+ 213 — 4,
+ 2 * 3 4
That is,
1 2 1
~1 e R Y
y(t) m Lt — ot + 5t — ot
for all ¢ near 0.
5 Solution will be of the form
y(t) = Z cxt”.
k=0
Substituting this into the ODE gives
ch =t — chtk =0
k=1 k=0
Reindexing, we obtain
Z(k’ + 1)Ck+1tk — Z thk = 0’
k=0 k=0

or equivalently

i [(k + D)eppr — ax] tF = 0.

k=0



3

This implies that (k + 1)cpy1 — ¢ = 0 for all & > 0, or ¢x1 = ¢/(k + 1). From this we find

that

C1 91 Co Co
C1 = Cy, Co = — = (Cps&'y, C3 = — = —¢
’ 2 ’ 3 37

and in general ¢ = co/k!. Therefore

= 1 1
y(t)zzytk_co<1+t+2t2+6t3—l— )

k=0

where ¢ is an arbitrary constant.

6 We expect to find a general solution of the form

t) = i it
k=0

Substituting this into the ODE yields

> k(k =Dt + 82 kept N+ t) eptt =0,
k=2 k=1 k=0

and thus
> k(k —1cktk2+chktk“+20tk“—0
k=2 = —

Reindex to get

(k+ 1)k + 2)crat® + Y (k= Dexort" + > epath =0,

0 k=2 k=1

WE

B
Il

and then

262+603t+2k—|—1(k+20k+2t —i—Z — Depyth +
k=2 —2

Cot+20k lt ]

Hence

202 + (603 + Co)t + Z [(k? + 1)([€ + 2>Ck+2 + (k? - 1)Ck_1 + Ck—l] tk = 0,
k=2
which simplifies to become

262 + (663 + C(])t + Z [(k’ + 1)(]6 + 2)61.;4.2 + ka_l] tk = 0.
k=2

This implies that 2co = 0, 6¢3 + ¢o = 0, and
(k+1)(k+2)cki2 + ke =0
for all k£ > 2. That is, co =0, c3 = —¢/6 = —¢o/(2 - 3), and
—k
T Dk +2)
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for k > 2. The recursion relation enables us to express all ¢; exclusively in terms of ¢y and ¢;:

—9 -3
0423.—461 CS:ECQ_O
—4 4 _5 2.5
Cg=——C3 = ———"—C Cr = C4 = €
7 5.6° 2.3.5.6° T 6.7t 3.4.6-7"
c _—60 =0 c—_7c— —4-7 ¢
8T 7.8 7 8.9°% 2.3.5.6.8-9"
~8 ~92.5.8 -9
910" 3.4.6-7-9-10 " Y0118
10 4-7-10
2= 1997 92.3.5.6.8.9-11-12°°
So we have
Co ,3 261 4 400 6 2'501 7 4'700 9
t) = R B B '
yt)=cotat = ot — ot o st Y3 5.7 2.3.5.6.8.9
2'5'801 4.7 1000

_ 10 4
3:4-6-7-9-10 2:3-5-6-8-9-11-12

Setting cp = 0 and ¢; = 1 yields the particular solution
2 2-5 2-5-8

t)y=1t— t - 0 4. ..
() 5.4 34167 3467910
902 | 92.52 . 92.52.82
A T R TV R
:t+§:?~§-~@k—n2%ﬂ
_ 1)k | ’
£ (1) (3k+ 1))

and setting ¢y = 1 and ¢; = 0 yields the particular solution

o1 Lp 4 e LT e 4.7-10

vals) = 2-3 2:-3-5-6 2:-3-5-6-8-9 2:3-5-6-8-9-11-12
1 42 42 72 42 .72 . 102

3' 6! 9l 12!

42.72...(3k—2)% ,,
Z; (—=1)*(3k)!

=1+

2 ...

2

Since y; (t) and y»(t) are linearly independent, the general solution to the ODE may be expressed

as

+ds

22 . 52 . 1) 42.7%.. - (3k — 2)2
! +§: 3k+) +;; (—1)(3k)! ’

where d; and d, are arbltrary constants.




