MATH 250 Exam #5 KEY (SPRING 2013)

1 Solution is

1
Z(t) _ e—t + e—2t + 5 [6_3t o 26—2(t+1) + 6—(t+4)]u(t _ 2)

2 We take the Laplace transform of each side of the ODE, using linearity properties to obtain
L[y"|(s) + AL[yl(s) = 2L[5(t — 7)](s) — L[o(¢ — 2m)](s).
Now, letting Y'(s) = L[y](s) we obtain
[s°Y (s) — sy(0) — y/(0)] + 4V (5) = 2¢ ™™ — ™™™,

whence - s

YO =251 o741
and so A 2

O T R F B[} )
If we define h(t) = sin(2t), then
LIROIE) = 5
£lh(t = mu(t = m)(s) = e LBO)) = 55—
and hence
£ [j;_F 4} (t) = h(t — m)u(t — m) = sin(2t — 2m)u(t — ) = sin(2t)u(t — ).

In similar fashion we obtain

L1 [:2_;1 (t) = %h(t —2mu(t —27) = %sin(Zt —4Amu(t —27) = %sin(Qt)u(t —27).

Putting these results into (1) yields
y(t) = sin(2t) [u(t — m) — Lu(t — 2m)].

3 We have
/O (t = 7)2y(r)dr = (f * 9)(2)

with f(t) = t* and g(t) = y(t), so the integral equation may be written as
y(t) + (f*y)(t) =t + 3.
Taking the Laplace transform of both sides of the equation yields, by the Convolution Theorem,
Llyl(s) + LIfI(s)Llyl(s) = L[] (s) + L[3](s),

or

Y (s) + Y (5)L[17)(s) = L[] () + L[3](s)



if we let Y (s) = L[y|(s). Using a table of Laplace transforms yields

w | W

53 54

whence
obtains as the (unique) solution.

1 1
4 yt)=1— =34+ —t0+...
y(t) 6 Tisol T

5 Solution will be of the form

y(x) = Z cpa®
k=0
Substituting this into the ODE gives
Z kegat 1 — Z cpat =
k=1 k=0

Reindexing, we obtain

i(k + 1) epprz” — i cpa® =0,

k=0 k=0
or equivalently
Sk + e — el = 0.
k=0

This implies that (k+ 1)cpy1 — ¢, = 0 for all & > 0, or ¢xy1 = ¢x/(k + 1). From this we find
that ¢; = g, coa = ¢1/2 = ¢p/2!, c3 = ¢a/3 = ¢0/3!, and in general ¢ = co/k!. Therefore

Nk € G,
y(x) kzok!x co~|—cox+2$+6x—l— ,

where ¢ is an arbitrary constant.

6 Solution is
5 11
=24+t — —t"+ 0+
yt) =241 — ot 4+ ot +



