MATH 250 ExAM #2 KEY (SPRING 2013)

1 We have
M, — N, 2 —4xy 2

. (JZ)Z 2 = ’

N 20y — x T

2 1
= ——d = —2Inz = —.
p(x) = exp (/ . x) e o

Multiplying the ODE by pu(z) yields the exact equation
B+a7%y) + 2y —z )y =0.

There exists a function F' such that

SO

Fo(r,y)=3+2% and Fy(v,y)=2y—a "

From the former equation comes
Y
F(z,y) =3z — —+g(y),

so the latter equation implies

"= dy)=2y = gly)=y"+a,

¢y arbitrary. The general solution to the ODE is F'(z,y) = co, where ¢ is arbitrary. That is,

—z g (y) =2y — o

30— L 4y =
x

where ¢ is the arbitrary constant deriving from ¢y — ¢;.

2 Multiply the ODE by z™y™:
($m+3yn+2 - meynJrB) 4 (xm+4yn+1)y/ —0.
For exactness we need M, = N,, or
(n + 2)xm+3yn+l _ 2(n + 3)xmyn+2 — (m + 4)wm+3yn+1_

Matching coefficients of like terms, we find that we must have n+2 = m+4 and —2(n+3) = 0,

which solves to give m = —5 and n = —3. Thus an integrating factor is u(x,y) = 27 5y~3, and
the ODE becomes

(@72 = 207") + (27 y )y =0,
which is exact. We now find a function F' such that F,(z,y) = 272y~ — 227° and F,(z,y) =
27 1y~2. From the former equation we obtain

F(x,y) = / (z72y " —207°) do = —a 'y + 1ot + g(y),
and from the latter equation comes

ey = Fyla,y) =2y 4 4 (),
or ¢'(y) = 0. Thus g(y) = ¢; for some constant ¢;, and we have

Flz,y)=—a'y "+ 127 + e



2

The implicit solution to the ODE is therefore F'(x,y) = ¢y for arbitrary constant ¢y, which we
may write simply as

1,4 -1, -1 _
5xT—xy =c

by merging constant terms. Another solution is y = 0.

3 Rewrite ODE as

y':g<lny+1>.
T\ x

let v =y/x, so y = xzv and we get ¥ = 20’ + v. ODE then becomes
' +v=uv(lnv+1).

The equation is separable, leading to
1 1
/ dv = / —dx,
vinv T

In|lnv| =Injz|+¢ = ‘lng‘zelnlx\%?
T

whence

¢ € R arbitary. The original ODE requires x,y > 0, so we can write | In(y/z)| = 1€ = ez =

¢x, where ¢ = e > 0 is arbitrary. Now

lng = +céx = cx,
x

where ¢ # 0 is arbitrary. Further manipulating yields
Z=e" = y=ze”.
If we replace ¢ with 0 we get y = x, which a quick check shows is also a solution to the ODE.
Thus we may replace ¢ € (—o0,0) U (0,00) by ¢ € R and write
y(r) = ze®

for the general solution.

4 The ODE is Bernoulli with n = —2, P(z) = 1, and Q(x) = €*. Letting v = y3, ODE
becomes v' + 3v = 3e*. Multiplying by the integrating factor

M(x) _ €f3dz — 3
yields
e +3e¥0 = 3e" = () =3¢ = Fv=2¢"+c = v=3"F e,

and finally

Also y = 0 is a solution.



5 Let z(t) be the amount of the drug in the organ (in grams) at time t. We have

0.2¢\ /3 cm? Tg 3 cm? 3x
/ — — — el —
T{t) = < cm? ) ( S ) <125 cm3> ( S 06 125

3t/125

Multiplying by the integrating factor e yields

e3t/125x’+%xe&/l%:@ﬁegt/l% . <x€3t/125)/:0.663t/125‘

Integrating, we obtain
2 eB/125 _ o5 c31/125 4

The initial condition z(0) = 0 results in ¢ = 25, and so
z(t) = 25 — 25¢%/125,
The concentration of the drug at time ¢, C(t), is given by x(t)/125, or
C(t) = 0.2 — 0.2e73/125,

Setting C'(t) = 0.1 and solving, we find that at time t ~ 28.9 seconds the concentration of the
drug will be 0.1 g/cm?.

6 Let cip + cop = 0, which is to say cite?® + ce? = 0 for all t € R. Substituting ¢t = 0
immediately gives c; = 0. Substituting t = 1 gives c;e? = 0, and hence ¢; = 0 also. Therefore
¢ and ® are linearly independent on (—o0, 00).

7 Auxiliary equation is r* — 4r — 5 = 0, which has solutions r = —1, 5. Hence
y(t) = cre" + cpe™.
Now, y/(t) = —cie™" + 5epe®, and so the initial conditions give
cre+ce =3 and — e+ bege® =0.
Solving the system gives ¢; = e~! and ¢, = 2¢°, and therefore

y(t) — 6—(t+1) + 265(t+1).

8 Auxiliary equation is 9r% — 12r + 4 = 0, which has double root r = 2/3. General solution
is therefore
y(t) = e/ + cote®/.

9 Auxiliary equation is 12r3 — 28r? — 3r + 7 = 0, which factors by grouping:
Br—7)2r—1)(2r+1)=0.
Roots are r = 7/3,1/2, —1/2. General solution:
y(t) = cre™? + cpet’? 4 c3e™/.



10 Auxiliary equation is 72 + 9 = 0, which has roots r = 43i. Thus we have
y(t) = ¢y cos 3t + co sin 3t
With the initial conditions y(0) = 1 and ¢/(0) = 1 we find that ¢; = 1 and ¢, = 1/3, and so
y(t) = cos 3t + 3 sin 3t.



