MATH 250 ExAM #5 KEY (SPRING 2012)

la. Since f'(z) = 2cos2z, f"(z) = —4sin2z, f"(x) = —8cos 2z, and f*(r) = 16sin 27, we

have
J'0) 5 fM0) 5 fU0) 4 4 5
o x° 4+ 3l :r;—l——4! fox—gx.

Py(0) = f(0) + f'(0)z +

1b. Given f(z) = tanz, we have
f'(x) =sec’x
"(z) = 2sec’ ztanx
f"(x) = 2sec’ z + 4sec® v tan® z
fW(z) = 16sec* x tan = + 8sec? z tan® z,
and so f(r/4) =1, f'(n/4) = sec?(n/4) = 2, f"(w/4) = 4, f"(7/4) = 16, and f@(7/4) = 80.
Now,
P(Z)=142z—-2)+2(z -2+ 8z — 2>+ L(z - T)".

2. Use the Ratio Test:

. lan , 4(z — 3)"tt n®+2n
lim |—| =1 .
2
2
— lim T 3 =3y,

n—>oon2—i—4n+3

The series converges if [z — 3| < 1, or x € (2,4).
When z = 4 the series becomes
Z 2420’

k:()

which we conclude must converge by using the Direct Comparison Test and the p-series > #
(which is known to converge).

When z = 2 the series becomes

Z +2n

k()

which we conclude must converge by the Alternating Series Test.
Therefore the series converges on the interval [2,4].

3. Solution will be of the form

oo
r) = Z cpa®.
k=0



Substituting this into the ODE gives

o oo
E kepah™t — g et = 0.
k=1 k=0

Reindexing, we obtain

i kE+1)cpx —chx =0,
k=0 k=0

D [k + Derer — cx] a* = 0.

k=0
This implies that (k + 1)cgy1 — ¢ = 0 for all £ > 0, or ¢xg1 = ¢x/(k + 1). From this we find
that ¢; = co, co = ¢1/2 = ¢y/2!, 3 = ¢3/3 = ¢/3!, and in general ¢; = ¢o/k!. Therefore

or equivalently

y(l’)—k O%xk—CO"‘COx‘f‘?fE +e A R

where ¢ is an arbitrary constant.

4. We find a general solution of the form

oo
x) = E cra®,
k=0

with the series converging on some open interval I containing 0. Substituting this into the

ODE yields
Zk —1ckx L chkx —chkxk:(],
k=2 k=0

and thus

Z k(k —1)cpa®? — Z ket — Z cprttt =
2 k=1 k=0

Reindexing so that all series feature z*, we have
Z(k + 1) (k + 2)cppox® — Z(k — g2 — ch 1k =0.
k=0 k=2

Finally we contrive to have the index of each series start at 2 by removing the first two terms
of the leftmost series and the first term of the rightmost series:

2¢y + 6cgx + Z(k + 1) (k + 2)cppoz™ | — Z(k‘ — g2 — |eor + Z Cr1z® = 0] .
k=2 k=2 k=2

Hence

2e; + (63 — o)z + > [(k + 1)(k + 2)cese — (k — gy — ] 2 =0,
k=2



which simplifies to become

2y + (63 — o)z + Y [(k+ 1)( + 2)cpyn — kegy] 2* = 0.
k=2
This implies that 2cy = 0, 6¢3 — cg = 0, and
(k? + 1)(1{? + 2)Ck+2 — k:ck_l =0
for all £ > 2. That is, co =0, ¢c3 = ¢y/6 = /(2 - 3), and

k
C = —————Cj_
Tk D(k+2)
for k = 2,3,4,.... The recursion relation enables us to express all ¢, exclusively in terms of ¢
and ¢;:
2 3 0
C4—3_4C1 c5—4502—
4 4 5 2.5
Cg = ——¢C cr = €4 = c
7 5.6° 2.3.5.6° T 6.7t 3.4.6-7"
6 0 7 4.7
C — 5 = Cg = Ce = C
8 7.8 7 8.9°% 2.3.5.6.8-9"
0—80— 2:5-8 c 0—90—0
79107 3.4.6-7-9-10 " U011
10 B 4-7-10
2T 1297 2.3.5-.6-8-9-11-12°°
So we have
o Co 3 201 4 460 6 2- 501 7 4- 700 9
y(r) =cotartgat gt o e e oy e g g0
2.5-8 4-7-10
! 10 4 o 12 4,

+3~4'6-7~9-10x 2-3~5'6-8~9-11‘12$

Setting cp = 0 and ¢; = 1 yields the particular solution

3-4 3-4-6-7 3-4-6-7-9-10
22 4 22 ° 52 7 22 * 52 * 82 10

=+ Ex + o T+ 1ol x

= 2.5 BE =1 g
=r) B

k=1

10, ...

yi(xz) =x+

and setting ¢y = 1 and ¢; = 0 yields the particular solution

) =14 Lo, 4 o 4-7 0 4-7-10 2,
xTr) = X X xz X
42 2-3 2:3-5-6 2:3-5-6-8-9 2:3-5:-6-8-9-11-12
1, 42, 427, 4272107
R e TR S T TR
L4272 (3K — 2)?
:1—1-5 ( )x3k.

£ (3k)!



4

Since y;(z) and yo(z) are linearly independent, the general solution to the ODE may be ex-
pressed as

S 22.5% 3k —1)? ., 4% 7% (3 — 2)?
— 1 3k
y(@) =ao |z + 2 B+ 1) LA ; (3h)! .

for all x € I, where ag and a; are arbitrary constants.

5. Since x = 2 is an ordinary point for the ODE, we expect to find a general solution of the

form
D)= e -2, 1)

with the power series converging on some open interval I containing 2. From (1) comes

"(z) = Z kep(x —2)F!
k=1
and .
= k(k—D)ep(z —2)*
k=2

which when substituted into the ODE yields

ka‘ —1ckx—2 chkx—2k1+20kx—2 (2)

It will be expedlent to express z? in terms of x — 2. Since (z — 2) = 2% — 4z + 4 we have
P =(z -2 +4dr—4=(z—2)°+4(z - 2) +4,

and so (2) becomes

(2 —2)% +4(x — 2) + 4] Zk — Dep(z —2)* Zkzck x — 2)k~ 1+ch(x—2)k:(),
k=2
and thus

k(k —1)ep(x —2)% + 450: E(k — 1ep(z —2)F ! + 4§: E(k — 1)cp(z — 2)F2

—Zk:ck x—2k 1—|—§:ck a:—2
k=0

Adding zero terms and reindexing where needed, we obtaln

WE

Bl
||
N

k(k — Deg(z — 2)% + 4i E(k + Ve (z — 2)F + 4i(k + 1) (k + 2)cpyo(r — 2)F

ik+lck+1x— —i—chx— =
k=0

[M]¢

i
o



or equivalently

o0

Z [k(k — 1)ep, + 4k(k + Veper + 4k + 1) (k4 2)cpra — (B + Degsr + i) (2 —2)F =0
k=0
for all x € I. Therefore we have
k(k —1)ci + 4k(k + 1)cgpr +4(k+ 1) (E+2) o — (K + 1)cgp1 + ¢ =0
for all £ > 0, which rearranges to become
(4k* + 3k — V)cppr + (K2 — k + 1)eg
4k% + 12k + 8 '
Using the recursion relation (3), we obtain

Ck+2 = —

C1 — Cp
Cy = 8
and
B 6CQ+C1 . 1 C1 — (o 1 _360—761
Y I 24T 96
Hence
y(x) =co+ei(xr—2) +ealr —2)2 +es(z —2)3 +- -
cp— ¢ 3co — Tc
:Co+61($—2)+%($—2)2+%($—2)3+

is a power series expansion about 2 for a general solution to the ODE.



