MaTH 250 Exam #1 Key (FALL 2020)

1 With y as given and y(0) = 1 we obtain ¢; + ¢o = 1. With
Y = 3c1e3® — coe™ — 2

and y'(0) = —3 we obtain 3¢; — ¢ = —1. Solving the system of equations yields ¢; = 0 and
co = 1, so that y = e — 2x is a solution to the IVP.
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we obtain 1y? = 1|1 4 23| + C for —oco < C' < o0, so that

-3
11+ 2°| = e’/

2 From

for C' > 0, and therefore

1+ 2% = Ce?’/?
for C' # 0. (In this case y cannot be isolated without reintroducing logarithms and absolute
values.)

3 The equation is separable, giving
1
/(2y —siny) dy = /(sin:v —z)dr = y®+cosy=—cosT — §x2 +C.

With the initial condition y(0) = 0 we get C' = 2, and therefore

2
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Y +cosy—|—cosx—l—?:2.

Isolating y would reintroduce an absolute value that cannot be resolved even with the given
initial condition given, so we stop here. Remember: /y? = |y]|.

4 Standard form is

39,

/ — —
Y=Y =3

and so an integrating factor is

1
p(x) = exp (—g / de) = exp (—glnx) =373/,

Multiplying by p(z) yields z=%/2y’ — 22752y = 921/2 or (z7%/%y)’ = 22'/2. Integrating:
73y =332+ C = y=3z%+Cz%2

5 There is a function F(z,y) such that F, = x + tan™ 'y and F, = fi y2
Y

Now,

1
F(x,y) = /(x +tan"'y)dr = 5202 +ztanty + g(y)



for arbitrary function g(y). However,
Tr+y T , Tty
ey 1+y2+g(y) e 9(y) = /1+ 5
and so the one-parameter family of solutions F'(x,y) = C' may be expressed as

dy = 1n|1—|—2y|,

1 1
§x2+xtan’1y+ élnll +2y| =

While it is possible to eliminate the absolute value, in this case the resultant expression would
be too unwieldy. (Yes, this is a subjective gray area.)

6 We have
dy  4+3(y/x)
dv 2+ (y/x)’
so let v = y/x, implying ¥’ = v + zv’ and hence
4+ 3v
2+v
The equation is separable: applying partial fraction decomposition we find that

v+ 2 1 2/3  1/3
Y L S R . dv =1
/v2+5v—|—4 v /:B vz /(v+4+ +1) v=nlz|+C.

‘ Y

v4av = —

Thus

——1 +4’——1n‘y+1’ — 3ln|z| +C.

Multiply by —3 and combme logarithms:
2
In {(Q +4> ’Q + 1” =Inlz|?+C.
x x
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Exponentiate:

Multiply by |z|3:
2
<y+4> |z%y + 2% =C, C>0.
x
Remove absolute values and expand the domain for C' accordingly:
2
<g+4> (*y+2%)=C, C#0.
x

Alternative form:
(y+4x)(y+2)=C, C#N0.
If C' = 0 the last form implies either y = —x or y = —4x. Both can be seen to satisfy the
original differential equation, and so C' = 0 can be included to obtain

(y+42)*(y+2)=C, C € (—o0,00).



