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INITIAL-VALUE PROBLEMS

1.1 — NORMED VECTOR SPACES

A suitable setting for our study of ordinary differential equations and dynamical systems is
the normed vector space. First we make clear what precisely is meant by a norm.

Definition 1.1. A norm on a vector space X over the field F € {R,C} is a mapping
||l : X = [0,00) having the following properties.

N1. ||z]| > 0 forz € X.

N2. ||z]| = 0 if and only if x = 0.

N3. ||az|| = |a|||z| for o« € F and x € X.
N4z +yll < ||zl + llyll for z,y € X.

Property (N4) is the famous triangle inequality, and with it one can derive the inverse
triangle inequality which states that

[zl = llyll| < llz =yl

for z,y € X.

A vector space X equipped with a norm ||-|| is called a normed vector space, and may be
denoted by the symbol (X, ||-||). The norm naturally induces a metric that gives the distance
between vectors z,y € X to be ||z — y||. Such a metric, in turn, induces a topology on X
which defines a set S C X to be open if, for each s € S, there exists some r > 0 such that the
open ball

B.(s):={zeX:|z—s|<r}

is a subset of S. If (X, ||-||) is a finite-dimensional vector space, then any choice for the norm
||-|| will induce the same topology on X, meaning in particular that properties we define later
such as convergence and continuity are preserved.

A set S C X is closed if its complement X \ S is open, and the symbol B,(s) denotes a
closed ball centered at s with radius r; that is,

B.(s):={zeX:|z—s|<r}.



Thus B,(s) = B,(s) UdB,(s), with dB,(s) being the boundary of the ball.

Example 1.2. Suppose (X, ||-|| ) and (Y, ||-||y-) are normed vector spaces over a field F. The
set X x Y becomes a vector space if we define vector addition by

(w1, 91) + (22,72) = (21 + T2, Y1, Y2)

for (z1,11), (x2,y2) € X X Y, and scalar multiplication by
a(r,y) = (ax, oy)

for (x,y) € X x Y and « € F. Such a vector space is usually denoted by X @Y and called the
direct sum of X and Y. There are many choices of norm for X @& Y. Indeed, defining

1@, 9l = (lelk + lyle) " (1.1)

for any real constant p € [1, 00) satisfies the properties of a norm on X @Y, with p = 1 resulting
in the rectilinear norm and p = 2 the Euclidean norm. For instance, when p = 1 the
triangle inequality is readily found to hold, with

(1, 91) + (22, 92) 1 = [[(x1 + Y1, 22 + 92) 1 = [0 + 22/ x + [y + v2lly
< (llzallx + llzallx) + (lvally + llv2llv)
= (lzallx + o lly) + (lz2llx + [lyally)
= [[(z1, y1)ll1 + [[(z2, 92) |1

for any (z1,v1), (z2,42) € X B Y.

Provided that X @Y is a finite-dimensional vector space (which is the case whenever X and
Y are both finite-dimensional), the possible norms formulated by are all equivalent in the
sense that they induce the same topology on X @Y, and so properties such as convergence and
continuity are unaffected by the choice of value for p. |

Given a sequence (x,)> ; in X, we say that z,, converges to z € X if
lim ||z, —z| = 0; (1.2)
n—o0

that is, if for each € > 0 there exists an integer ng such that ||z, — x| < € for all n > ny. We
may also write as lim,, , x, = x or simply z,, — x, and call x the limit of the sequence.
If there exists no x € X for which holds, then the sequence (z,) is said to diverge.
According to Definition |1.1] the norm in (X, ||-||) is only given to have domain X, and so there is
no occasion to ponder the possibility that (x,) “converges” to something that is not an element
of X.

A sequence (z,,) in (X, ||-||) is called a Cauchy sequence if for each € > 0 there exists
integer k such that ||x,, — z,|| < € for all m,n > k. We say a normed vector space is complete
if every Cauchy sequence in the space converges (i.e. has a limit). A complete normed vector
space is otherwise known as a Banach space.

Some properties of limits involving the vector addition, scalar multiplication, and norm
operations on a Banach space are given in the following proposition.
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Proposition 1.3. Let (X, ||-||) be normed vector spaces over F € {R,C}, let (x,) and (y,) be
sequences i X, and let (ay,) be a sequence in F. Suppose v,y € X and o € F. If x,, — =,
Yn — Y, and o, — v, then ||x,|| — ||z, zn + Yo = ¢+ vy, and oz, — ax.

Proof. We show only that a,,x, — ax, leaving the rest as an exercise. First, with the inverse
triangle inequality we find
0 < |law] - la| < aw — al,

and since lim,,_, |, — a] = 0 by hypothesis, the squeeze theorem implies that
lim ||o| — |af| =0,
n—oo
and hence lim,,_, |a,| = |a|. Now, by the triangle inequality followed by use of property (N3),
oz, — azx| = [|ane, — anr + ayz — oz
< |lanxn, — anz|| + ||onxr — oz
= lanll|zn — 2| + |om — afllz],
and since

lim (|og |||z, — 2| + |an — of[|z]) = lim |a,|- lim |z, — 2| + ||z[| lim |0, — @
n—00 n—00 n—o0 n—o0

=lal-0+|z[[-0=0

by the usual laws of limits in IF, another application of the squeeze theorem leads us to conclude
that lim,, . ||n2z, — az|| = 0. [ |

Definition 1.4. Let (X, ||-||y) and (Y, ||-|ly-) be normed vector spaces. A mapping F': X =Y
15 continuous at * € X if for each € > 0 there exists some > 0 such that, for any x € X,
| — 2| x < 8 implies ||F(x) — F(Z)|ly <e.

The following proposition offers an equivalent means of characterizing continuity that is
often more convenient to work with.

Proposition 1.5. Let (X, ||-||) and (Y, ||-|ly) be normed vector spaces. A mapping F': X —Y
is continuous at & € X if and only if F(x,) — F(&) for every sequence (x,) in X that converges
to .

Proof. Suppose F' is continuous at & € X, and let (x,) be a sequence in X that converges to
2. Fix € > 0. Then there exists § > 0 such that ||z — Z||x < § implies |F(z) — F(2)|ly < e.
But z, — & implies there exists integer ny such that ||z, — Z||x < ¢ for all n > ng, and thus
|F'(z,) — F(2)]|y < € for all n > ng. Therefore F(z,) — F(&).

For the converse we prove the contrapositive. Suppose that F' is not continuous at . Then
there exists some € > 0 such that, for each § > 0, there can be found some x5 € X for which
|lxs — Z||x < ¢ and yet ||F(z5) — F(2)||y > €. In particular, for each n > 1 there exists x,, € X
such that ||z, — Z||x < 1/n and yet ||F(z,) — F(%)|ly > €. In this manner we construct a
sequence (,)5°, such that z,, — & but (F(x,))2, fails to converge to F(). |
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Example 1.6. Strictly speaking, given a normed vector space (X, ||-||), the vector addition
operation + has domain X @ X and thus is a function of two independent variables. Without
bringing to bear any additional machinery it can be shown that + is a jointly continuous
function on X @ X, meaning that for fixed = the mapping X — X given by (z,y) — x + y for
all y € X is continuous on X, and for fixed y the mapping (z,y) — x + y for all x € X is also
continuous on X. But is + continuous on X @ X in the sense of Definition A careful study
of the definition shows this question to be meaningless unless X & X is equipped with a norm.
What norm should this be?

From Example we know that, so long as X @ X is a finite-dimensional vector space, the
choice of norm will have no impact on continuity. Thus, if + : X & X — X is continuous for
one choice of norm for X & X, then it will be continuous for any choice of norm. Therefore we
may as well equip X @ X with the rectilinear norm given by for p = 1.

Fix (z,y) € (X @ X, ||-]l;), and let (z,,y,) be a sequence in X & X that converges to (z,y).
Then
tim (|12, — ] + g~ yl) = lim (|20 — 2.5~ )l = I [0 ) — @ 9)]l = 0,

n—

and since
0 < l(zn +yn) = (@+ Yl = [l(zn —2) + (Yo =)l < ll2n —2[ + llyn —yll =0,
the squeeze theorem implies that
Tim [|(zn +ya) = (z +y) =0,

or equivalently =, + vy, — = + y. Therefore + is continuous at (z,y) by Proposition . ]

Normed vector spaces consisting of collections of continuous functions will be of especial
importance in the sequel, enough so to warrant some special notations. Given sets U and V,
let C(U, V') denote the collection of continuous functions U — V, and let Cy,(U, V') denote the
collection of bounded continuous functions U — V. Quite often V' = R, and so we also define
C(U) =C(U,R) and Cy(U) = C(U, R).

Sequences of functions will also figure prominently in upcoming theoretical developments,
with one mode of convergence for such sequences, called uniform convergence, having particular
significance.

Definition 1.7. Let (X, ||-||) be a normed vector space and S C R, and suppose f, : S — X
for alln € N. We say (fn)nen converges uniformly to f on S if for every e > 0 there exists
some ng € N such that

[fn(t) = FOI <€

foralln >ng andt e S.

We use the symbol f,, > f to denote that the sequence (f,) converges uniformly to f
on some set. Definition could be generalized to let S be a subset of an arbitrary normed
vector space, as opposed to a subset of R, but we shall have no use for such a generalization at
this juncture. One reason uniform convergence is desirable is that it preserves the property of
continuity. The following proposition reveals precisely what this means.
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Proposition 1.8. Let (X, ||||) be a normed vector space and S C R, and suppose f, : S — X is
continuous on S for each n € N. If (f,)nen converges uniformly to f on S, then f is continuous
on S.

Proof. Suppose (f,) converges uniformly to f on S. Fix s € S, and let € > 0. There is an
integer ng such that ||f,.(t) — f(¢)|] < €/3 for all n > ng and ¢t € S, and so || f.(s) — f(s)| < €/3
for any n > ng as well. Fixing m > ng, the continuity of f,, at s implies there exists some
d > 0 such that ||f,.(t) — fi(s)|| < €/3 for all t € S for which |t — s| < §. Now, for any
te (5—5,s+6)ﬂ5 we have

1£8) = Fs)l = [[LF (1) = ful®)] + [falt) = fu(s)] + [fuls) = F(S)]]
< [lr ) - m(t)|| (@) = ()| + 1 fm(s) = F(5)]

<e+e+e
- +-+-=e
3 3 3

This shows that f is continuous at s, and since s € S is arbitrary it follows that f is continuous
on S. |

Example 1.9. Let I C R be a compact (i.e. closed and bounded) interval, and define a norm

on C(I) by
Il = sup 0, (13)

called the sup norm or uniform norm. That ||-||_ satisfies the four properties of a norm in
Definition 1.1 we leave to the reader to verify, but we note here that || f|| € [0,00) for any f in
the normed vector space (C(I),||-]|,,) is assured by the compactness of I and the extreme value
theorem.

It is straightforward to check that a sequence (f,) converges to f in the space (C(I),|-],.) if
and only if (f,,) converges uniformly to f on I. That is, convergence with respect to the uniform
norm is synonymous with uniform convergence.

If I is not compact then |[|-||  will fail to be a norm on C(/). For instance if I = (0, 1),
which is not closed and thus not compact, we find f(¢) = 1/t to be an element of C(I) such that
| flloo = 00, and therefore ||-||__ is not a norm. A similar difficulty arises if we let I = [0, c0)
and f(t) =t. However, for I not compact, we may restrict the domain of ||-|| to Cy(I) C C(I)
in order to construct the normed vector space (Cy(1), ||-||..)- |

A fundamental fact from the subject of real analysis is that the normed vector space (R, |-|)
is complete, where the norm |-| is the usual absolute value operation. This fact is used in the
proof of the following.

Theorem 1.10. Let I C R be an interval.

1. If I is compact, then (C(I),||-||l,) s a Banach space.
2. If I is arbitrary, then (Cy(1),-]|,.) is a Banach space.

Proof.
Proof of (1). Suppose I C R is compact, so that (C(I),]|-||,,) is properly a normed vector space.
We only need to show that (C(I), ||-||,,) is complete. Let (f,) be a Cauchy sequence in C(I), so
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for any € > 0 there exists an integer k such that || f,, — fulleo < € for all m,n > k. In light of
this implies that |f,,(t) — f.(t)| < € for all m,n > k and ¢t € I. Thus (f,(¢)) is a Cauchy
sequence in (R, |-|) for all ¢ € I, and since (R, |-|) is a Banach space we conclude that (f,(t))
converges to some point in R denoted by f(t) for each t € I. That is, (f,) converges pointwise
to f: 1 —R.

Next to show is that f, — f with respect to the uniform norm ||-|| on C(I), which will be
accomplished by demonstrating that f, =+ f on /. Fix € > 0. Then there exists integer k& such
that | f,(t) — fim(t)| < €/2 for all m,n > k and ¢t € I. From this comes

Fnl®) = Fult)] < 5
whence

2
for all m,n > k and ¢t € I. This implies that

Falt) = 5 < Jim fult) < fult) + 5,

Falt) = 5 < Fult) < Ful8) 5,

hence
Jalt) = 5 < F0) < 1) + 3,
and finally
Fa) = FO] < 5 < (14)

forn > k and t € I. Therefore f,, 2+ f on I, and since f € C(I) by Proposition , we conclude
that (C(1),]-]|,,) is complete.

Proof of (2). Suppose I C R is any interval, and let (f,,) be a Cauchy sequence in Cp(I). Since
(Co(1),]]-]|,,) is @ normed vector space the proof that (f,) converges uniformly to some f € C([)
is the same as before, and so it only remains to show that f : I — R is bounded to place f in
Co(I).

Let € > 0. Then holds for all n > k and ¢ € I, and so for any particular m > k we have
|fm(t) — f(t)| < € for all t € I. Suppose f is not bounded on I, and let M > 0. Then there
exists some 7 € [ for which f(7) > M + ¢, and thus we obtain f,,(7) > M. Since M > 0 is
arbitrary it follows that f,, is not bounded on I, contradicting the hypothesis that (f,,) is a
sequence in Cp(I). Therefore f is bounded on I. [

Unless otherwise indicated, we take the norm on F” for F € {R,C} and n € N to be the
Euclidean norm |-| given by

N 1/2
x| = <Z \ka|2> (1.5)

k=1
for any = := (21,...,x,) € F". This convention is relevant to the following proposition, which
generalizes Theorem [I.10]

Proposition 1.11. Let I C R be an interval.

1. If I is compact, then (C(I,R"),||-||..) is a Banach space.
2. If I is arbitrary, then (Co(1,R™),||-]|..) is a Banach space.



Proof.
Proof of (1). Suppose I C R is compact, and let (fi)ren be Cauchy in (C(Z,R"™),||-||.,). Thus
for each k € N we have

Jie®) = (fur(), ..., fun(t)) = (fk:j(t));lzl (1.6)

for t € I. The continuity of f on I implies the continuity of each component function fy; : I — R
on I. Fix € > 0. Then there exists ¢ € N such that ||f,, — fr|lcoc < € for all m, k > ¢, and in
accordance with the Euclidean norm defined by (1.5)) it follows that

Z\fmg — fij(t)]? <€ Ym, k> (¢ Vtel,

and hence, for each 1 < j < n,
| finj — frjllo <€ Vm,k> ¢

For each j, then, we find (fi;j)ren to be a Cauchy sequence in (C(1), ||-||), and by Theorem [1.10]
there exists p; € C(I) such that fi; == ¢;. Hence fi = (fi;)=; == (9;)}=; == ¢ as k — o0,
The continuity of each ¢; : I — R implies the continuity of ¢ : I — R", and so every Cauchy
sequence in C(I,R™) converges to some element in C(/,R™). This makes C(I,R") complete, and
therefore a Banach space.

Proof of (2). Let I C R be arbitrary, and let (fx)ren be Cauchy in (Cp(I,R"™), ||-||,,) for fi given
by (L.6). The proof of part (1) shows (fx) converges uniformly to some ¢ € (C ([ R™), 11+ 1lo0)s
and so it only remains to show that ¢ is bounded. Also in the proof of part (1) it was shown
that (fij)ken is Cauchy in C(I) for each 1 < j < n. Now, the boundedness of each fj, for
k € N implies the boundedness of each fj; for £ € N and 1 < j <n, and hence for each j the
sequence (fx;)ren is Cauchy in Cy(I). By part (2) of Theorem it follows that each (fi;)ren
converges uniformly to some ¢; € Cy(1), and this in turn implies that f, = (¢;)7_; = . Since
the boundedness of each ¢; implies the boundedness of ¢, we conclude that ¢ € Cy(/,R") and
therefore (Cp(Z,R"™),||-]|.) is complete. [

We end this section with a couple results concerning a sequence that lies in a closed subset
of a normed vector space, whether complete or not.

Proposition 1.12. Let (X, ||-||) be a normed vector space and S C X closed. If (z,) is a
sequence in S that converges to x, then x € S.

Proof. Suppose (z,) is a sequence in S, so that x,, € S for all n. Suppose z ¢ S. Then
r € X\ S, and since X \ S is open there exists some r > 0 such that B,(z) C X \ S. It follows
that x, ¢ B,(x) for all n, which is to say ||z, — z|| > r for all n, and thus the sequence ()
cannot converge to x. Therefore if (x,) converges to x, it must be that x € S. |

Proposition 1.13. Let (X, ||-||) be a Banach space and S C X. Then S is closed if and only if
every Cauchy sequence in S converges to a vector in S.
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Proof. Suppose S is closed, and let (x,) be a Cauchy sequence in S. Then (z,) converges to
some = € X since (X, [|-]|) is complete, and so = € S by Proposition [1.12]

We prove the contrapositive of the converse. Suppose S is not closed. Then X \ S is not
open, and so there exists some x € X \ S such that any open ball centered at x is not a subset
of X'\ S. Thus for each n € N there exists z,, € By/,(x) N S. Clearly z,, — x, so that (2, )nen
is a convergent—and hence Cauchy—sequence in X; and since x,, € S for all n, we see that
(x,,) is a Cauchy sequence in S that does not converge to a vector in S. n

The necessity of having (X, ||-||) be complete in Proposition is readily seen by considering
the sequence (1/n),en in the normed vector space ((0,2),]-|). In the topology of this space
(induced by the Euclidean norm) the interval (0, 1] is a closed set, and (1/n),en is a Cauchy
sequence in this closed set that fails to converge to an element of the set.

While any subset of a metric space is a metric space in its own right, it is not generally
true that a subset of a vector space (normed or otherwise) is itself a vector space. Thus, the
conclusion of Proposition [1.13| notwithstanding, care must be taken not to speak of an arbitrary
closed subset of a Banach space as being itself a Banach space. To put it plainly, the set S in
Proposition [1.13] may fail to be closed under either the operation of vector addition or scalar
multiplication.



1.2 — CALCULUS ON EUCLIDEAN SPACES

We now give some calculus results without proof, as they are typically broached in advanced
calculus or elementary analysis texts; but nonetheless it will be convenient to have many of
the tools most useful for the study of ordinary differential equations collected in one place.
The setting will be specialized to Euclidean normed vector spaces (R™,|-]), as this will suffice
to carry us far into the sequel. Letting &£, denote the standard basis for R" consisting of
the usual set of n orthonormal vectors e; := ((Zj)?:lﬂ the standard matrix for a linear map
L :R™ — R™ we define to be the m x n matrix [L] corresponding to L with respect to bases &,
and &,,. Hence L(z) = [L]x for all x € R™, with x € R™! specifically (i.e. the components of
vector x are presented as an n x 1 matrix) in order for [L]x to be defined ]

Given an open set U C R", a function F': U — R™ is differentiable at a € U if there exists
a linear map L : R®™ — R such that

L Fla+h) — F(a) ~ L(h)
h—0 ’h’
The map L is called the total derivative of F' at aE] which herein shall be denoted by dF(a).
Letting F, ..., F,, denote the real-valued components of F', it is a fact that if
F(zy,...,x,) = (Fl(xl, ey )y Fop(, ,xn))

is differentiable at a, then all the first-order partial derivatives of F' exist at a, and the standard
matrix [dF'(a)] for dF'(a) : R® — R™ is the m x n matrix with ij-entry [dF(a)];; given by

= 0.

OF;
[dF(a)]i; = o, (a)
for 1 <i<mand1l<j<n,so that
or or
a—xl(@) o, (a)
[dF(a)] = : g : (1.7)
or,, oF,,
o, (a) --- o (a)

This is the Jacobian (or derivative) matrix of F' at a. If dF(a) happens to be a square
matrix, then its determinant det(dF'(a)) := det([dF'(a)]) is the Jacobian determinant of F
at a. Omitting the argument a, the operator dF' = [0F;/0% ;] is the Jacobian matrix of
F.

Arguably the most straightforward means of determining that a function is differentiable on
some open set is to check that its first-order partial derivatives exist and are continuous on the
set.

Proposition 1.14. If U C R" is open, then F : U — R™ is differentiable at each point in U if
all the first-order partial derivatives of F' exist and are continuous on U.

Here 0i; is the Kronecker delta function: 6;; = 0 if i # j, and 6;; = 1.

2It will not be our habit to distinguish between R” and R™*! save on occasions when it serves to make
definitions precise.

30ther common terms are total differential, derivative, or differential of F at a.
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Having waded in this far, we would be remiss if we did not at least state the chain rule for
total derivatives.

Theorem 1.15 (Total Derivative Chain Rule). Let U C R" and V' C R™ be open. If
F :U — R™ is differentiable at a € U, F(U) CV, and G : V — R’ is differentiable at F(a),
then G o F' is differentiable at a with

d(G o F)(a) = dG(F(a)) o dF(a).

Remark. From elementary linear algebra we know the standard matrix [dG(F(a)) o dF(a)]
for dG(F'(a)) o dF(a) to be the matrix given by the product [dG(F(a))][dF(a)]. Thus the total

derivative chain rule as presented in Theorem may be written as
[d(G o F)(a)] = [dG(F(a))][dF(a)],

so that for any € R™*! we find d(G o F)(a)(x) to be the vector in R! resulting from the
matrix product [dG(F(a))][dF (a)]z. |

A function ® : U C R"" — R™ may be regarded as depending on (¢,z), with ¢t € R and
x € R", and it may occasion that we are interested in the variation in the value of ®(t,z) as ¢ is
held constant and x varies. Of course we speak here of what is essentially the partial derivative
of ® with respect to x, but for fixed ¢ the function ®(t,-) maps from a subset of R into R™ just
as F' does in Theorem [1.15, and so our partial derivative must be formulated in a manner that
accords with . So there is no misunderstanding, for a € U we employ the special notation
0,®(a) to denote the partial derivative with respect to  of ® at a, which for

O(t,x1,...,2,) = (d)l(t,xl, ey )y ey ot 2, ,xn))

is the linear transformation 0,®(a) : R™ — R™ whose standard matrix [0,P(a)] has ij-entry
given by

)
= a

8xj

[0:®(a)l;;

fori1<i<mand1l<j<n.
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1.3 — FIXED PoIiNTS AND CONTRACTIONS

A fixed point of a mapping f : X — Y is a point p € X such that f(p) = p. Clearly for
such a function to have any chance of possessing a fixed point the sets X and Y must not be
disjoint. We shall be especially interested in the fixed points of mappings known as contractions.

Definition 1.16. Let (X, ||-||y) and (Y,||-]ly-) be normed vector spaces. A function K : S C
X — Y is a contraction mapping on S if there exists a constant 0 € [0,1), called the
contraction constant, such that

[ K (z1) = K(22)|ly < 0lw1 — 2oflx
forall zy,29 € 5.

A contraction mapping on a subset S of (X, ||-]|) may also be called a contraction on S,
or simply a contraction if S = X. We will be dealing almost exclusively with contractions for
which the set Y in Definition is equal to X.

Generalizing the notion of a contraction mapping, a function F': S C (X, [|-||x) = (Y, [-]ly)
is Lipschitz continuous on S if there exists a constant 6 € [0, 00) such that

[F(21) — F(22)|ly <0z — 22f/x (1.8)

for all z1,2, € S. The inequality is a Lipschitz condition for F on S, and 6 is the
Lipschitz constant. Clearly a contraction mapping on .S is also Lipschitz continuous on S.

Wesay F': S C (X, [-||x) = (Y.]-]ly) is locally Lipschitz continuous on S if for each
x € S there exists some open set O containing x such that F' is Lipschitz continuous on O N S.
The following proposition we give without proof.

Proposition 1.17. If ' : S C (R™,|-]) = (R™, |:|) is locally Lipschitz continuous on S and C
15 a compact set such that C' C S, then F' is Lipschitz continuous on C.

The next proposition shows that Lipschitz continuity is a stronger condition on a function
than the conventional continuity of Definition [1.4]

Proposition 1.18. If F/: S C (X, |-|lx) = (Y, ||I-|ly) is Lipschitz continuous on S, then F is
continuous on S.

Proof. Suppose F is Lipschitz continuous on S, so there is some 6 > 0 such that (1.8]) holds for
all z1, 29 € S. Fixxg € Sandlet e > 0. If = 0, then (1.8)) implies that || F(x)—F(xq)|ly =0 < €
for all x € S, and thus F' is continuous at zy. If # > 0, choose § = €/6, and suppose z € S is
such that ||z — x¢||x < . Then we have

€

and again F' is continuous at xy. Since zy € S is arbitrary, we conclude that F' is continuous on
S. |

€,

With the proposition above we immediately obtain the following result that will be needed
presently to prove the contraction principle.
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Corollary 1.19. A contraction mapping is continuous on its domain.

A connection between fixed points and contractions is made by the following theorem, called
either the contraction principle or the Banach fixed-point theorem.

Theorem 1.20 (Contraction Principle). Let (X, ||-||) be a Banach space and @ # S C X
closed, and suppose K : S — S is a contraction mapping with contraction constant 8. Then K
has a unique fized point x* € S, and moreover

n

57 (@) - ') < T

K () — ] (1.9)
foralln e N andz € S.

Proof. Suppose x1, x5 € S are fixed points for K. Then
21 = zaf| = [[K(21) — K(22)]| < 0|21 — 2,

and so if ||z; — xa]| # 0 then the contradiction § > 1 results. Hence ||x; — 23] = 0, so that
x1 = x5. This proves the uniqueness of any fixed point that K may have in S.

Now fix 2y € S, and define the sequence z, 11 = K(z,) for n > 0. We prove by induction
that

Vn € N(||zn1 — ]| < 60"||lz1 — 20)). (1.10)
That K is a contraction implies
[ 2 — 21| = [| K (1) — K (o) < 0]y — o,

thereby verifying the inequality in (1.10)) when n = 1. Suppose the inequality holds for some
arbitrary n € N. Then

1Zns2 = T = K (ns1) = K@)l < Ollwnss — 2ll < 00" [[2r — ol = 0" |2y — o,

and ([1.10]) is proven. Since 0 € [0, 1), one important implication of ([1.10)) that comes via the
squeeze theorem is that

lim ||z,41 — .|| = 0. (1.11)
n—o0

Next, for m > n we use the triangle inequality and ((1.10]) to obtain

| = aall = || D (@ —25-0)|| < Dy — 254
j=n+1 Jj=n+1
m m—n—1
<3 0 e —aol = S 07y —
j=n+1 =0 (1.12)
m—n—1
= |2y — 0 = 0"|xy — x| - ————
|1 — o] Z J1 — ol 1—9
7=0
or —om 0"
=1 lz1 — 2ol = 75 lle1 — 2ol
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Since 6 € [0,1), for each € > 0 there exists some ¢ € N such that

96
. _0||x1 — || <€
and so ||z, — x,|| < € for all m,n > ¢ by ([1.12) and its counterpart in which the roles of m
and n are reversed. This shows that (z,)nen is a Cauchy sequence in S, and since (X, [|-]|) is a

Banach space and S C X is closed, by Proposition there exists x* € S such that z, — z*.
Because K is continuous on S by Corollary [1.19] we also have K(x,) — K(z*).

Now, by Proposition [1.3|and (1.11]),
|K () — 2] =

lim K(z,) — lim z,|| = lim ||z, — z,|| =0,

which shows that K(z*) = z* and thus z* is a fixed point for K.
Finally, since x, = K"(x) by induction, from (1.12]) we have

n 077,
n _ * — : n _ < _ — _
157 (0) = a*ll = Tim | K™ (o) — ol < -7l — o]l = 701K (z0) — o]
for any n € N. The point 2y € S being arbitrary, we have proven (1.9) for all n € N and
xeSs. |

An occasionally useful approach to determining whether a real-valued function of a single
real variable is a contraction mapping is the following.

Proposition 1.21. Suppose f is continuous on [a,b] and differentiable on (a,b). If there exists
some 0 € [0,1) such that |f'(z)| < @ for all x € (a,b), then f is a contraction mapping on

([a7 b]: ||)

Proof. Suppose there exists 6 € [0, 1) such that |f/(t)| < 6 for all t € (a,b). To show is that,
for all ¢4, 5 € [a, 0],
|[f(t2) = f(t0)] < O]tz — tal. (1.13)

Let t1,ts € [a,b]. We assume that t; # ty since (1.13)) clearly holds whenever t; = t5, with
t1 < ty for definiteness. By the mean value theorem there exists 7 € (¢1,t2) such that

f(t2) — f(t1)

/ JE—
f <T> - t2 . tl 9
whence we obtain
to) — f(t
e TR
2 — 11
which in turn yields (|1.13)). |

Example 1.22. The Newton-Raphson method is an algorithm for approximating a zero &
of a real-valued function f of a single real variable z to an arbitrary degree of accuracy, with
¢ = lim,, o o, for sequence (z,)nen defined by the recurrence relation

P A (1.14)

f(@n)’

where x is a point chosen “near” the zero &.
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We seek conditions that are sufficient to ensure that the method will indeed converge to &.
First we express the sequence (1.14)) as x,.; = K(z,) for

K(z) =z — /() ,
f'(@)
so that (x,)neny may be written as (K"(zg))nen. Provided that f/(§) # 0, we have K(§) =
E—f(&)/f (&) =Esince f(§) =0, and so € is a fixed point for K. Provided that f” exists on
some closed interval [ containing £ in its interior, we find K to be differentiable on I; with
K - F@" @)
[/ (@)]?
Let I, C I; be a compact interval on which f” is continuous and ¢ € Int(/3). Then f’ and f
are also continuous on I, and hence so too is K’. Now, because K'(£) = 0, there must exist
some compact interval I C Iy such that |K'(x)| < 1 for all x € I; indeed, by the extreme value
theorem there exists some 6 € [0,1) such that |K'(z)| < 6 for all x € I. Therefore, since K
is continuous on [ and differentiable on Int(/), Proposition implies that K : I — R is a
contraction mapping on [I.
Finally, because (R, |-|) is a Banach space and @& # I C R is closed, the contraction principle
informs us that £ is a unique fixed point for K on I, with

n

1—-6
for all n € N and any fixed xy € I. Since " — 0 as n — oo, it follows by the squeeze theorem
that (K" (xg))nen converges to £ as desired.

We note that though the conditions imposed above are indeed sufficient to ensure the
Newton-Raphson method converges to the zero £ for f, they are not altogether necessary.
Depending on the properties of the function f, the method may still find zeros for f even if, for
instance, I is not compact or f'(£) = 0. |

| K" (z0) — &| < | K (20) — o

We now give a modest generalization of the contraction principle in which the hypothesis
that a mapping K is a contraction is replaced by a rather less strict condition.

Theorem 1.23 (Weissinger’s Theorem). Let (X, ||-||) be a Banach space and @ # S C X
closed, and suppose K : S — S is such that, for convergent series y .~ 0,

K" (21) = K"(22) || < Onllz1 — 22| (1.15)
for alln € N and xy,x9 € S. Then K has a unique fized point x* € S, and moreover

K" (z) —2"|| < (Z@')HK(I) — | (1.16)
j=n
forallneN andx € S.

Proof. Clearly 6, > 0 for all n € N, and since ) 6; is convergent there exists ¢ € N such that
0, € [0,1) for all n > ¢. Suppose x1,x2 € S are fixed points for K. Then x; and x5 are fixed
points for K¢, so that

lzy = @al| = 1K (21) = K" (w2) ]| < Oellwr — 2],
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and so if x; # x5 then the contradiction 6, > 1 results. Hence xy = w9, thereby proving the
uniqueness of any fixed point that K may have in S.

Now fix xy € S, and define the sequence z,.; = K(xz,) for n > 0. It can be shown by
induction that z, = K"(x(), and with this we obtain

[ 1 = wnll = K" (21) = K" (o) | < Onllz1 — ol (1.17)

for n € N. Thus for m > n we have, by the triangle inequality,

m—1 m—1 m—1
o=l = | S res — )| € 5 heyes 2l < (zej) —
j=n j=n j=n
and thus
m—1
[ K™ (o) — K" ()| < (Z 9]-) [ K (o) — o] (1.18)
j=n

for m > n. If K(z9) = zo, then (K"(x¢))nen is a constant sequence and hence Cauchy in
S. Suppose K (xy) # xo, and let € > 0. Since ) 0; converges there is some n € N such that

Z;’in 6, < €/||K(xo) — xo||, and so by (1.18) we have
m—1 00
[K™ (20) — K" (z0)]| < (Z 9j> 1K (20) — wol| < (Z 9j> 1K (o) — wol| <€ (1.19)

J=n J=n

for m > n. Again we conclude that (K"(zg))en is Cauchy in S, and so by Proposition [1.13]
there exists x* € S such that K"(xg) — z*. Letting m — oo in ([1.19)), we find by Proposition

.3 that
[ K™ (20) — 2™ < (Z 9j> 1K (o) — ol

=n
for all n € N. Because xy € S is arbitrary we will have verified the estimate (|1.16]) once it is
shown that z* is a fixed point for K.

From and the observation that 6, — 0, the squeeze theorem implies ||,4+1 — x| — 0.
Now, setting n = 1 in ({1.15]) makes clear that K is Lipschitz continuous on S, so K is continuous
on S by Proposition [1.18, and hence the fact that z, — z* implies z,,1 = K(z,,) — K(z*).
Now we have

0= Tim ffeass — ]l = lim [[K () = 20 = [ K(a) = ]|
so that K(z*) = z* and therefore z* € S is a fixed point for K. [

If K in Weissinger’s theorem were a contraction mapping with contraction constant #, then
each 6, in would specifically become 6". However, because #,, — 0 as n — oo, Weissinger’s
theorem implies that K™ is a contraction mapping on S for sufficiently large n.

The following proposition is notable in that requires neither K™ to be a contraction mapping
nor (X, ||-||) to be complete.

Proposition 1.24. Given a function K : (X, ||-||) = (X, ||-|]), if K™ has unique fized point x*
for some n € N, then K also has unique fized point x*.
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Proof. Suppose K™ has unique fixed point z* for some n > 1, so that K™(z*) = x*. If
n = 1 then there is nothing to prove since K' = K, so assume that n > 2. Now, using the
commutativity of the function composition operation, we have

K"(K(2%)) = K(K"(2")) = K(z7),

which shows K (x*) to be a fixed point for K", and therefore K (x*) = x* since z* is given to be
a unique fixed point for K™.
Now suppose that z is a fixed point for f, so K (&) = #. Then & must be a fixed point for
K™ since
K"(3) = K7{(K(2)) = K*(3)
for any j > 1, and so

K'(2)=K"Y2)=K"?*1)=---= K1) = K(2) = 2.

We conclude that & = x* by the uniqueness of z* as a fixed point for K", and therefore z* is a
unique fixed point for K also. ]

Theorem [1.20] and Proposition taken together deliver a result that is modestly stronger
than the contraction principle alone, insofar as we may dispense with the latter’s requirement
that the mapping K : S — S be itself a contraction. Specifically we have the following.

Theorem 1.25. Let (X, ||-||) be a Banach space and @ # S C X closed, and suppose K : S — S
is such that K™ is a contraction mapping for some n € N. Then K has a unique fixed point in

S.

Proof. Since K" is a contraction mapping on the closed set S, the contraction principle implies
that K™ possesses a unique fixed point x* in S. By Proposition [1.24] it follows that z* is also
the unique fixed point for K on S. ]
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1.4 — THE PICARD-LINDELOF THEOREM

Given an open set U C R"™ and F € C(U), an ordinary differential equation (ODE) is
an equation of the form

F(t,x,2W, ... 2™) =0, (1.20)
where x € C™(S) for some S C R, and
d*x
(B) (4 .—
z(t) = W(t)

for each 0 < k < n (so #(¥) := z in particular). We say is an nth-order ODE to convey
that the highest-order derivative of the dependent variable x in the equation is order n. Given
an interval I C S, we say ¢ € C"(I) is a solution to on [ if, for all ¢t € I, we have
(t, o), oM (t),..., ™ (t)) € U such that

F(t, o(t), eW(t),. .., go(")(t)) = 0.

Unless otherwise indicated, all derivatives are considered to be two-sided, including at any
endpoints of 1!

We are particularly interested in nth-order ODEs for which 2™ may be isolated on one side
of the equation, thereby obtaining an explicit nth-order ODE having the form

™ = f(t, M, ,a:(”_l)).

An explicit first-order ODE thus has the form dz/dt = f(t,z). However, as t is naturally
thought of as denoting time, we shall employ the dot notation & := dx/dt that customarily
denotes differentiation with respect to time, and so write the first-order ODE as & = f(t, z).
If x(t) and f(¢,x) are vector-valued functions, then & = f(¢,z) in fact represents a system of
explicit first-order ODEs. Much of the remainder of this chapter will be occupied with the
business of developing many theoretical results concerning such systems.

Letting

2(t) = (21(), -+ wn(t) = (2r(t))f1s

where each x;, is a real-valued function, in this section we state and prove our first existence-
uniqueness theorem for a first-order initial-value problem (IVP) of the form

= f(t,z), xz(ty) = o, (1.21)

assuming that f € C(U,R"™) for some open set U C R"™ with (t5,29) € U. If n > 2 then
& = f(t,x) is a vector equation that amounts to a system of at least two first-order ordinary
differential equations.

Given a function ¢ : S C R — R", the symbol I',,(S) denotes the graph of ¢ on S; that is,

[, (S) = {(t,e(t)): t € S},

which lies in R,
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Proposition 1.26. Suppose f(t,z) = (fx(t,z))_, is continuous on an open set U C R,
(to, o) € U, I is an interval containing ty, and ¢ : I — R™ is such that I',(I) C U. Then ¢(t)
is a solution to the IVP (1.21)) on I if and only if it is a solution to

z(t) = xo —l—/t f(s,z(s))ds (1.22)

on I.

Proof. Suppose ¢(t) := (px(t))}_, is a solution to (1.21)) on I, so that ¢(t) = f(t, ¢(t)) for all
t € I and ¢(ty) = xg. Since integration of a vector-valued function is carried out componentwise,
by the fundamental theorem of calculus we have

wt [ stosctnds =t [t =so+ ([ aors)

=20+ (n(t) — @k(to))zzl
=20+ (pr(t))_, — (2r(t0)),_,
= zo+ ¢(t) — ¢(to) = (1)

for each t € I, and thus ¢ satisfies on [.

Next suppose ¢ is a solution to ((1.22)) on I; that is,

olt) =0+ | s, p(s))ds (1.2

for all t € I. For each t € I the closed interval J with endpoints tq and t is a subset of I, so
that I',(J) C I',(/) C U, and thus the integrand s — f(s, p(s)) in is continuous over the
interval of integration. From this it follows that the components of f(s,p(s)) are themselves
continuous over the interval of integration, thereby assuring the existence of the integral in

, and so
o) = 5 [ foctois = (5 [ Alsotonds) = (Ro®)), = £tot0)

k=1
for all t € I by the fundamental theorem of calculus, with

to
p(to) = o —l—/ f(s,0(s))ds = xo.
to
Therefore ¢ satisfies (1.21]) on I. [

With ¢y as in (1.21)) and some suitable T' > 0 let Iy := [to — Tty + T|]. To prove an
existence-uniqueness theorem for the initial-value problem (1.21)) with f € C(U,R"), where
U C R™! is open, we start by defining an operator K with domain some suitable subset of the
normed vector space (C(Ir,R"),||-|l..) by

K[gl(t) = 20+ / £(s,0(s))ds; (1.24)

that is, for each suitable ¢ € C(I7,R"™), K[p] is the function given by (1.24). Proposition [L.1]]
provides assurance that (C(Ir,R"), |||, ) is a Banach space so long as 7" < oo, but for any
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T > 0 is may be possible to find some ¢ € C(Ir,R") such that (¢,p(t)) ¢ U for some t € Ir. As
fin is only given to be continuous on U, it becomes clear that certain restrictions must
be placed on our choice for either T" or ¢, and as it turns out, restrictions must be imposed on
both. Indeed, in addition to the foregoing considerations, we seek some Ty > 0 and closed set
SC(C (ITO,R”) |-]l..) such that K maps S into S and also K is a contraction on S. Before
stating a lemma to address some of these matters, however, we need a definition.

Given normed vector spaces (X, ||-[|x), (Y. |-lly), (Z,]-]|5), with W C X x Y, a function
F(z,y) that maps W into Z is said to be Lipschitz continuous in the second argument,
uniformly with respect to the first argument on W if there exists a constant 6 € [0, c0)
such that

1E (2, 1) = Fa,y2)llz < Ollyr = wally

for all (z,vy1), (x,y2) € W. We say F : W — Z is locally Lipschitz continuous in the
second argument, uniformly with respect to the first argument on W if at each point
(z,y) € W there is an open set O containing (x,y) such that F' is Lipschitz continuous in the
second argument, uniformly with respect to the first argument on ONW. If X, Y, and Z are
subsets of Euclidean spaces, then Proposition may be used to show that if F' is locally
Lipschitz continuous in the second argument, uniformly with respect to the first argument on
W, then F is Lipschitz continuous in the second argument, uniformly with respect to the first
argument on any compact set C' such that C' C W.

Lemma 1.27. Let U C R™ be open with (tg,9) € U, and suppose T,§ > 0 are such that
V= 1Ir x Bs(xg) CU. For f € C(UR") continuous on U, set

M= sup |f(t,2)l,
(t,x)eV

and define Ty = min{T,0/M}, with Ty =T if M = 0. Also define
S ={p€C(Ir,,R") : [l — zo||w < 6},

where |||l := sup{|p(t)| : t € I, }.

1. Let Vo = Iz, X Bs(wo). If p € S, then T,(Iz,) C Vo C V.

2. S s closed.

3. K:5—=65.

4. Suppose f is Lipschitz continuous in the second argument, uniformly with respect to the first
argument on Vg, with Lipschitz constant L. If Ty < 1/L, then K is a contraction on S.

Proof.
Proof of (1). Fix ¢ € S, so ¢ : I, = R™ is such that ||¢ — 2¢||oc < J. Then for all ¢t € I7, we
have |p(t) — xo| < 4, so that

©(t) € Bs(x) = {x € R" : [z — x| < 5},
and therefore (, p(t)) € Vj.

Proof of (2). Let (¥)ken be a Cauchy sequence in S, so ¢, € C(Ir,, R") is such that I'y, (Ir,) € V}
for each k by part (1). Now, because (1) is also a Cauchy sequence in (C(Ir,, R™),|-]|..), which
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is complete by Proposition m, there exists ¢ € C(Ig,, R") such that, with respect to the sup
norm ||-|| ., ¥x — ¥ as k — oo. All that remains is to demonstrate that ||¢) — 2o/ < 9.

The sequence () certainly converges pointwise to 1; that is, for each ¢ € Iy, we have
() — ¥(t) as k — oo, and thus (¢, ¥ (t))ren is a sequence in Vj that converges to (¢, %(t)).
But V is a closed set, implying that (¢,1(t)) € V, for each ¢ € Iy, or equivalently I'y(Ir,) C Vb,
which in turn leads to ¢(I7,) € Bs(xg), and finally ||¢ — 2¢|lsc < 6. Therefore ¢» € S, and S is
closed by Proposition [1.13]

Proof of (3). Fix ¢ € S and t € Ir,, the latter implying that |t — to| < Tp. We have

t t
KA ol = | [ S0 ds| < | [ [fGsueto)]ds
t
° 0 5 (1.25)
M‘ =Mt —to| < MTy < M-— =4,
M
and thus
1K [p] — wolloo = sup |K[p](t) — 0| < 0.
tEITO
It remains to show that K[y] : I, — R™ is continuous. For any t;,ts € I, we have
IK[e](t) — K[gl(t2)] = / Fl5, 0(s))ds| < / F(s(s))|ds| < Mt — o], (1:26)
t1

so that K|¢] is Lipschitz continuous on Iz, and hence continuous on Ir, by Proposition [1.18|
Therefore K[yp] € S.

Proof of (4). Fix o, € S. Now, for any t € Ir,,

160 = KIol0) = | [ 166690 = 1G5, 06 s
< / £(5,9(5)) — F(s,6(5)) | ds
<| [ piet) - wispias

to

< Lt = tolllp = ¥lle < LTolle — ¢l

so that || K[¢] — K[¥]|lee < Lol — ¥]|oe- Thus if Ty < 1/L it follows that K is a contraction
on S. n

We observe that M < oo in the lemma since f is given to be continuous on the compact set
Vb, and thus Ty > 0 is assured.

In light of the contraction principle, the motivation for working with the operator (|1.24])
to demonstrate the uniqueness of a solution to (1.21)) is perhaps made more manifest by the
following proposition.
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Proposition 1.28. Let f € C(U,R"™) for open U C R with (to, z0) € U, let I be any interval
containing ty, and suppose ¢ : I — R" is such that I',(1) C U. Then ¢ satisfies the IVP ((1.21)
on I if and only if K[| = ¢ on I.

Proof. Comparing ((1.22) with ({1.24]), we see that Proposition is an immediate consequence
of Proposition [1.26] [ ]

Broadly speaking, any solution to the initial-value problem is a fixed point for the
operator K as defined by .

For the statement of the Picard-Lindelof theorem that is the centerpiece of the present
section we introduce some notational conventions. For U C R™ and V' C R", we denote by
CF(U, V) the collection of all functions F': U — V that have continuous partial derivatives of
order up to and including k on U. With CO(U,V) := C(U,V) and C*(U, V) := N, C*(U, V),
it is clear that

Cx(U, V) S CHY(U, V) CCHU, V) CC(U, V)

for all k > 0. Since V = R quite frequently, we further define C*(U) = C(U,R) for 0 < k < oo.
If U C R, then of course all partial derivatives become ordinary derivatives. Differentiation of
vector-valued functions is performed componentwise as usual.

In order to fully and honestly prove the Picard-Lindelof theorem we shall need the following
mean value theorem for vector-valued functions: if h € C([a,b],R") N C'((a,b),R™), then there
exists t € (a,b) such that

[7(b) = h(a)| < (b—a)|W' ()]

Theorem 1.29 (Picard-Lindeldf). Let U C R be open, with (to,z0) € U and T, 6 > 0 such
that V := Iy x Bs(xg) C U. Suppose f € C(U,R"™) is locally Lipschitz continuous in the second
argument, uniformly with respect to the first argument on U,

M = sup [f(t )],

(t,x)eV

and Ty = min{T,5/M}. For Vy := Iy, x Bs(x), if L is a Lipschitz constant for f on Vj
and Ty < 1/L, then the IVP (1.21) has a unique solution z* € C*(Ir,, R™), and moreover this
solution is such that T'y«(I7,) C Vb.

Proof. Suppose L is a Lipschitz constant for f on V, and 7y < 1/L. The mapping K : S — S
is a contraction on the closed set S by Lemma and since C(I7,,R™) is a Banach space by
Proposition [I.11] the contraction principle implies there exists a unique fixed point z* € S for
K. Now, Ty«(Ir,) € Vo C U by Lemma [1.27] and since z* : Iy, — R™ is such that K[z*] = z*
on Ig,, by Proposition we find 2* to be a solution to on Ig,, with z* € C*(Ir,, R")
since f is continuous and @*(t) = f(t,z*(t)) for all t € Ir,. This proves the existence in S of a
solution to the IVP.

Next suppose that ¢ € S satisfies the IVP on I7,. Then K[| = ¢ on Iy, by Proposition
1.28] so that ¢ is a fixed point for K : S — S, and therefore ¢ = x* by the uniqueness of x* as
a fixed point for K in S. This proves the uniqueness in S of a solution to the IVP.
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It remains to show that there can exist no function ¢ : Iy, — R" that lies outside of S
for which I',(Iz) € U and ¢ satisfies the IVPE| First we show that I'y«(Int(I7,)) C Int(Vp).
Suppose there exists 7 € [to, tg + To) such that |z*(7) — x¢| = 0, where T > ¢, since z*(to) = zo.
By the mean value theorem there is some 7 € (to,7) such that

i) > [T @)l _ Jat(r) —

T—to T—to

and so, since z* satisfies (1.21]) and Ty < 6/M,
T )| =|2"(7)] > > — > M. 1.27

However, (7,2%(7)) € Vj since z* € S, so that |f(7,2*(7))| < M. This contradicts ((1.27)), and
hence |2*(t) — zo| < d for all t € [to, to + Tp). This also holds for t € (to — Ty, to], and therefore
|z*(t) — 20| < 0 for all t € Int(Ir,).

Now suppose ¢ : I, = R™ is such that I',(I7,) C U and ¢ satisfies on I, but ¢ ¢ S.
Being a solution to the IVP certainly requires ¢ € C(Ig,,R™), so for h : I, — R given by
h(t) = |@(t) — x| there exists ¢ € Ir, such that h(f) > §. For the sake of argument we assume
t € I, == [to, to + Tp). Because h(ty) = 0, the intermediate value theorem implies h(t) = 4 for
at least one value of ¢ between t, and ¢. Define

Y

o o

Ty = min{t > 0: h(to +t) = 0}, (1.28)

so that tg < to + Ty <t < to + Tp; also define I = [to, to + T1]. Since K[p] = ¢ and K[z*] =z
on I, by Proposition the same identities hold on I; however, because I C Int(Ig,) we
have |z*(t) — x¢| < 6 for all t € I, whereas |¢(tg + T1) — xo| = 0, and hence ¢ £ z* on .

For |41 := supye; [¢(2)], define

S ={¢ € C(L,R") : [y — xolls < 6},

which is a closed subset of C(I,R") by much the same argument that proved part (3) of Lemma
1.27] Certainly z* € S, so that S’ # @. Also from (|1.28)) it’s apparent that |p(t) — zo| < ¢ for

t € I, so that T',(I) C I x Bs(wg), and hence ¢ € 5" as well. We also have K : ' — S’. To see
this, fix ¢ € §" and ¢ € I; then, noting that I'y (/) C V, the find from

| K[)] —wo|</|f |d3</Mds<MT0<5

that ||K[¢)] — x|l < 0, and the argument that K[¢)] € C(I,R") is largely the same as (|1.26]).

Finally, K is a contraction on S’, since for any 1,1, € S" and ¢t € I we hav

|K[th](t) — K] (t)] < / Llthi(s) — a(s)|ds < LT1 |1 — a1,

to

so that || K] — K[ws]||r < 0]ty — 1s||; for 6 = LTy < LTy < 1. The contraction principle now
informs us that K : S — S’ has a unique fixed point in S’, whereas we have already discovered

4Curiously a significant number of ODE textbooks, both elementary and advanced, wholly ignore this apparent
possibility.
5Compare with the proof of part (4) of Lemma
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that z*,p € S’ are distinct fixed points for K. As this is a contradiction, we conclude that any
solution to the IVP on Iz, must lie in S. |

It is generally desirable to secure the largest interval of validity possible for any solution
to an initial-value problem. When applying the Picard-Lindelof theorem this translates into
determining the largest T} that satisfies the theorem’s hypotheses. Since the theorem requires
that Ty < 1/L, we therefore wish to find the smallest Lipschitz constant L for f on Vj, which

will be
t — J(t
LO - Sup |f< ,Q?) f( 7y)| . (129)
TR |
Certainly for all (¢,z) # (t,y) in Vj the equation (1.29) implies that

and since is trivially true whenever (t,z) = (¢,y), we see that Lg indeed qualifies as a
Lipschitz constant for f on V4.

Another possible means of extending an interval of validity I for a solution to the IVP ([1.21]
is to not contrive to have I be centered at ty. Depending on the nature of f it may be possible
to have I = [tg — 1§, to + Tp] for Tj # Ty. For this small loss of symmetry we may find we can
satisfy the hypotheses of Theorem [1.29|on a longer interval to one side of ¢, than on the other
side; that is, the Picard-Lindel6f theorem may be applied to intervals of the form [ty — T, o]
and [tg,to + T] separately for different values of T" that give rise to different values of Tj,.

If fin happens to be of class C!, which is to say f € C*(U,R"), then it turns out that
f is locally Lipschitz continuous in the second argument, uniformly with respect to the first
argument. Another proposition will be necessary in order to prove this, but there are some
preliminaries to dispense with. First, a subset C' of a vector space is convex if, for any x,y € C,
the line segment

[z, y] ={(1—t)z+ty:te[0,1]}

whose endpoints are x and y is a subset of C'. Next, given a field F € {R, C}, the Frobenius
norm of a matrix A € F*" is defined to be

n m
A= al,
j=1 i=1

where a;; denotes the ¢j-entry of A.

Proposition 1.30. For U C R" open, suppose F € CL(U,R™). If C C U is compact and convez,
then F is Lipschitz continuous on C with Lipschitz constant sup,.q |[dF ()]

Proof. Suppose C' C U is both compact and convex. The first-order partial derivatives of F'
being continuous on U by hypothesis, Proposition [1.14] implies F' is differentiable on U, so that
the mapping (U, |-[) — (R™*",|-|) given by

o ()] = |50
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for each z € U is continuous on U, and hence bounded on C with respect to the Frobenius
norm. Let

M = sup |[dF(x)H,

zeC
and fix a,b € C. Then [a,b] C C since C' is convex. Defining h : [0, 1] — C by h(t) = (1—t)a+1b,
we apply the fundamental theorem of calculus to each of the m components of F' to obtain

A(Fohﬂwﬁquohxn_(pomm):F@y—me (1.31)

Now, because h is continuous, h([0,1]) C C, and C C U is closed, there exists an open
interval I O [0, 1] such that h : I — U, whereupon F o h: I — R™. Equation (1.7) makes clear
that dh(t) : R — R" exists for each t € I, and if hy, ..., h, are the components of h, then

hi(t)
[dh(t)]=| : |=h'(t)=b—a.
h (2)
Similarly we have [d(F o h)(t)] = (F o h)'(t) for t € I. In terms of their standard matrices, the

linear map dF'(h(t)) : R® — R™ is an m x n matrix and dh(t) : R — R™ is an n x 1 matrix,
and thus

(Froh)(t) = [d(F o h)(®)] = [dF (h(t)][dA(®)] = [dF (h(1))]A'(t) = [dF(h(t))](b — a)

by the remark following the total derivative chain rule of Theorem |1.15, From (1.31) we now
obtain

mw—ﬂ@zlkmm@mwmmt

Finally, using a property of the Frobenius norm which holds that |AB| < |A||B| for any matrices
A and B for which the product AB is defined,

F(b) — F(a)| < / [dF(h(£))(b — a)|dt < / [[AF(h(t)]|[b — al dt

1
S/ M|b—a|dt = M|b—a| = (sup‘[dF(x)H)|b—a|,
0 zeC
finishing the proof. |

Corollary 1.31. If U C R" is open and F € CY(U,R™), then F is locally Lipschitz continuous
onU.

Proof. Suppose U C R" is open and F' € C}(U,R™). For any x € U there exists § > 0 such
that Bys(z) C U, and hence Bs(x) C U. Now, since the closed ball Bs(z) is both compact and
convex, Proposition implies that F is Lipschitz continuous on Bj(x), and hence on the
open ball Bs(z). [
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1.5 — OTHER EXISTENCE-UNIQUENESS THEOREMS

Given normed vector spaces (X, ||-||x), (Y, |I-lly), (Z, |-l ), let W C X x Y, and for each
z € X let

W, ={yeY:(z,y) € W}

A function F(z,y) that maps W into Z is said to be Lipschitz continuous in the second
argument on W if, for each fixed x € X for which W, # @, the function F(x,-): W, — Z is
Lipschitz continuous on W,; that is, for each 2 € X there exists a constant 6, € [0,00) such
that

| F(z,y1) — F(z,92) ||z < 0:|y1 — w2y

for all y1,yo, € W,. We say F': W — Z is locally Lipschitz continuous in the second
argument on W if F(x,-) : W, — Z is locally Lipschitz continuous on W, for each x € X
for which W,, # @. If X, Y, and Z represent Euclidean spaces (or subsets of same), then
Proposition informs us that whenever I is given to be locally Lipschitz continuous in the
second argument on W, then for each z € X the function F(x,-) is Lipschitz continuous on
compact subsets of W,.

We start with the statement and proof of a local existence-uniqueness theorem for the
initial-value problem

= f(t,z), x(to) = o, (1.32)

that dispenses with the Picard-Lindel6f theorem’s requirement that 7o < 1/L, and relaxes other
conditions. For instance the hypothesis of Theorem that f € C(U,R™) be locally Lipschitz
continuous in the second argument, uniformly with respect to the first argument on U will be
weakened to local Lipschitz continuity in the second argument on U. Another way in which the
following theorem contrasts with Theorem is it restricts the time interval on which the
unique solution to exists to [tg, to + To). There exists an analogous result which considers
t <to. Welet If := [tg,to+ T] for T > 0.

Theorem 1.32. Let U C R"*! be open, with (to, z9) € U and T, § > 0 such that I} x Bs(x) C U.
Suppose f € C(U,R™) is locally Lipschitz continuous in the second argument on U, define

M(t):/t ( SEUE) )]f(s,x)|)ds

and
|f<t,331) B f(t>$2)|

[z1 — 29|

L(t) = sup
1 ;ﬁxz EE(; (:L'())

fort € I}, and assume

to+71o
A= / L(t)dt < oo

to

for
Ty :=sup{t:to+t € I} and M(ty+1t) < d}.
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Then there is a unique solution x* € C* (I}, Bs(xo)) for the IVP ([1.32), with

sup | a)(1) = o' (0)] < 2 [ (s o)l ds (1.3

- |
tel;o meJi

for allm € N, and thus K™[xo] 2> z* on I7, .

Proof. The normed vector space (C(17,,R™), ||-||..) is a Banach space by Proposition and
S = {(p € C(I;SO,R”) Nl — zolloo < (5}

is a closed subset by the same argument as in the proof of Lemma ﬁ Now, for any ¢ € §

and t € I}, we have ¢(t) € Bs(wo), and so

|Ke](t) — 20| < /t If(s,0(8))ds < M(t) <o

by the definition of Tj and the fact that M : Ij{) — R is a monotone increasing function. Hence
| K[¢] — 20]|e < 0, and the calculation for t1,t, € Iy, shows that K] : I}, — R is
continuous and therefore K : S — S.

Define

t
ot) = / L(s)ds,
to
where ¢ : I; — R since £(t) < X < oo for all t € I}, . It can be shown by induction that

om(t)

vm € N vgo,wesvteIa<|Km[so]<t>—me](t>|s L zgpﬂrw)—w(m)], (1.34)

and thus \m
15 [p) = K™ [Wlloe < 5l = ¥ lloo-

Observing that ) *_, \™/m! < oo, Theorem implies that K has a unique fixed point
x* € S such that

K™ 6] = 2"l < (Z %)IIKM — #lloo (1.35)

j=m
for all m € N and ¢ € S. Since the constant function z; is in S, we may substitute it for ¢ in

(1.35)) to obtain

oo

1K™ 0] = 2"[|oo < (Z %) 1K o] = woll oo (1.36)

Jj=m

However, we find that

t to+70o
| K [xo] — Zolloo = sup | K [xo](t) — zo] < sup / | f(s,20)|ds < / |f(s,x0)|ds  (1.37)

te[}'o tel}'o to to

6We refrain from citing Lemma itself since technically that lemma has a different definition for Tj than
the present setting.
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and

- - NtmoAm N el
Zj Zj+m _Zoj!m!__ B ml (1.38)
J=m J=

m! 4 « 4!
J:
and the inequalities (|1.36]), _-, and ((1.38) taken together yield ([1.33). Because z* € S it is
clear that Ty« (I7;) C I % Bj(x) C U, and thus by Proposition we conclude that z* is a
solution to the IVP (1.32)) on I;EO , with uniqueness assured by the uniqueness of x* as a fixed
point for K in S.

The proof is done once we attend to the detail of affirming the veracity of (1.34) by an
inductive argument. The fact that

[F(t, 1) = [t 22)] < Lt)|1 — o (1.39)

for each ¢ € I, and x1, 25 € Bs(x,) implies

KA - K101 < [ 1760660 = Js.60)as < [ L6)1o(e) - violas

to

< / L(s) sup [o(r) — ¥(r)|ds = £(t) sup [e(r) — ()],

réElto,t] r€lto,t]

establishing the bracketed statement in ((1.34)) for m = 1. Now suppose that the bracketed
statement holds for some m € N. Recalling (1.39) and observing that ¢'(t) = L(t),

K™ ] (1) — K™ )(1)] < / £, K™(0](s)) — f(s, K™ [0)(s)| ds

< / L(s)[K™[ig](s) — K™ [$](s)] ds

to

< [ 16=5 sup [otr) - i)l ds

M reftg,s)

1
< — sup |o(r) |/ ()™ (s (1.40)

m! rE[to,t]

Applying integration by parts with « = £"(s) and v' = ¢'(s) yields

/z’ ) (s)ds = 0mH(t) m/ ?(s)em(s

" e apm _ )
/toé(s)é (s)ds = o

whence comes

Y

and so, returning to (|1.40]),

m+1 m+1 1
[K™ ] () = K™ ()] < mi S lp(r) =)l

B gm—&—l(t)
RCES] Ti}g’)ﬂ [p(r) —w(r)l,
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thereby affirming the bracketed statement in ((1.34)) for m replaced by m + 1. This finishes the
proof. |

The bound furnished by on the error incurred when approximating the unique solution
x*(t) to the IVP using the function K™ [x¢](t) makes clear that K™ [xq] converges uniformly
to z* on I}, . The process of finding K™ [x] for successive values of m € N is known as Picard
iteration, with K™ [z| itself being the mth Picard iterate. From

K™[xol(t) = K[Km_l[ajo]] (t) = xo —i—/t f(s, K™ x](s))ds

we have

d

2 (K™ wl(9) = f(8, K™ o (1)),

which is continuous on I, , and therefore K™ [zo] € Cl(_fﬂ),g(;(xo)) for all m since K : S — S
implies K™ : S — S.

For the sake of completeness we now state the counterpart to Theorem [1.32| that addresses
solutions to for t < ty. The proof is of course quite similar. We let I := [ty — T, o] for
T > 0.

Theorem 1.33. Let U C R"*! be open, with (to, z9) € U and T, § > 0 such that I x Bs(x) C U.
Suppose f € C(U,R™) is locally Lipschitz continuous in the second argument on U, define

M) :/t( sup )|f(s,a:)|) ds

|f(t,$1) - f(t,$2)|

|1‘1 —$2\

and

L(t)=  sup
T1#£72€Bs(w0)

fort e I, and assume

to
A= / L(t)dt < oo
¢

o—T1

for
Ty :=sup{t:to—t el and M(ty —1t) <0d}.

Then there is a unique solution x* € Cl([T’l,F(;(xo)) for the IVP (1.32), with

sup |K™faal(t) = ' (0] < 2 [ szl ds

tEI;l m! o—T1
for allm € N, and thus K™ [xo] = x* on I, .
In general one can expect the Ty of Theorem and the 77 of Theorem to be different

values, and the two theorems taken together assure the existence of a unique solution to the
IVP (1.32)) on the interval [ty — T, %o + To).
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Theorem 1.34. Let U = I x R™ for open interval I, with (ty,z9) € U. If f € C(U,R") is
Lipschitz continuous in the second argument on U, and T > to is such that I} C I and

A= /toJrT( sup ft ) = f(t’x2)|>dt < 00, (1.41)

r1F£T2 ER™ |I1 _LU2|

then there is a unique solution x* € C*(I},R") to the IVP (1.32)).

Proof. Let S = C(I},R"), which is a closed subset of the Banach space (C(IF,R"), ||]l..)-
Fix ¢ € S. The function t — |f(t,¢(t))] is continuous on I}, which is compact and so
a = supyc+ (£, ¢(t))| < oo by the extreme value theorem. Then for any ¢y, € I,

[ rsetonas| <| [ Iseetonas

t1
so that K[¢] is Lipschitz continuous on I, hence continuous on I by Proposition [1.18 and so
K:5—=S5.
For each t € I} define

Kl (t) = Ke](t2)] = <

S Oé|t1 - t2|a

t — f(t
L) = sup LT = Slr2)]
21 £T5ER™ |71 — o]

and in light of (1.41]) define ¢ : I; — [0, A] by

¢
ot) = / L(s)ds.
to
Using (L.34) with I;; replaced by I, we have

(1.42)

m

A
™[] = B[]l <~ llp = Vlleo

for all ¢, € S. Since Y °_; \"/m! < oo, Theorem implies K has a unique fixed point
x* € S such that holds for all m € N and ¢ € S. The proof of Theorem from
onwards shows that the bound applies in the present setting; however, we only need the
fact that 2* : I}t — R™ possesses the property K[z*] = x* on I};. Proposition then implies
that z* is a solution to the IVP on I}, with uniqueness assured by the uniqueness of z*
as a fixed point for K in S. [ |

Corollary 1.35. If f € C(R™ R") is Lipschitz continuous in the second arqument on R

and
to+T
/ L(t)dt < o
¢

o—T

for all T > 0 and L(t) given by (1.42)), then the IVP (1.32)) has a unique solution x* € C*(R,R™).

Proof. We find by Theorem together with the analogous result pertaining to [tg — T, to]
that the IVP has a unique solution z* € C'([ty — T,to + T],R") for each T' > 0, and thus
r* € C1(R,R"). The bound , which applies to the setting of Theorem , makes clear
that if I, J C R are intervals containing ¢y, with ¢ the unique solution to the IVP on [ and ¢
the unique solution to the IVP on J, then ¢|; = . |
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1.6 — DEPENDENCE ON INITIAL CONDITIONS

We now make a study of how the solution to the initial-value problem depends on
the initial condition z(¢y) = x¢. Specifically, what are the bounds on the change in the solution
to the IVP when the point (o, o) is changed? Essential to the development of the theory is
Gronwall’s inequality, of which there are many variants, but the version that follows will suffice.
As ever we define I} = [tg,tg + T for 0 < T < oo.

Proposition 1.36 (Gronwall’s Inequality). Suppose u, o, 8 € C(I}) with 8 >0 on I}:. If

v [ peuteas (143
for all t € I, then
u(t) < aft) + /t:oz(s)ﬁ(s) exp (/:B(r) dr) ds (1.44)

for allt € I}

Proof. Define ¢ : I} — [0,00) by

0 = e - /t:ms)ds)

so ¢(t) = —B(t)p(t). Now, supposing ((1.43)) to be the case, we find for any ¢ € I that

& (o0 / tﬂ(S)U(SMS) — o) — o0)(1) /t:ms)u(s)ds
= p(0)3(0)(utt) - /t:ﬁ(s)U(SMS)
a(t)

Thus for s € [ty, 1],

(200 [ Butryin) < atae)ets),
o) [ = [ [ (o0 [ s )]as < [ a@aeetea

Dividing by ¢(t) then yields

/5 dmﬁW@_/t:a(s)ﬁ(s)exp</:5(r)dr>ds,

whereupon adding «(t) to both sides and making use of ((1.43)) once more leads to (1.44). W

and hence



31

Proposition is still valid if the interval I} is replaced by a non-compact interval I such

as [to, T) or [ty,00). Also the continuity of a may be replaced by a weaker requirement that
the negative part of o (i.e. a~ given by a~(t) = max{—a«a(t),0}) is integrable on compact

subintervals of 1.

Corollary 1.37. Suppose u,, 8 € C(I}) with 3 nonnegative and o nondecreasing on I} . If

(1.43) holds for all t € I}, then
t
) < ayesp [ plo)as)
to

Proof. Since a(t;) < a(ty) whenever ¢; < ty, by Gronwall’s inequality we have

u(t)<a(t)—|—/ta( exp(/ B(r dr)ds
)+ alt /5 exp(/ﬁ dr)ds
— alt) - at) /t 2 [exp (/ 5(74)617»)} ds

) exp < /t: 5(r>dr>

for alltequ. [ |

for all t € I

Corollary 1.38. Fiz o,y € R and 8 > 0. Ifu € C(I}) is such that

u(t) < a+ /t[ﬁu(s) +v]ds (1.45)

to

for allt € I}, then

u(t) < avexp[B(t — to)] + — (exp[B(t — to)] — 1) (1.46)

(=2

forallt € I

Proof. From (|1.45) we have

for all ¢ € I}, so that

u(t) + % < (a + %)eXP(/t:ﬁdS) = (Oé + %)exp[ﬂ(t — to)]

by Corollary [1.37, The inequality ([1.46|) immediately follows. [
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Theorem 1.39. Let U C R™™! be open, with (ty, o), (to,y0) € U. Suppose f,g € C(U,R"),
with f locally Lipschitz continuous in the second argument, uniformly with respect to the first
argument on U. Suppose further that x(t) and y(t) satisfy the initial-value problems

T = f(t,%), x<t0) = Ty and y = g(ta y>7 y(tO) = Yo (147)
fort e Ip = [to — T, to+ T, respectively. For V C U a compact set with I';(Ir),T',(I7) CV,
let L > 0 be such that

|f(7-7 gl) - f(T, 52)| < L’£1 - €2|
for all (1,&1),(7,&2) € V, and let
M = sup |f(7—7§) - 9(7—75)|
(r,9)eV
Then

M
z(t) — y(t)] < |wo — yole™ 7! + f(e”t’t(" —1)

for allt € Ir.

Proof. We carry out the proof only for ¢ € I}, as the argument is essentially the same for
t € [to — T, to]. By Proposition [1.26]

£(t) = / f(s,2(s)ds and  y(t) = / 9(s,y(s)) ds

to
for t € I, and so

|z(t) —y(t)| = ds

(=) + [ [F(s.(5)) = gl ()]

to

< Jzo — ol + / 1£(5,2(5)) — g(s,y(s))|ds
< Jzo — ol + / Fls,2(s)) — F(s,y(s))|ds + / |F(5,(5)) — g5 u(s))| ds

t t
< |x0—y0|+/ Lx(s) —y(s)|ds—|—/ Mds.
to

to

Using Corollary with u(t) = |z(t) — y(t)|, we finally obtain
t
() = y(O)] < |zo = yol + / (Llz(s) —y(s)| + M) ds
to

< |wo — yole" ol + %(eﬂttol - 1),

where of course t — to = |t — to| for t € I} |

Subject to assumptions that assure uniqueness, let (t,ty, zo) denote the solution to the
initial-value problem on some interval containing t,. Keeping t, fixed, suppose there exists
a closed interval I containing ¢, such that, for all £ sufficiently close to zg, the IVP & = f(¢,x),
x(tp) = £ has a unique solution on /. Then the IVP is well-posed if ¢ is continuous in
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the third argument at each ¢ € I. Thus there exists some o« > 0 such that, for all ¢ € R" for
which |§ — zo| < «, the function t — ¢(t,to, ) is a solution to the IVP

on I, and
lim (2, t0,§) = @(t, to, o)
E—xo

for each t € I.

Substituting f for g in Theorem [1.39, we take z(¢) and y(¢) to be solutions on It to the
initial-value problems

T = f(t; l’), ZL’(t(]) =x9 and y= f(ta y)? y(to) = Yo,

respectively. Assuming the hypotheses of the theorem hold, and noting that M = 0 when f = g,
the theorem concludes that

|z (t) — y(t)| < |zo — yole™ ! (1.49)
for each t € Ir. Clearly
QO(t, tO? yO) - y(t> — fL’(t) - g0<t7 tO? 'TO)

as Yo — o, and hence the IVP ([1.32)) is well-posed provided solutions to ([1.48)) are valid on Ir
for all £ sufficiently close to xy5. The next theorem has something to say about this last point.

Theorem 1.40. Let U C R™"! be open, and suppose f € C(U,R™) is locally Lipschitz continuous
in the second argument, uniformly with respect to the first arqgument. Fiz (to,xo) € U.

1. There exists compact interval I and compact set B C R™ such that (tg,x¢) € I x B C U, and
o(t,7,€) exists on I x I x B. Thus for each 7 € I and § € B the function p(-,7,§) : I — R"
15 a solution on I to the IVP
T = f(t,x), xz(r)=2~¢.
2. If V is a compact set such that I x o(I x I x B) CV CU,

M= sup [f(7,8)l,
(r,)eV

and L > 0 is such that
|f(7-7 51) - f(Tv 52)| < L|§1 - €2|
for all (1,&),(7,&) €V, then

o(t1,71,6) = @ta, 72, &) < [&1 — Lol ™ 4 (Jty — to] + |71 — Tl ™) M (1.50)

for all (t1,71,&), (ta, 72, &) € I x I x B.
3. o(t,7,€) € C(I x I x B,R").

Proof.
Proof of (1). Fixing (to,zo) € U, let T, 6, V and M be defined as in Theorem and assume
L is a Lipschitz constant for f on V. Let 0 < ¢ < min{7,§/M,1/L}, and define V; C V by

Vo = [to — €,t0 + €] X Bs(xo). By Theorem the IVP ((1.32)) has a unique solution ¢(-, ¢y, zo)
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on [to — €,to + €]. Now let 7 € I :=[tg — €/4,to + €/4] and £ € B := Bsa(x0) be arbitrary, and
consider the IVP

= f(t,z), x(r)=2~¢. (1.51)

Define J, = [7 — €/2,7 + €/2]. Since V¢ := J; X Bs2(§) C Vo CV C U, Theorem implies
there is a unique solution ¢(-,7, &) to (L.51)) on J; with T'y(. - ¢)(J;) € Vie. But I C J;, so that
(-, 7, &) satisfies (1.51]) on I with

Lore) (1) C Tor) (Jr) © Vg,
and we conclude that ¢(t,7,€) is defined for all (¢,7,£) € I x I x B.

Proof of (2). Fix (t1,71,&1), (ta,72,&) € I x I x B. By Theorem [1.39, and more specifically
(1.49), we have

o(t1, 71, &) — (b1, 71, &)| < &1 — &letm, (1.52)
Now define v : I — R by

U(t) = |(p(t7 1, 52) - (,D(t, T2, €2>’
By Proposition [1.26]

u(t) = ‘ (a+ [ et meir) - (e [ Fretr )

ult) = / P o (r, 7, ) dr — / F(rp(r, 70, 2)) dr

= /T2 f(T,gO(T,Tl,§2))dT+/ f(r7()0(r77—17£2>>dr_/ f(T,@(T,TQ,fQ))dT

+

< /T2 f(r o(r,m,&))dr

/ |f(7“, 90(7’7 7—1’§2>> - f(T7 SO(T’ T2, 52))|dr

t
< Mln — | + / Llg(r,m1, ) — o(r, 70, &)| dr

T2

/T t Lu(r)dr

forall t € I. If t € [1»,00) N I then

:M|T1_7-2‘+

¢
u(t) < M|m — 72| +/ Lu(r)dr,

T2

and so t
u(t) < M‘Tl - 7’2| eXp(/ Ldr) = ]\4|T1 _ 72|6L(t—72)
T2

by Corollary |1.37; and if ¢t € (—o0, 73] N [ then

T2
u(t) < M|m — 7| —I—/ Lu(r)dr,
¢



35

and so
u(t) < M|m — 7'2|eL(72_t)

by the analogous result to Corollary Therefore
u(t) < My — mp|e" ! (1.53)

forall t € I.
Next, with another application of Proposition [1.26

[(t1, T2, 62) — @(ta2, 72, 62)| =

/ F(r ol €2))dr| < Mty — o). (1.54)

Finally, applying the triangle inequality along with (1.52]), (1.53)), and ([1.54]), we obtain

lo(t1, 71,&1) — @(ta, To, &2)| < oty 71, 61) — @(tr, 71, §2)| +u(ty) + ot 72, §2) — @(t2, T2, §2)]
< |6 — &l 4 Mmy — w2l o Mt — ),

which is (|1.50)).

Proof of (3). This will follow from part (2) provided that we can find a compact set V' such
that I x p(I x I x B) €V C U. Indeed, in the proof of part (1) we constructed the set
Vo = [to — €,to + €] X Bs(xo) with the property that

Loty (D) CTore([T—€/2,7+€/2]) T[T —€/2,7+€/2] x Bsja(§) C Vo CU (1.55)

for all (7,£) € I x B. We show that 1} is a suitable choice for V.
Let (t/,x) € I x p(I x I x B). Thus t’ € [ty —€,1y + €], and there exists (¢,7,£) € I x I x B
such that ¢(¢,7,&) = x. Since t € [ and

{(s,0(8,7,8)) :s €I} C[r—€/2,7+¢€/2] X E(;/g(f)

by (L.55), we have z = ¢(t,7,&) € Bs/2(€) C Bs(xg), and therefore (', x) € V;. Having now
shown that I x (I x I x B) C Vj, the inequality (1.50) and a squeeze theorem argument may
be applied to show that ¢ is continuous on [ x I x B. |

Fixing ¢y € I, an immediate implication of part (1) of Theorem is that the function
©(+, 1, €) is a solution on I to the IVP for all £ € B.

In ([1.48)) we now assume that f € C*(U, R") for some k > 1, and that the solution (-, ¢y, ) to
the IVP on [ is differentiable in the third argument (i.e. with respect to ). We continue to assume
¢ € B for B as defined in Theorem [1.40} and ¢, € I is fixed. Since ¢(t,t0,&) = f(t, p(t, o, &))
for all t € I and & € B, it follows that ¢(t, ¢, &) is differentiable in the third argument as well.

Define ¢ = (p;)}_, so that ¢;(-,t0,-) : I X {tg} x B — R for each 1 < j < n. Also let
§ = (§;)7-,. Using the notation introduced in §1.2, the linear mapping J¢pp : R” — R™ has n x n
matrix [Ocp] given by

0p;
[Oeo(t to, )iy = 8—“§<t,to,s>
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for 1 <1,5 < n. More explicitly we have

dor . 9o
agl 8571
O] =| = . ¢
Dipn don,
081 &y,

Now, by and the chain rule,
8§at80(t7 tOv 6) = a{f(ta (;D(ta th g)) = axf(tv QD(t, tU) g)) o 8590(ta t07 5)7

where 0, f denotes the partial derivative of f with respect to the second argument. If we adopt
the convention of denoting the composition of functions by juxtaposition, then we may write
simply

358tg0(t, th g) = axf(t7 gD(t, t(]? 5))8590(t7 th g) (156)
Now we consider the so-called first variational equation
y=A(t, &)y, (1.57)

where
A(t,€) = 0o f(t, 0(t, 10, €))-

The equation is linear in y, and if we suppose 0:0,¢ = 0;0¢¢, then by inspection it’s seen that
the function ¢ — s (2, 1o, €) is a solution to (1.57)) on I for each £ € B. Equivalent to ((1.57) is
the integral equation

t
v) = Bt [ AlsEuls)ds. (1.58)

to
where FE, is the n x n identity matrix. We pass from ((1.57) to (1.58]) by first integrating the

former with respect to ¢ to obtain the family of antiderivatives

v =C+ [ Als.eu(s)as.

to
where C' is an arbitrary constant n x n matrix. Thus y(to) = C, and to arrange for de(t, to, )
to be the solution we next observe that ¢(to, to,&) = &, so that Ocp(to, to, &) = E,, and thus we
must choose C to be E,,.



