MATH 242 ExaM #3 KEY (FALL 2017)

1 The surface X is given by F(z,y,2) =0 for F(z,y,z) = zy* + 3z — 22 — 4. We have
VF(z,y,z) = <y2 + 3, 2xy, —22> ,
and the equation of the tangent plane at (2,1, —2) is given by
0=VF2,1,-2) (z—2y—1,2+2) = (4,4,4) - (z — 2,y — 1,2+ 2),

or
r+y—+z=1

2 These will be points (z,y, z) € S such that VF(z,y, z) = (0,0, ¢) for some ¢ # 0. Here
F(z,y,2) =32 +2y* — 3z + 4y — 2 — b,
so Fy(z,y,2) =6z — 3, Fy(x,y,2) =4y +4, and F,(z,y,2) = —1, and hence
VF(x,y,z) = (6x — 3,4y +4,—1).

Now,
VF(z,y,z) =(0,0,¢) = (6x—3,4y+4,—1)=0,0,c),

which requires z = 1/2 and y = —1/2 (also we have ¢ = —1 # 0 as required). On the other
hand (1/2,-1/2,z) € S implies z = —29/4. Thus the point (1/2,—1/2,-29/4) on S has a
horizontal tangent plane.

3 Note that f,(r,y) = —e *siny and f,(x,y) = e " cosy, and so it’s never the case that
fo(x,y) = fy(z,y) = 0. Thus there are no critical points, and we conclude that there can be
no extrema or saddle points.

4 We have
fo(z,y) =22+ y, fy(m,y) =,
fwa(x’y):z? fyy(x,y):O,
fay(z,y) = 1.

At no point does f, or f, fail to exist, so we search for any (z,y) for which f,(z,y) = f,(z,y) =
0. This yields the system

T =0

The only solution is (0,0), which is our only critical point. Now,

f;vx(OaO)fyy(oaO) - fa?y(()a()) =-1< 07
so f has a saddle point at (0,0), and hence there are no extrema of any kind in the open
rectangle {(z,y) : x| <2, |y| <1} =(-2,2) x (—1,1).
Next we look at each side of the rectangle. Left side: define ¢;(y) = f(—2,y) = 4 — 2y for
y € [—1,1]. Minimum is at g;(1) = 2, maximum is at g,(—1) = 6.
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Right side: define ¢2(y) = f(2,y) = 4 + 2y for y € [—1,1]. Minimum is at go(—1) = 2,
maximum is at go(1) = 6. At this juncture the value of f(z,y) has been determined at all four
corners of R.

Bottom side: define g3(z) = f(x,—1) = 22 — x for x € [-2,2]. Minimum is at g3(1/2) =
—3/4. Endpoint values have already been evaluated.

Top side: define g4(z) = f(x,1) = 2% + x for x € [-2,2]. Minimum is at g4(—1/2) = —1/4.
Endpoint values have already been evaluated.

Absolute maximum of f(z,y) on R is thus f(—2,+£1) = 6, and absolute minimum is

F(1/2,-1) = —3/4.

5 Set g(x,y,2) = 2% +y* + 2% — 4, so the constraint is g(x,y, 2) = 0. Find all (z,y,2) € R3
for which there can be found some A € R such that the system

fe(,y,2) = Aga(2,y, 2)
fo(@,9,2) = Agy(@,y, 2)
[,y 2) = Aga (2,9, 2)
g(x,y,2) =0
has a solution. Explicitly the system is
1=2\x
3=2\y
—1=2\z (1)

4= 2?+y*+22

First equation gives A = 1/2z. Then 2nd and 3rd equations give y = 3z and z = —z. From this
the 4th equation gives x = £2/4/11. This leaves us with points (£2/v/11,£6/v/11, F2/+/11).
Evaluate f at these points to get

F(2/V11,6/V11, —2/V/11) = 22/V/11,
which is the maximum, and
f(—2/V11,-6/V11,2/V11) = —22/V/11,

which is the minimum.

6 By Fubini’s Theorem integral becomes
w/3 1
/ / rsec?(zy) dydr = In 2.
0 0

7 Integral is

o= [ sen i



8 We have

2 pd—y?
// 3rydA = / / 3rydx dy = 14.
R 0 J2—y

T 2
/ / " grdg ="
A 7 Mo

9 Integral becomes




