MATH 141 ExaM #2 KEY (SUMMER 2014)

la Let u(z) =sin™' z and v/(2) = 1. Then u'(z) = (1 — 22)~/2 and v(z) = 2, and so

V3/2 V3/2
.1 . 1 1V3/2 / z
sin""zdz = |zsin~ " 2 — —dz.
/1/2 [ }1/2 12 V1I—2?

Making the substitution u = 1 — 22 gives

va/2 3 301 11 [
/ sin~! 2dz = £ sinT! — — —sin"!' = 4+ = / —du
1/2 2 2 2 2 3

1b Let u(z) = In’z and v/(z) = 2*. Then /(z) = 2Inz and v(z) = 12%, and so

1 2
/xQIanda::§x31n2x—§/x21nxdm.

For the integral on the right, let u(z) = Inz and v'(z) = #*. Then «/(z) = 1 and v(z) = 323

3 b
so that
1 2/1 1
/x2ln2xdx:—x3ln2x—— —x?’lnx—/—xzdx
3 3\3 3

1 2 2
21,.2 3112 3 3
r*In"zrdr = -2°Inz — —2"lnx + —2° + c.
/ 3 9 27
(Note: the original integral only makes sense if x > 0, which is why no absolute values are
necessary in the answer.)

and hence

2a We have
/ sin’ z cos® v dr = /[1 — cos® z]? cos®  sin z du,

and so if we let u = cosz, so that sinx dx is replaced by —du by the Substitution Rule, we
obtain

/sin7x0083 rdr = — /(1 —u?)3u? du = /(u3 —3u® + 3u” — u?) du

1 1 3 1
g T e

= 1cos‘lx— 1cos6az:—|——cosgx—icoswaﬂ—c.
4 2 8 10

Alternatively: write
/ sin” z[1 — sin® z] cos  dz,

and let v = sinz to obtain

1 1 1 1
/u7(1—u2)du: gus—ﬁum+c: gsinsx—l—osinmx+c.



2b We have
1t t2¢ 41
/CSC2 dt = /csc2t . udt.
cot“t cot“t

Substitute u = cot ¢, so that formally csc?t dt = —du, and we obtain

t2t 41 2+1 1

/csc%-%dt:—/ujL du:—/(1+u_2)du:—u+—+c
cot? ¢ u? U

= —cott+tant + c.

2c¢ With a basic trigonometric identity we get

w/2 w/2 /2
/ \/1—Cos2xda:—/ \/281n2xd$—\/§/ sinz dr = V2.
0 0 0

3a Let z = %tan 0. Formally we obtain dx = %s.ec2 0df, and also /922 + 1 = secf. Running
through the usual trigonometric substitution process yields

[ =%

9r2 +1)32°" 6

3b Let t = 13sinf for 6 € [—7/2,7/2], so that dt is replaced with 13 cosfdf as part of the
substitution. Observe that —7/2 < 6 < 7/2 implies cos € > 0, so that

Veos? 0 = | cosf| = cosb.

Now,

/\/169—t2dt:/\/169—16981n29-13cos€d9:/169cos9\/1—sin29d9
= 169/(:059\/(:0829(19 = 169/(:0526(19,

and with the deft use of the given formula for [ cos” 6 df we obtain

i 1 1 1
/\/169—t2dt:169(w+§/d9):?cos&sin@%—%&%—c.

From ¢ = 13sin# comes sin# = t/13, so § = sin"*(t/13) and § may be characterized as an
angle in the right triangle

13
7

V169 — t2



3

Note that ¢ > 0 if € [0,7/2], and t < 0 if § € [—7/2,0). From this triangle we see that

cosf = /169 — t2/13, and therefore

169 V169 —t2 ¢t 169 t
V169 — Pt = —0 Y0 T L g (L
/ 2 3 13 2™ (13)+C
V169 — £ 169 . [t
= ————+ —sIn — |tec
2 2 13
4a We have
2 2 A B _C
a2 22(z+1) oz 22 o+l

whence we obtain
2=Azr(z+1)+ Bz +1) + C2* = (A+ C)2* + (A + B)z + B,

which implies we must have A +C = 0, A+ B = 0, and B = 2. The only solution is
(A, B,C) =(—2,2,2). Hence

2 2 2 2 2
/ﬁda::/(——+—2+—>d$:—21n|x|——+21n|$—{—1|—|—c
° 4+ T r x rz+1 T

<a; + 1)2 2
=In ——+c
x x
4b Again start with a decomposition, noting that z? 4+ 2z + 6 is an irreducible quadratic:

[t [ (e )

1 1 6
:—ln]x—4|——/de. (1)
15 15 ) (x+1)24+5

For the remaining integral, let v = x + 1 to obtain

4+ 6 u+5 U 1
— dr = | ——du= | ——d 5 ) ————d 2
/<x+1>2+5 ! /u2+5 v /u2+5 vt /u2+<¢5>2 ‘ ?

Letting w = u? + 5 in the first integral at right in (2), and using Formula (9) for the second,

we next get
r+6 1/2 1 4 u
———dr = | —d 55—t —
/(x+1)2+5 v /w WA <\/5)+C

1 U 1 U
= —In|w +\/§tan_1(—)+c:—ln u? +5 +\/5tan‘1(—)+c

= %ln[(a:—l— 1)? + 5] + \/gtan_l($\/gl>+c

_I_




Returning to (1),

2 Injz—4] 1 [In[(z+1)>+5] L fr+1
PP i 5t
/(x—4)(x2+2:1:+6) v 15 15 2 + Vtan g5 )te
:ln]:z;—4|_ln(x2—|—2x—|—6)_§tan_l r+1 L
15 30 15 NG

5 The integral is convergent. Making the substitution u = 2x — 3 along the way, we have

1 -1 -1
1 1 1 1 1
lim ———dr = lim - / —du= lim —|—=u"?
a——o0 J, (2;1;' — 3)2 a——oco 2 2a—3 u3 a——oo 2 2 94—3

6 First, partial fraction decomposition gives
1 1 1
42 -1 22—1 2z+1

Now we find the area A:

A_/1 4x2_1d:c—blgilo 1 <2x_1—2x+1)dx_blirilo[§ln(2x—1)—5111(231:—1—1)1

1 2% —1\" 1 % —1 1 1 1
— ~ lim |In( 22 = — lim |In —In{ = )| == |In(1) —In{ =
2 bsoo 2r4+1)|, 265 2% + 1 3 2 3
1. /1
=—3 ln<§> — In V3 =~ 0.5493.

The exact answer In /3 is the desired result.
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