MATH 141 ExaM #2 KEY (SUMMER 2012)

la. Let x = 3secf, so that dx is replaced with 3secftanfdf as part of the substitution.
Since x > 3 we have sec > 1, which implies § € (0,7/2) and so tanf > 0. Now, making use
of the given formula for [ tan” 6 df, we obtain

2
/\/7 /\/W 3sec¢9tan9d9=/3Vtan29‘tan9d9

:3/tan29d9:3<tan9—/1d9):3tan9—39+c.

From x = 3sec comes sec = /3, so  may be characterized as an angle in the right triangle
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From this triangle we see that

2_ g V2 — 9

tanf = x—’ and 6 =tan"! (I—>

3 3

and therefore
/73 2 _
/x—gd:v =Vr?—-9— 3tanl(xT9> +c.
x

1b. Let z = 11sind for 0§ € [—7/2,7/2], so that dx is replaced with 11 cos 6 df as part of the
substitution. Observe that —7/2 < # < 7/2 implies cos € > 0, so that

Vcos? 0 = | cosf| = cosb.

Now,

/\/121 —x2dr = / V121 — 121 sin26 - 11 cos 0 df = / 121 cos0v' 1 — sin? 0 df
= 121/@089\/c0829d9: 121/60326619,

and with the deft use of the given formula for [ cos™ 6 df we obtain
fsinf 1 121 121
/\/121 —22dr = 121(% + 5/(1) d9) = TCOSGSinQ—l— 79—1—0.

From z = 11sin# comes sinf = x/11, so § = sin"'(x/11) and # may be characterized as
an angle in the right triangle
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Note that > 0 if 6 € [0,7/2], and = < 0 if § € [-7/2,0). From this triangle we see that

cos = /121 — x2/11, and therefore
V121 — 22 121
[V = B R Pt () e

11 11 2 11
V121 — 22 121 . /@
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2a. This is a job for partial fraction decomposition:

3 3 “1/4 3/28 17
dr = dr = d
/x3—x2—12x v /x(m—4)(m+3) v /< x +x—4+x+3> ‘

1 3 1
:—Zlnm+2—81n]a:—4]+?1n|a:+3|—|—c.

2b. Again start with a decomposition, noting that 22 + 2z + 6 is an irreducible (i.e. unfac-
torable) quadratic:

[t [ (e )

1 1 6
:—ln]x—4|——/de. (1)
15 15 ) (x+1)245
For the remaining integral, let v = = + 1 to obtain
r+6 u+5 u 1
————dr = | ——du= du+5 [ —————d 2
Rt et et /u2+<¢3>2 ‘ 2

Letting w = u? + 5 in the first integral in (2), and using Formula (13) for the second, we next
get

r+6 1/2 1 4 u
T o= [ Ldwa s ——tan -2 )+
/(x+1)2—|—5 ! /w RV <\/5) ‘
1 1
:51n|w|+\/gtan_1(i)+c=§ln(u2+5)+\/gtan_l(%)+c

V5
1 9 afr+1
—2111[(90—!—1) + 5] + V5 tan (—\/5 )+c
Returning to (1),
2 _Infz—4] 1 [In[(z+1)*>+5] L fx+1
/(w—4)(a:2+2:c—|—6)dx_ 15 15{ 2 + Vtan N AN

— —tan~
15 30 15

CInfz—4] (®+204+6) V5 1<x+1)+c



3a. Letting u = 2x — 3, we have

! 1 ! 1 -1 1/2
/ ——dx = lim —2de lim deu

00 (Q‘T - 3)2 a==00 Jq (2ZL‘ - 3) a==0 Jog—3 U

o1 177t 1 1 1
= lim —-|—— = lim —=(1+ = —.
av-—002| U, o a-002 2a — 3 2

3b. We must evaluate [, 1/(z —1)dx and [, 1/(z — 1) dz, if possible. By definition,

! "1
/ dr = lim dr = lim [In |z — 1]); = lim (In|b— 1| —In| — 1)
0 b—1—

T — b—1- Jo v —1 b—1-
= lim In(1 —b) = —o0.
b—1—

So fol 1/(z — 1) dx diverges, and therefore f04 1/(z — 1) dx also diverges.

4a. We have

. 5n® . 5n® . 5 5 5
lim = lim = lim = = _.
n—00 \/36n16 — 10n10  n—oo 8, /36 — 10/n® n—eo (/36 —10/n6 /36 6

4b. First we evaluate

lim /n = lim n*/™ = lim exp(Inn'/") = exp < lim In n”")
n—oo n—oo n—oo n—o0

1 1
= exp (lim ﬂ) ¥ exp (lim —) = exp(0) = 1.

n—oo M n—oo N,

Now, consider the subsequence of {a,}>°; that consists of the even-indexed terms, which
can be denoted by {ay, }7>, with n, = 2k for k > 1. Then, using the fact that lim,,_, n'/m =1,
we have

lim a,, = lim (—1)"n,/™ = Tim (—=1)%(2k)"Y = Lim (2k)"/Y = 1.

k—00 k—00 k—00 k—o0
Next, consider the subsequence consisting of the odd-indexed terms, which can be denoted
by {an, }32, with ny = 2k — 1 for £ > 1. Then we have

lim a,, = lim (—=1)*7(2k — 1)/ = lim [—(2k — 1)) = -1,

k—o0 k—oo k—oo

Since {a,} has two subsequences with different limits, the sequence {a,} itself cannot
converge. That is, {a,} diverges.



5. Starting by reindexing, we have

03 SN 3 k3 1y 341
— (-2F kz_o (=2)F ;01(_5) C1-(-1/2) 2

6. Partial fraction decomposition gives
1 1 1
k+1D(k+2) k+1 k+2

so series becomes

Now,
- 1 1
S”_;<k+1_k+2>
(1 1 1 1 N 1 1 N 1 1 n 1 1
“\2 3 3 4 4 5 n n+l1 n+1 n+2
_1 1
2 n4+2
SO
> 1 1 . . 1 1 1
————|=lim s, = lim | = — = —.
7a. Since
) k
lim ——==1#0,

k=00 \/k2 + 25

the series diverges by the Divergence Test.

7b. Letting u = —222, we have

% ) b ) —2b2 1 ,
re * dr = lim re * dr = lim ——e"du = lim —~[e"]"%
1 b—oo Jy b—oo J_o b—o0

1 2 1 -2
= lim —1 (6_2b — 6_2> =——(0—-e?) = GT,

b—oo
& 2
/ re 2 dx
1

converges, and therefore the series converges by the Integral Test.

so the integral



7c. Since
[(k+1)1% (2k)

" hooe ‘ 20k + D]l (k)2
the series converges by the Ratio Test.

(k+1)(k+1)

Ap+1
Qnp,

lim =

k—o0

7d. Since

k2 KR
o Vel = Jim yor =i 5 =5 < b
the series converges by the Root Test.

Te. For each k£ > 1 we have

sin? k 1 1

0 S ~ = )

Wk T kVE K2
and since Y oo, k7%/? is a convergent p-series, it follows that
i sin® k
—~ vk
converges by the Direct Comparison Test.

7f. For each k > 1 we have
k" k7 1

< v <X
T k9437 kY k%
and since Y ;- k™% is a convergent p-series, it follows that

0

Zk9+3

k=1

converges by the Direct Comparison Test.

kE+1

1

= =-<
koo (25 + 1)(2k +2) koo dk+2 4



