MATH 141 ExaMm #1 KEY (SUMMER 2012)

1. We have

f(2)=2(2*+2—-12=18—-12 =6,
and from f’(z) = 62% + 1 we find that f/(2) = 25 # 0. Now, clearly f is differentiable on
(—00,00), and since f’ > 0 on (—o00,00) we conclude that f is everywhere increasing and
therefore one-to-one. By the appropriate theorem we then obtain

N

2. Let f; be the restriction of f to the interval [4,00). That is, fi(z) = f(z) for x > 4. Then
f1 is a one-to-one function and thus has an inverse f;'. To find f; ' set y = fi(z), so that
y = (z —4)? for z > 4. Then
Vy=lr—4 =2 —4,

whence z = 4+ \/y. Since y = fi(z) if and only if z = f; ' (y), we obtain f; '(y) =4+ /.

Next, let f be the restriction of f to the interval (—oo,4|. That is, fo(z) = f(x) for z < 4.
Then f, is a one-to-one function and has an inverse f, . To find f, ! set y = fo(x), so that
y = (xr —4)? for z < 4. Then

Vi=lr -4 =—(@-4)=4-uz,
whence z = 4 — \/y. Since y = fo(z) if and only if z = f;'(y), we obtain f;'(y) =4 — /7.
We have now found that there are two (local) inverses associated with f: the function f;*

given by
J ) =44y
with Dom(f; ) = Ran(f;) = [0,00), and f, ' given by
fty) =4—y
with Dom(f; ') = Ran(f;) = [0, 00).
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3a. f/(l’> = m

3b. Dom(g) = (0,00), and for all > 0 we have

g(x) = ) = exp (ln (xln(x?’))) = exp(ln(xS) ln(:zf)) = exp(3 ln2(93)),

and thus ,
I ) 6In(z) 62 In(x)

(@) = exp (3l (x) - (31*(a) = ghee? . O) _ BT

3c. For z such that tan(x) > 0 we have

h(z) = (tanz)°** = exp(In((tan z)°**)) = exp(cos x - In(tan z)),



and thus
h'(z) = exp(cosx - In(tan z))-(cos x - In(tan z))’
seclz
= exp(cosx - In(tanz))- (cos - — —sinz- In(tan x))
= (tanz)**" (cscz — In(tan )™ ")
3d. K(z)= ‘ (4— 2% = 352"
' (4 —25)In(3) (4 — x%) In(3)
U 1 —2x\/ 26_2$
3e. E(az):m.(e 20y —
N 1 r_ 1 L _ 1
8t V) =~y Vo) =-15 o0z 2v/z(1+7)

3 8
4a. /(36_8”3 — 8e''*)dx = —ge_&” - ﬁenm +c

4 4
4b. dr =——In|3 -1
/3—10:1090 10 n|3—10z| + ¢

4c. Let u = 2*, so by the Substitution Rule we replace z* dz with idu to get

y 1 19 9"
39%°d :/_ Ydy =~ - = '
/x 9% dx 49 u=7 () +c 1In(9) +c

5a. Let u = In(x), so when = 1 we have v = In(1) = 0, and when x = 3e we have u = In(3e).
Now, by the Substitution Rule we replace %dx with du to get

In(3e) el 1 In(3e) 1 3e — 1
~du=|=e" _ Z(,n(Be) _ 0y _ ]
/o 5 du |:26 L 2(6 e) 5

5b. We have
2V/3 2V/3
1 1 T 5 S/m 0w 5%
s [ e[ Lan (2] = et (v8) ] = 2T T) =
/2 21 22” 5{2 o 2} [t (V3) —tan™ (D)= 5 (5~ 7) =5
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6. For all £ > 0 we have

IV ol (LY Zexp 2t 2] = exp (221262

The functions f(z) = —2In(5z) and g(x) = x are differentiable on (0,00), and ¢'(z) =1 # 0
for all z € (0,00). Since g(x) — 0o as x — oo, and

/() —2fa _

:z:lgrolo g'(x) - :z:lgrolo 1 0,
by L’Hopital’s Rule we obtain
lim @ — lim M =0

as well. Now, since exp(x) is a continuous function,

2/x 91 .
lim (%) = lim exp (M> = exp( lim M) =exp(0) = 1.
x x

T—00 T—00 €T T—00

7a. Let u(f) = 0 and v'(0) = sec?(). Then v'(6) = 1 and v(#) = tan(f), and so

/QseCQ(H) df = 6tan(6) — /tan(@) df = 6 tan(0) — In | sec(0)| + c.

7b. Let u(z) = e ™ and v/(z) = sin(3z). Then v'(z) = —e™ and v(z) = —3 cos(3z), and so
1 1
/e‘a’ sin(3z) dx = —ge_:” cos(3x) — 3 / e * cos(3x) dx + c.

For the integral on the right, let u(xz) = e and v'(x) = cos(3z). Then u/(z) = —e™* and
v(z) = 1 sin(3z), so that

1 111 1
/e” sin(3z) dx = —ge’:” cos(3z) — 3 [gez sin(3z) + 3 /ez sin(3z) dm} +c,
and hence

1
/ew sin(3z) dx = —Ee’x[?) cos(3x) + sin(3z)]+ c.

Tc. Let u(y) =sin"'(y) and v'(y) = 1. Then v/(y) = 1/+4/1 — y2 and v(y) = y, and so

/\/5/2 Vi V3/2 y
1

sin~H(y) dy = [ysin™(y —dy 1
L e e B 0
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Now, let w = 1 — %2 in the integral on the right-hand side of (1), so that by the Substitution
Rule y dy is replaced with —%dw. When y = 1/2 we have w = 3/4, and when y = v/3/2 we
have w = 1/4, and so

V3/2 1/4
Y L Ly e s V3L
" 1= dy = 5 /3 dw = [2 ]3/4 [ ]1/4 - 9

Returning to (1), we obtain

sin~'(y) dy = [?JSIH l(y)}m

/\/3/2._ yovEe V31

1/2 2
V3 . (V3 1. /1) V3-1
= —— S1n — | — =SIn — —
2 2 2 2
3 7 1 7® 3-1 2v/3 -1 V3-1
= = — =+ — — _— 7"-_
2 3 2 6 2 12 2

8a. We have
/sin7(:v) cos®(z) dr = /(1 — cos?(z))? cos®(z) sin(x) du,

and so if we let u = cos(x), so that sin(x) dz is replaced by —du by the Substitution Rule, we
obtain

/sin7(x) cos®(x) dr = — /(1 —u?)3ud du = /(u3 —3u® +3u” — ) du

1 1 3 1
= ZU4 — §u6 + gUB — 1—Ou10 +c
1 1 3 1
= Z cos? —5 cos® +§ cos® —1—0 cos'® +c

8b. Let u = 6x, so that dx is replaced by Gdu by the Substitution Rule and we obtain

/ tan(6z) dx = % / tan(u) du.

Now use the given formulas for [ tan”(z)dz and [ tan(x)da:

/tan(Gx) dr = é[% — /tan(u) du] = é[% — In|sec(u)| + ¢

tan?
_ tan (6z) In|sec(6z)| L
12 6




8c. We have

/ Ve () — 1dyp = / \/tan®(p) dp = / | tan(e)| dy
—7/3 -/3

/3

— /_ W/g[_ tan(p)] dp + /0 W/Stan(so) di

= —[Insec(p)[]°. , + [In]sec(p)(]™
=2In(2) = In(4).



