MaTH 141 ExaM #4 KEY (SPRING 2017)

1 4th-order Taylor polynomial is ps(z) = 1 — 2% 4+ J;2*. Now, converting to radians,
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cos(2") = cos () ~pa() =1 - 5 (55) + 57 (g5) = 0999300827,
2a Apply Ratio Test:
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Series converges if |z| < 1, so interval of convergence contains (—1,1). Check endpoints.

At 2 = 1: series becomes Y 1/v/n? + 3, and since
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and the series »  1/n is known to diverge, the series > 1/v/n?+ 3 diverges by the Direct
Comparison Test.

At © = —1: series becomes » (—1)"/v/n? + 3, which can be shown to converge by the
Alternating Series Test.

Therefore the original series has interval of convergence [—1,1).
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2b Apply the Root Test:
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|z — 1] = |z — 1] lim (2+—> = 2|z —1].
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Series converges if 2|z — 1| < 1, so interval of convergence contains (%, %) Check endpoints.
At x = %: Series becomes
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and since (1 + %)n — e as n — 00, the series diverges by the Divergence Test.
Atz = %: Series becomes
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which also diverges by the Divergence Test.
Therefore the original series has interval of convergence (%, %)

2c  Apply Ratio Test, using L’Hopital’s Rule to find the limit:

" in(n + 1)
" Inn

I o1 1
i |m‘nh_{§o/<n—ﬂ = |-

1/n

~ o] lim In(n+1)

lim
n—00 Inn




2

Thus the series converges if || < 1, so interval of convergence contains (—1,1). At the endpoints
we obtain either the series Y Inn or > (—1)"Inn, both of which diverge by the Divergence Test.
Therefore the original series has interval of convergence (—1,1).

3 This is a geometric series, and so
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for x € (—\/3,\/5)

4a Using the binomial series,
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4c The standard binomial series on the exam is given to converge for |z| < 1, and so the
binomial series under consideration converges for |z3| < 1. But this immediately implies con-
vergence if and only if |z| < 1. Interval of convergence is therefore (—1,1), and the radius of
convergence is R = 1.

5 The series of In(1 + z) is given. Now,
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This is an alternating series with b, = (0.1)"/n?. We have
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By the Alternating Series Estimation Theorem we are assured that
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approximates the series (and hence the integral) with an absolute error of less than 107°.

6 Use the identity tan® +1 = sec? to find that y? + 1 = sec?t, so that
r=sec’t—1=(y*+1)—1=19°

Thus we have = y? with domain y € (—o00, 00), recalling that y = tant for ¢ € ( -5 %)

7 The set-up is thus:
(z,y) = (1= 5t) (3, —4) + 5¢(2,0)
for 0 <t < 3. Equivalently we may write

(z,y) = (-3t +3,5t—4), tel0,3]

T cos O

8 Change to rsinf =e , and hence y = e*.

9 Using the formula
o 2

with f(0) = 2v/sin 20 and ¢(#) = 0, we find the area to be

w/2
/ 2sin 260 df = 2.
0



