MATH 141 ExAM #2 KEY (SPRING 2014)

— 22)72 and v(2) = z, and so
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Making the substitution v = 1 — 22 gives
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la Let u(z) =sin~!z and v/(z) = 1. Then v'(z) = (1

1b Let u(z) = In’z and v/(z) = 2% Then /(z) = 2Inz and v(z) = 123, and so

1 2
/x2ln2xd:r; = —23In’zr — —/x21nxd:v.
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For the integral on the right, let u(z) = Inz and v/(x) = z?. Then u/(z)
so that
1 2/1 1
/x2 In?zdr = §$3 In?z — g(gwg Inx — / 3382 d:r)

and hence

= 1 and v(z) = 3a°,

1 2 2
/$21n2:ndx = §:B31I1293— §x3lnzx+2—7x3+c.

2a We have

/ sin’ x cos® x dr = /[1 — cos® z]? cos® x sin z du,

and so if we let u = cosx, so that sinz dx is replaced by —du by the Substitution Rule, we

/sin7x0083 rdr = — /(1 —u?)u® du = /(u3 —3u® + 3u” —u?) du

obtain

s 1, 3% iw

1

Zu —§u gu —mu +c

1 1 3 1
:Zcos‘lx—§cos6x+§cosgx—1—ocoslox+c.

Alternatively: write
/ sin” z[1 — sin® 2] cos ¥ dz,

and let u = sinx to obtain
u (1 —u?) du = 1u8 - iulo+c: lSingac— iSinmx+c
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2b We have
1t t2¢ 41
/CSC2 dt = /csc2t . udt.
cot“t cot“t

Substitute u = cot ¢, so that formally csc?t dt = —du, and we obtain

t2t 41 2+1 1

/csc%-%dt:—/ujL du:—/(1+u_2)du:—u+—+c
cot? ¢ u? U

= —cott+tant + c.

2c¢ With a basic trigonometric identity we get

w/2 w/2 /2
/ \/1—Cos2xda:—/ \/281n2xd$—\/§/ sinz dr = V2.
0 0 0

3a Let z = %tan 0. Formally we obtain dx = %s.ec2 0df, and also /922 + 1 = secf. Running
through the usual trigonometric substitution process yields

[ =%

9r2 +1)32°" 6

3b Let t = 13sinf for 6 € [—7/2,7/2], so that dt is replaced with 13 cosfdf as part of the
substitution. Observe that —7/2 < 6 < 7/2 implies cos € > 0, so that

Veos? 0 = | cosf| = cosb.

Now,

/\/169—t2dt:/\/169—16981n29-13cos€d9:/169cos9\/1—sin29d9
= 169/(:059\/(:0829(19 = 169/(:0526(19,

and with the deft use of the given formula for [ cos” 6 df we obtain

i 1 1 1
/\/169—t2dt:169(w+§/d9):?cos&sin@%—%&%—c.

From ¢ = 13sin# comes sin# = t/13, so § = sin"*(t/13) and § may be characterized as an
angle in the right triangle
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Note that ¢ > 0 if € [0,7/2], and t < 0 if § € [—7/2,0). From this triangle we see that

cosf = /169 — t2/13, and therefore

169 V169 —t2 ¢t 169 t
V169 — Pt = —0 Y0 T L g (L
/ 2 3 13 2™ (13)+C
V169 — £ 169 . [t
= ————+ —sIn — |tec
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4a We have
2 2 A B _C
a2 22(z+1) oz 22 o+l

whence we obtain
2=Azr(z+1)+ Bz +1) + C2* = (A+ C)2* + (A + B)z + B,

which implies we must have A +C = 0, A+ B = 0, and B = 2. The only solution is
(A, B,C) =(—2,2,2). Hence
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/ﬁda::/(——+—2+—>d$:—21n|x|——+21n|$—{—1|—|—c
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4b Again start with a decomposition, noting that z? 4+ 2z + 6 is an irreducible quadratic:

[t [ (e )

1 1 6
:—ln]x—4|——/de. (1)
15 15 ) (x+1)24+5

For the remaining integral, let v = x + 1 to obtain

4+ 6 u+5 U 1
— dr = | ——du= | ——d 5 ) ————d 2
/<x+1>2+5 ! /u2+5 v /u2+5 vt /u2+<¢5>2 ‘ ?

Letting w = u? + 5 in the first integral at right in (2), and using Formula (9) for the second,

we next get
r+6 1/2 1 4 u
———dr = | —d 55—t —
/(x+1)2+5 v /w WA <\/5)+C

1 U 1 U
= —In|w +\/§tan_1(—)+c:—ln u? +5 +\/5tan‘1(—)+c

= %ln[(a:—l— 1)? + 5] + \/gtan_l($\/gl>+c
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Returning to (1),

/(x_4)( 2 dx:ln|a:—4|_i 1n[(:c—|—1)2+5]+\/gtan_l(x+1)+c}

2+ 2x + 6) 15 15 2 V5
1 —4 In(2? + 2 1
_ njr—4[ In(z® + x+6)_§tan_1 x + L
15 30 15 /5

5 Make the substitution u = 7/, so that
/°° cos(m/x) b cos(m/x) /b cosu 1 —sin(r/b) 1
2

dr = lim dr = lim du=lim ————~ = —
LE2 b—oo 2 LI}Z b—o0 ﬂ/2 T b—oo s T
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which shows that the integral converges.

6 The volume of the solid is

OO 2 Fr+l : "1 : 1,.-31b . 1/0-3 33
V= m[f(z))*de =7 de=mlim | —dz=mnlim[—3x }2:7Thm 3277 =077)
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7 The integral is improper since In(0) is undefined. Using integration by parts with u(z) = Inx
and v'(x) = x gives

1 1 1 ) 1,
/ rInxzdr = lim rInxzdr = lim <§ [:U2lnx]a—/ 5dx>
0 a

a—0t+ [, a—0t
. 1, 1 ) 1
= Jim, [—ia a—7(1—a >] =7

where by L’Hopital’s Rule we have

1 —1 2
lim ¢’lna = lim na lim ¢ = lim <—%) = 0.

a—0+ as0t a2 as0t —2a73  a—0+



