MATH 141 ExAM #1 KEY (SPRING 2014)

1 We have

f(2)=2(2+2-12=18-12 =6,
and from f’(z) = 62 + 1 we find that f'(2) = 25 # 0. Now, clearly f is differentiable on
(—00,0), and since f’ > 0 on (—o00,00) we conclude that f is everywhere increasing and
therefore one-to-one. By the appropriate theorem we then obtain
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2 Let f; be the restriction of f to the interval [6,00). That is, fi(x) = f(x) for > 6. Then
f1 is a one-to-one function and thus has an inverse f; . To find f; ' set y = fi(z), so that
y = (z —6)? for z > 6. Then
VY =|r—6|=x—6,

whence z = 6 + \/y. Since y = fi(z) if and only if 2 = f;'(y), we obtain f; ' (y) =6+ /.

Next, let f be the restriction of f to the interval (—oo,6]. That is, fo(z) = f(x) for z <6.
Then f, is a one-to-one function and has an inverse f, !. To find f, ' set y = fo(x), so that
y = (z —6)? for z < 6. Then

Vy=|r—6=—(x—-6)=6-—uz,

whence r = 6 — /y. Since y = fa(z) if and only if z = f5 ' (y), we obtain fy'(y) =6 — VY-

We have now found that there are two (local) inverses associated with f: the function f;*

given by
) =6+ vy
with Dom(f; ) = Ran(f;) = [0,00), and f, ' given by
i) =6-y
with Dom(f, ') = Ran(f;) = [0, 00).
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sa 1) =m0

3b Dom(g) = (0,00), and for all x > 0 we have

g(x) = ") = exp <ln (mln(ms)» = exp(In(z®) In(z)) = exp(51n2(m)),
and thus

/ 5 101 1 1n(305)1
J(2) = exp(510°(@)) - (5 1n(a)) = oot . 10In(2) _ 1007 Tn(w)
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3¢ For z such that sinz > 0 we have

h(z) = (sinz)™* = exp(In((sinz)"™*)) = exp(tanz - In(sin z)),



and thus
W (z) = exp(tanz - In(sinz))- (tan x - In(sin )’
= exp(tanx - In(sinz))- (tanx LT L seca In(sin :c))
sin
= (sinx)"™* (1 + In(sin 2)** w)
3d K(z)— — (4 g%y = - 35
~ (4—2%)1n(3) (4 — 2°)In(3)
—2x
3e [(l’) — 1 . (e—2m>/ — —2e _ 2
6—29: (e—2x)2 -1 672:10 6741 -1 674:1: —1
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3f p(x) = W'(ﬁ)/:_ﬂrx?ﬁ:_?ﬁ(“r@

4a /(368’3 — 8e!)dr = —§e’8x - ﬁemC +c

9
4b dy=—Inld—9
/4_9y Y nld—9yl+c

4c Let u = 2*, so by the Substitution Rule we replace 2% dx with %du to get

1 1 10v 10*"
/x310x4dx21/10“du21- +c +c.

n10 = 4In10

5a Let u = In(x), so when = 1 we have u = In(1) = 0, and when = = 3e we have u = In(3e).
Now, by the Substitution Rule we replace %dx with du to get

In(3e) _u 1 In(3e) 1 3e — 1
/ C du=]ze = (B9 _ 0 = S
o2 2° |, 2 2

5b We have
2V/3

[ sy ()], S a0 3G -9)- 5



6 For all z > 0 we have

(33)/ ~ exp lln(%f”] — e[S )| = e (FREE).

The functions f(z) = 8In(2/3x) and g(x) = z are differentiable on (0,00), and ¢'(z) =1 # 0
for all z € (0,00). Since g(x) — 0o as x — oo, and
/ J—
lim S(@) = lim 8/ =

T—00 g’(x) z—oo 1

0,

by L’Hopital’s Rule we obtain
81n(2/3x)

lim 1)y 310E/30) _
as well. Now, since exp(x) is a continuous function,

i (2)" = i (220) 1y DY

T—00 T—00 €T T—00

7 We find that 2°°, 1.0005* — oo as  — oo. To determine which grows faster, 2°° or 1.0005%,

we must evaluate
~1.0005*
lim ——

r—oo 90
If the limit equals 0 then 2°° grows faster, and if the limit equals oo, then 1.0005% grows faster.
We have

1. v
lim ln(%> = lim (In1.0005" —Inz") = lim (z1n1.0005 — 50 In z)
x

T—00 T—00 T—r00
— lim x(ln1.0005 . 501”),
T—00 T

where we easily find by L’Hopital’s Rule that
501nz - 50/z

lim = li
T—00 x T—00

0,

so that
501n z

lim <ln 1.0005 —

T—00

) =1n1.0005> 0

and therefore

1.0005° 1
lim ln<&> — lim x(lnl.OOOS _ 0 ”) — (00)(In 1.0005) = oo.
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T—00 T—00 xT
Now,
L0005 | ((1:0005° P (100057 B
xl;rg@ 50 = lim expln —50 = exp | lim In —50 = exp(o0) = 00,

so 1.0005% grows faster than 2°° and we write 1.0005% > 5.



