MATH 141 ExaM #1 KEY (SPRING 2011)

1. The relationship is f(z) =y < f~1(y) = z, so suppose f(z) =y. Theny=vr+3 = ¢y’ =2+3 = z=
y? — 3, and since f~!(y) = = we obtain f~!(y) = y? — 3. (Note: the condition 2 > 3 implies that y > 0, which
is to say we have Dom(f~!) = [0, 00) and not all reals.) Replacing y with z gives f~(z) = 2% — 3.

2. We're not able to get f~! directly, so we must employ the theorem as follows: “If f is one-to-one and
differentiable on an open interval I, a € I, and f(a) = b, then (f~1)'(b) = 1/f'(a) if f'(a) # 0.” First we must
find a for which f(a) = 3, which requires solving a® 4+ a + 1 = 3. This is a knotty equation to solve analytically
but one obvious solution is @ = 1, and actually this is the only real solution since f (which is differentiable
everywhere) is seen to be one-to-one by examining its derivative: f’(z) =322+ 1> 0 for all x € R, so f must
be strictly increasing on R. Now, since f(1) = 3, we have (f~1)"(3) = 1/f'(1) = 1/4.
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3. If u is a differentiable function of x, then d—(ln lu|) = —d—u wherever u(z) # 0. (This formula is important
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because it provides the basis for logarithmic differentiation.) So — (In|2? — 1]) = —(2?=1) = =
dx 22— 1dzx 2 —1
wherever 22 # 1, so the result is valid on (—oo, —1) U (=1,1) U (1, c0).
4. f'(x) = (2cos2z)e’ %% so f'(7/4) = (2 coS %) esin(m/2) — (),
5a. Substitution: let Vaso B oL ives 24 L iz, and theref /eﬁd /Q“d
a. Substitution: let v = \/z, so — = ——= gives 2du = —=dx, and therefore | —dx = edu =
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5b. 10%ds = | ——10%| = 10-1074) = —.
/1 0de [mlo 0}1 1o (07107 = 17
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5c. /m dﬂf = 5Sln (?) + C
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flo) _d (tanz - In(cosx)) = f@) r—tan’r =

fl@)  dx /(@)

f(z) = (cosz)'™? (sec? z - In(cos z) — tan? z). Keep in mind that this result is valid only for z € Dom(f) where

f@) # 0.

6. %(ln f(x) = % (In(cosz)tane) = = In(cos z) - sec

Ta. vy =477 cosx — (In4)4 " sinz.
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7b. Note y = wln(z® + 1), s0 ¢/ = x37:—1 (32%) = x3ﬂ—iaj1'
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8. lim 2% = lim exp(ln2?"®) = exp ( lim 20xlna:> = exp ( lim 0 n:n) = exp ( lim 7( Olnz) ) =

z—0t z—0t z—0 z—0t 1/.’E z—07F (1/$)/
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exp < lim /x> = exp < lim+ f) = exp(0) = 1, by way of the arguments exhibited in the notes.
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9a. Apply integration by parts twice. For the first round let u(z) = 22 and v/(z) = €**, so v/(z) = 2z and
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v(x) = 7€**, and we obtain [ x"e™dr = Ze — Ze dr = Ze —3 ze *dx. For the second round
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let u(z) = z and v'(z) = €'®, so v/(z) = 1 and v(z) = 1e', and we get / ety = xe“ - / 1 ety =

1 2 z?

26436 — Ee”. Putting this into our previous result yields / 22 dr = / Yot gy = 1 T ote
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9b. Letu(z) =z, v'(z) = cos 2z, sow'(z) = 1,v(x) = 3 sin 2z and integration by parts yields / x cos2xdr =
0
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