MaTH 141 ExaMm #4 Key (FALL 2018)

1 Approximate tan(—0.1) with the 3rd-order Taylor polynomial centered at 0. For x “near”
0 we have

3 n " n
tanz A ;% wmn — tan(0) + tan'(0)z + tanQ(O)xQ N tan6 ©) 5
Since tan’ = sec?, tan” = 2sec? tan, tan” = 2sec? +4 sec? tan?, we obtain
tanr ~ x + 1:1037
3
and thus
fan(—0.1) ~ —0.1 4+ ~(—0.1)° = — 2L _ () 1003333333...
3 3000

The exact value is tan(—0.1) = —0.1003346721..., and so the absolute error is about 1.339x 1076,

2 Here py(z) = 1 + x + 2?/2 is the 2nd-order Taylor polynomial for f(x) = e* with center
xo = 0. Let I = [—1,1]. Now, f®(z) = e?, and for all ¢ € I we have

1) = et < e

A theorem from the homework now implies that the remainder Ry = f — py is such that

1/2],.3
Ra(o) <

for all x € I. In particular we find that

(1/20 e

[f(2) = pa(a)] < ——7—= = S ~ 0.03435
for all —% <z< %
3a Apply Ratio Test:
: a™ n? + 3 . n?+ 3
lim : = |z] lim |\/ —5——F——| = |=|.
n—oo |\ /(n+1)243 " n—oo |\ n2 +2n +4

Series converges if |z| < 1, so interval of convergence contains (—1,1). Check endpoints.
At z = 1: series becomes ) 1/v/n? + 3, and since

1 1 1
> = —
vVn2+4+3 Vn?2 n

and the series Y 1/n is known to diverge, the series >  1/v/n?+ 3 diverges by the Direct
Comparison Test.

At © = —1: series becomes » (—1)"/v/n? + 3, which can be shown to converge by the
Alternating Series Test.

Therefore the original series has interval of convergence [—1,1).




3b Apply the Root Test:

lim {/|a,| = nh—{ilo 1+

n—oo ‘

1 1
—| |z +2| = |z+2| lim (1+—) = |z +2|.
n n—o0 n

Series converges if |z + 2| < 1, so interval of convergence contains (—3, —1). Check endpoints.

At £ = —1: Series becomes
1 n
T <1+-> |
n

and since (1 + %)n — e as n — 00, the series diverges by the Divergence Test.
At © = —3: Series becomes

> (1 - %)n ()" => (-1" (1 + %)n

which also diverges by the Divergence Test.
Therefore the original series has interval of convergence (—3, —1).

3c Apply Ratio Test, using L’Hopital’s Rule to find the limit:

n+l] 1 1 1) . 1 1
lim roomnTh n(n+1) = |z| lim —n(n—|— ) = |z| lim —/(n+ ) = |x|.
z"lnn n—oo  Ilnn n—00 1/

i

Thus the series converges if |z| < 1, so interval of convergence contains (—1,1). At the endpoints
we obtain either the series > Inn or > (—1)"Inn, both of which diverge by the Divergence Test.

Therefore the original series has interval of convergence (—1,1).

4 We have
- Ze—mﬁ - Z(e_x)n - —z oz ’
~ —~ 1—e et —1
5 Using the binomial series,
= (—1/3 1 2 14
-1/3 _ P T R o
(1+ %( ) 3% + 5% ~ g
6 We have
0.1 0.1 ©° n 1 n 1 o0 n+1 0.1
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Since (0.1)3/3% < 1075, the estimate

01 in(1 0.1)2
/Md:pzo.u(?) 0.0975
0
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will have an absolute error less than 107°.

7 Use the identity tan? +1 = sec? to find that y? + 1 = sec?t, so that
r=sec’t—1=(y*+1)—1=19>

Thus we have = y? with domain y € (—o00, 00), recalling that y = tant for ¢ € ( -5 %)

8 Parametric equations: x = cost + 2, y = sint + 3. Answers can vary.

rcosf

9 Rewrite as rsinfl =e¢ , which in rectangular coordinates becomes y = e”*.

10 The top half of the inner loop is traced when 6 € [0,7/3]. Using the identity cos?6 =
(1 + cos26), the area is
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