MaTH 141 ExaM #4 KEY (FALL 2015)

1 Let f(x) =+/x. The 3rd-order Taylor polynomial centered at 1 for f is
f"(1) S (1)

Py(x) = f) + f (D@ = 1) + 2@ = 1)+ = = 1)
O R (O | R

and so

0.06 0.06% 0.06°
V106 = f(1.06) = Py(1.06) = 1+ —= — = + =7 = 1.0205635.

(Note this is very close to the actual value of 1.029563014.... Only a 0.0000472% error!)

2a Clearly the series converges when z = (0. Assuming x # 0, we find that
(n+1)2220*D) ol | I (n+1)z* 0
(n+1)! n2zEn| T b B

Qyp, n—oo n2

for all x, and so by the Ratio Test the series converges on (—oo, 00). There are no endpoints
to consider here.

2b Since
(QT _ 2)n+1 n
n+1 (x —2)"

by the Ratio Test the series converges if |z — 2| < 1, which implies z € (1, 3).
When z = 1 the series becomes
3 (—1)n7
n

which converges by the Alternating Series Test. When x = 3 the series becomes

>,

n )

which is the harmonic series and is known to diverge. The interval of convergence is therefore
[1,3).

nlr — 2|

= lim
n—oo N +

= |z —2|,
G

2c Since
" 2n+1 4o — n+1 nldr —
lim |2 = lim (dz -8 n s Y
n—oo | Gy n—00 (n + 1) 2”(4ZE — 8)” n—00 n-+1

by the Ratio Test the series converges if 2|4x — 8| < 1, which implies z € (%, %)
When z = 15/8 the series becomes

3 2" (_%)n = (—1)"’

which converges by the Alternating Series Test.




When = = 17/8 the series becomes
2n (1\" 1
¥2(G) =2

which is the harmonic series and is known to diverge. The interval of convergence is therefore

(5. 5)-

3 From the table provided we have

o . 1
nzzox T 1-z

for |x| < 1. Hence

- 3\ 1 227+1
;(MH) 1Ry 2222
for 3(22% +1)~! < 1. Now,
3
202 + 1

and so there are two intervals of convergence here: (—oo,—1) and (1, 00).

<1l = 22°+1>3 = 2°>1 = x€(—o0,—1)U(1,00),

4a The first four nonzero terms of the Taylor series for f centered at —3 are

f//(_g) f/l/(_3)

f(=3)+ f'(=3)(x + 3) + T(x +3)% + T(x +3)3,
Now,
fa) =2 f@)=—% [@)=5 ['@)=-7F
and so the first four nonzero terms are
1 1 1 , 1 5
“32 70 ~ 55 - — 3)°.

4b Based on the pattern exhibited by the first five terms, we have

oo

ot (x+3)"
n=0

5 From the table provided we have e* = "> 2" /n! for all € (—o0, c0), and so

S ) L L O

n!




for all z. Now,

— (=D, G VA
n dr = n+1
[ (S G a3
for all x and arbitrary constant c¢. Thus, by the Fundamental Theorem of Calculus,

1/3 13/ (_1\n © 1\ 3 w0 2n+1
[Fera= 1 (Z( =) x>dx:[§;%x | S s (5)

We have arrived at an alternating series » (—1)"b,, with

1 1\ 20+
bn = n!(2n + 1) (g)

for n > 0. Evaluating the first few b,, values,

bo=73, bi=g, b= bs

=4, s, = grs Da~ 23521077, by = 4277 x 1077,

Wl

and finally b = 6.701 x 107!, By the Alternating Series Estimation Theorem the approximation

i (=" (1)2n+1 bo — by + by — bs + by — bs ~ 0.321388521
-~ 7 | = ~ 0g — 01 2 — 03 4 — 05 = U.
“—nl(2n+1)\3

will have an absolute error less than bg ~ 6.701 x 10~'* < 1071%; that is,
1/3
/ 6_$2d{f%b0—b1+b2—b3+b4—b5
0

has an absolute error less than 10710,

6 Here 2 = ¥/t — 2 implies ¢t = (z +2)°, and so y = ¢ + 1 gives y = (z +2)® 4 1. Thus we see
that

fl@)=(z+2°+1,
and from t € [0, 32] we see that Dom(f) = [-2,0].

7 There are many possible parametrizations, but one good one is
for ¢t € [0, 1].

8 It helps to multiply by r to get
r? = 2rsinf + 2r cos 6.
Then, since & = rcosf, y = rsinf, and r? = 2% + y2, we obtain
v+ = 2y + 2.
We can improve on this: from (22 — 2z) + (y* — 2y) = 0 we obtain
(0= 12+ (y— 1) =2,



which is seen to be the equation of a circle centered at (1,1) with radius v/2.

9 Using the identity cos? 8 = %(1 + cos 260), area is

1 2m 1 2w
Azé/ (2+cos€)2d0:§/ (4 +4cosf + cos® 0) df
0 0

2m 2m 1 2m
:2/ d9+2/ cos@dH—l——/ (14 cos26) df
0 0 4 Jo

- 1 1 27 9
:47r+2[sin9](2) +Z{6+§Sin29] :47r+0+g:77r,
0

AND THE EXAM IS DONE.
AND THERE IS MUCH REJOICING THROUGHOUT THE KINGDOM.



