7.1 - Oblique Triangles & the Law of Sines

Law of Sines

C sin A sin B sin C'

a b C

b

Given two angles and a side (the side-angle-angle or SAA case),
or given two sides and an angle opposite one of the sides (the
angle-side-angle or ASA case), the Law of Sines must be used to
solve the triangle.

Ex| Solve the triangle: c

AREC =180 = A= 30-B—C =186~ 52" —29° = 19",
sin A |

a

We know A & a, so we use the Law of Sines with
equation. For instance:
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We round to 2 significant digits here: | A = ﬂ?b/ L, =734 , c=an




) Standing on one bank of a river flowing north, Mark notes a

tree on the opposite bank at a bearing of 115.45°. Lisa is on the
same bank as Mark, but 428.3 m away. She measures the tree's
bearing as 45.47°. The two banks are parallel. What's the distance
across the river?

° Recall: "bearing" as given here is defined to be the angle
clockwise from due north. See section 2.5.
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7.2 - Ambiguous Case of the Law of Sines

The case when two sides of a triangle and an angle opposite one
of the sides is the SSA (side-side-angle) case, also known as the
ambiguous case.

This terminology is something of a misnomer. Better said: the
SSA case is the only case wherein there is the potential for the
given information to yield two possible triangles. But often

the SSA case yields no triangle, or precisely one possible triangle
— not "ambiguous" at all. Mathematicians are not renowned for
their mastery of the language.

Below are depicted two triangles that have sides of length of
length a and b, and an angle A opposite the side of length a.
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EX| Solve the triangle AABC given that B = 113.72° a = 189.6,

and b = 243.8.

* With the information at hand, we must first find angle A:

Mk _ kB
ac L =
. 0 n B 189 .C pim 113722
b A b 243.3 0. 1

Ceﬂ'a\n(ﬂ we WM? have A= Ml O.F1197 = 45.317°

Recdl Hhad hin A= 2un(170°—A) 5o we should Consider
whether A" = 190°— A = 190°—95.217° = (34.603° is
andTher ?ossi\o\\ijﬂl. BRI no: our ‘frim\D{L wodd have
iterior angles A'= 134,003 & B=113.72°  and S0
A+R =130° —"\mfyossitld The interior angles of a

triangle must add up to exactly 180°. So A = 45.397° is the
only possible solution, and we will get precisely one triangle
out of our data.

o Nt we have (=190 —A—R = 70— %5.37‘%"4!37—1”/
or (=720.9%3°

Finally, A pnC

>
ac C
a b C 990 pim 20.313°

* We have carried extra digits throughout our work to control
roundoff error, but now it's time to give our final results with
the proper significant digits observed:

A=4d5.40", C=2031", c=14.92




Ex

Solve the triangle AABC given that B = 48.2° a = 890, and

b = 697.

* With the information at hand, we must first find angle A:

M A _ B

ac L N

‘ 0B B ?”’D]}/M«LN/LO ~ 09519
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One soldion is A= i 09511 ~ F2.14°

Sinea /)4%@,/./)4%((5}0"—9)/ we considar The FOSYiLi(iT\T
Twd A= \I0°—A = 10794 is anotler solufon,
Tndeed, becanse BHA, = 49.27+ 107.34° < 1707
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* Case 20 A=A = 10234 Then For C we 3ej_
C,= 10°—A~B =23.4¢°, and for C we gl
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e Rounding to the proper number of significant digits (3 digits
in this case), we have:

/[r‘iom*’)[ﬁ 1 A = A\:" 72.2°
C = Cl = Sﬂvéo

c =C = %07

Triansle L A=A= (0%°
C=C,=24.0

c =C,= 3O




7.3 - The Law of Cosines

Law of Cosines

a’ = b2+ % —2bccos A
C b2 = a? + ¢ — 2accos B

2 =a’>+b> —2abcosC

b

Given a, b, c (the side-side-side or SSS case), or given c, A, b
or a, C, b or a, B, c (the side-angle-side or SAS case), we must
use the Law of Cosines to solve the triangle. The Law of Sines
will lead nowhere.

—

EX] - Selve AA@C/ gven a=324 m Qa:L/llm/ C=29%m

* We could start with any of the three equations constituting the
Law of Cosines. We'll pick the first one in order to find A:

G Tl S (s | S Y, G

12 _ 2 L _qq) = 243"
—dbc — 2 ({2 (2,R)

o A= cey' 0.¢111 = 50.00°,

* We could now use the 2nd equation in the Law of Cosines to find
B, or we could use the Law of Sines instead. Using the Law of
Sines will be slightly less computationally intensive.

pirh _ B
a b

\ L pn A Y| pun 50.06°
_ - —_ ’ :‘>
n B - T 0.99.3




3 = pim 09763 = 35.04°
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Keeping 3 significant digits, we have:

A=50.0", B=95.0, C=449°

[]

Note: we do not cover Heron's Area Formula.

44| An airplane flies 280 km from point X at a bearing of 125°,

and then turns and flies at a bearing of 230° for 150 km. How
far is the plane from point X?

North

We have the triangle above. The angle 6 is supplementary to
125, since they are interior angles on the same side of a trans-
versal (see page 129 of the textbook). Thus

OH=130"—125°= 55°
Mo we find t/ We have (/+9+ 236°= Zéoo/ and so
= 366°— 230° -6 = 75°
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A% = 507+ 236" —2(156)(296) Cop 75°
.
A" = #9,159.2

d = o314 = 23] km|




8.1 - Complex Numbers

‘We define o 15 be o number For which ?;1—1'1/ Called the
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Definition | Let a, b, ¢, d be real numbers. Then:

1) (a+bi) + (c+di) = (a+c) + (b+d)i
2) (a+bi) - (c+di) = (a-c) + (b-d)i

3) (a+bi)(c+di) = (ac-bd) + (ad+bo)i




#73 is L}Ms‘\’ ForL: (5‘*'“\ (U’”(?JB = ac+ ade+bel + bds?
= ac+ (ad+b i+ bd (1)
= (ac - LY+ (ad+bo)i



8.2 - Polar Form of Complex Numbers

Recall: the standard form for a complex number is a+bi, where

a and b are real numbers. Thus a complex number is specified
with two numbers: a real part a, and an imaginary part b. In this
way a complex number a+bi corresponds to a point (a,b) in the
usual rectangular coordinate system. In fact, the complex number
system is seen to be a two-dimensional number system: analogous
to the real number line there is the complex number plane. To
locate complex numbers in this plane it is necessary to have two
coordinate axes: a horizontal axis called the real axis, and vertical
axis called the imaginary axis, each axis being a copy of the real
number line. This is precisely the same setup as the rectangular
system, only a point (a,b) is interpreted to represent the complex
number a+bi.

Complex Number Plane
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Note that 0 = 0i = 0+0i, so 0 is the only number that is both real
and imaginary. Generally we have 0+bi = bi and a+0i = a.



The standard form a+bi of a complex number is also known as
the rectangular form.

Suppose a complex number with rectangular form x+yi lies in
the complex plane a distance r from the origin, on the terminal
side of an angle 6 having initial side the positive real axis:

¥
R ./X‘FVL
Y Vs
o [
O X x X

Hem we have 7(:1"094_9/ 471 TW@/ any{_ r— /7<1+,%1/
S6 hd *

XYy = (’V‘M@\%(rme)f/ = 1 (CoLb+1 4mb)

We call 7(cosf + isinf) the polar form of the complex number
x+yi, with r the modulus (or absolute value) of x+yi, and 6 the
argument of x+yi. In this section we always choose 0 to be a

value in the interval [0°,360°) or [0,2).

TLQ Sblmloo( W‘@ s a QL\DV:HMHX ‘Por CM—@'{"LWB/ an«l S0

A+Y o = 1 (Corot+idmd) = v Cisb

Ex| Jrfe G300 in vedangar form

£ cin300° = 5(@@200"*7)/)%3000) = S(f;j —-—‘Ei)/ and so

‘H«L PW(wr Vec amgl/\j&tr‘ ‘Poww\ S 5 _ S\E'i
2 2 N




From the figure on the previous page we can see that

x
which we use to convert a complex number from rectangular to

polar form...

Ex | Wete 42440 in Po\cur Form 1 (&%9+LM9}/ Wit

be [0 3¢60°),

e Here X*"jiﬁbfﬁwﬂ/ o X=4Y3 & 4}:4/ and Thea
4 _ 1 The Friamle

‘m\ — L‘T\/;BT = 5 [ h T V\J{

& right results , which we recognize

as a 30-60 triangle with 6 = 30°,

Nl r=aCeyt = JUBYe = Y

*Findly,  4VZH1E =] P (b 367 Cn30%) | = 9 cia30°

[]

—_

[ X WV}'{/Q/ 2—-F.  in Po\a.r %PW\ e (CGL@‘H;WA@)/ W}f'L
96 [o°/2éo°)_ Qouw\& +o ’Fouw JILQWMAJ P’ﬂ(,(f) i\t V\ecermw?,

s Pere Xdyi=3-FL, 55 X=3 LY=-7 /\/ow)

"Y/\,,’ 3 timl = % = -ji/ with 0°< 8<3¢0°
oW 7 ~ 7 o
Y 7 ’@»\(f:«;% = ?ﬂz?f-@,:\l<'%->%—'éé_gow|o
Vo O =73¢6°+ p 273.11357°
~F e S
T or=re = s 2 RLs7




Po\w ’FbrM:
v (Corb +ihmb) =

70153 ( cor203. 1096+ 1 Jun 293,193




8.3 - The Product & Quotient Theorems

Recalling the identities
cos acos B F sinasin 8 = cos(a + )
cos asin £ sina cos f = sin(a + 5)/
we prove the following theorems.

Product Theorem (rq cis0y)(re cis ) = rirg cis(61 + 02)

Proof:

(ry cis@q)(ro cis 6s)
= [r1(cos 01 + isin 6y)][r2(cos Oz + isin s)]
= r17r3(cos 01 + isin 61)(cos O + isin fy)
= r112(cos 01 cos By + i cos O sin By + isin O cos By + i sin O, sin 65)
= r1712[(cos 61 cos Oy — sin 01 sin ) + i(cos 07 sin O + sin 01 cos 03)]
= r11o[cos(01 + 02) + isin(0; + 05)]
=rirocis(0 +602) W

Quotient Theorem ricisf;

T2 cis 92 - EClS(el N 92)

Proof:
We just need to show that %e' = C-(6,-95) |k have:
-6, ‘
CM—Q( — Cet O, + 1 M B,

Cet-0, WA O, + 1 b B,
_ CotB +iknB, Cob B, —1hmb,

Cot- 0, + 1 Mn B, Cob O, ~ 1 hnd,

_ (Cobd, ot + Jin, i b)) 4 5 (4in 6, Corb, — (b 0, D, )
L0, + B,




= Coh(B,-B) 41 kn (5, B2)
cir-(6,-6) B

|\

Find the product, and write the answer in rectangular form:
[9 (cor- 3007+ pin300°Y] [ 5 (cor120° 44 pu 120°) ]

Using At Product Theortm, we gﬁ'-

[7 (cor 300742 him300°)] [5 (cor-120°+1 pan 120°) ]
—(§ ca-300")(5 cia 120°)

(3)(5) e (366 + 120°)

= 40 cip(H20°)

— o (cor- 420"+ 1 Ma§20°)

— Yo (cor GO { in 0"

)

I\

\ /

Both are fine forms

Use a calculator to find the following, writing the answer

in rectangular form, writing the real and imaginary parts
to four decimal places:

(4cir 23.02° ) (F e 4175°)

(4 cin ;L%,W}(?Lowh.%") = (N(#) m(nm%%%")
= 93¢ (64.34)
= 33 [@L(éb(.%")mwuc{.?q")]
— 93 (042514 + 005124

=1 11.90%9 + 25.2435

[




£y

l

Find the quotient, and write the answer in rectangular form:
1L (Ced D% 4 pn23%)

G (Cor 1A% + 4 hin 237

_ % () = Ace(2707) = 2 ()
b cis 20%° 6

L i 23°

_ l(c,@mw,m%”) — 2(0+1) =

| 4

In general, the conjugate of a+ib is a-ib (and the conjugate of a-ib

in a real number: For real numbers a & b...

(ar b= Wi) = 07— abi +%)Z1‘,~»\alil (ForL)

is a+ib). Multiplying a complex number by its conjugate always results

= -
= - b
= &14‘\91

(
21- A

\//Y"fh in Nc_kav\jv)mr’ ’FOV‘VV\‘,

The easiest approach is to multiply the numerator and denominator
by the conjugate of the denominator:

LA 2t ESEN RN
2-21 Q4 dbdi-Y-4i ~ 444 T 4-4(Cny
At AL /S S B I
= = ——4%=—1L ==+
% _? ? U \{+‘{Z’




8.4 - De Moivre's Theorem; Powers & Roots
of Complex Numbers

Pronunciation: De Moivre = "Deh MWAH-veh," approximately.

De Moivre's Theorem| For any real number t,

(rcis @)t = rlcistd

Ex Write (l~ liﬁ)q in mdanju\}«, Frem

¢ FirsT wefe 2-26v3 in polar fovm 1 (Coro+inn6)
© FWW( v, Tt s aJWh?S e abselde vajue of g com/)(e,x nuimbes~

" V“’-C\—ang\)\)ﬂ\f“ ’FOV‘W\'.
r = |xtiy] = Xy
So herte

r=|2-207 | = [P r @By = ¢ - 4

T 2-2007 = 4(5 —F 0.

oFind . Given x+iy, Tanb =% fir e [0° 340"
Here ’)(’/"7‘_ % 47:—— \[_?:_ / which ()\d’g (7(,7) in QMMh+ V.

- L
/bv\e = \/51 = — /3 for e [7\7001 ggo°>/ 91Ving

B =300 (No’fet we dd just as well chosse fo have O V‘&WKI'M\SB
° Polar form: bf(c,m— 360° +1 hm 300">

¢ Use De Moivre's Theorem to find the 4th power of the polar
form, and convert back to rectangular form.

(1— 25\/’3’)'* — [bf (m%o"n&i/f&n%oo”}]q
=y [m(l{-zoo")Jri/)&a(qoZoo")]



= 256 (MH‘OOD*U%D\OO"> 1200° & 120 arc
= 256 ((Cor 120" £ 2 hwm 120°) coterminal

= ;Lsz,(—ibgﬂ

= |—2¥+ (297 /3

Definition| Let n be a positive integer. The complex number
a+bi is an nth root of x+yi if (a +bi)" =2 + yi.

nth Root Theorem | Let n be a positive integer, r>0, and 6 be
in degrees. Then the complex number r(cos# + isinf) has
precisely n distinct nth roots of the form

{r(cosa+isina),

where
_0+360°k
N n

If 6 is in radians, then
0+ 27k

n

«

for k=0,1,2,...,n— 1.

(87

for k=0,1,2,...,n— 1.

When using the theorem to find square roots we have n=2, and
when finding cube roots we have n=3.

Ex

Find all cube roots of 2 — 2iv/3 in polar form, and also in
rectangular form to four decimal places.

¢ First wrife 2- 2z in f)o\w form 7‘(0946+L/M9>.

In the previous example we found that
A- 23 = 4 (cor 3607 +2 hn 300" S0 6 =300°

* By the nth Root Theorem there are precisely three cube roots
of the form

3\[‘;{" ((,94_,,(+imo(>/




Where we have (SIML 6 =300° & %:’5} :

° +3460% o
ol = ?’00; 2 = |00+ 120k for =012 .

/)

'/H\us we L\M/e,
X = 06+ [20-0, 00"+ 120 4, (00" 120% 2. = |65 , 220", 340

e The cube roots are therefore

3 (Cob 100+ pinl00™) = —0,2F56+ 1.5(33%
3\/7(0%1?«00%”““0"3 = —[.21,0 — [.0204v
U (CorstOrinin0%) = | 4917 —0.542%% .

Ex

Find all solutions to the equation z* + 16 = 0, both real

and complex. Write answers in rectangular form.

* We wrife e %WT;OH as 2" = -6

° T"\VJ Zz Wl“;r be a L{‘H" V\OOIf_ O‘F ’[é B\] ‘h«\g ’VL‘H\ Roo’{' Theorem
Here ave 4 such posfs,

* To use the nth Root Theorem we need -16 in polar form.
o —J¢ = x+Yi For X =-¢ & Y=0.

o I =\x+ Y = (140" =

0 fwec% - %—_—o for 0 [053¢0%), and s0 6=190°

o Findly, —[¢ = J((cor 196"+ 2 b 170°).

* The 4th roots of -16 are given by
H\/’,Z ((MX+LW 0() = . (CMX’(’?/W 0()/
where

+260% 4, ° 360" .
D&—’— o . _ WO‘: A— = L/S"—{—‘?(),L_ /Por /{c: 0/1)3\/3_




So we find that
o= 45°+90-0, 454901 , 45°+70- 2, 45°+90" 3
=457, 135°, 225° 3157,

* The 4th roots are therefore

U(cot 45 + i pmq5°) = 2(ﬁ+\[’—1~;): Y
2 (cor 135°+ 1 Hin J35°) = r"l("\(r’i*’f’;i’): CEtivE
(e = 3 ) = iR
2 (cor315°+i bn315%) = Q<_J‘§~J_’_{i): J5 VT

* The solution set to the equation is:

{\/§+if, —V24iV2, —V2—iV?, \/§—z‘\/§}

U
The 4th roots of -16: A;/
0L
/\]—i,{— i/\fg_ ?___—\5'_‘:— ————— ? \Fi‘(’ Z‘/\}_S—
T
| |
| T |
— ! AR VR
o I S
| |
| T |
e 2 I L o 2L
"’l"’

Note: In the assignment for section 8.4, exercises #19 - 30,
disregard part (b). Just do part (a).



