5.1 - Fundamental Identities

An equation with one variable is an identity if it is true for all
values of the variable for which the two sides of the equation are
defined.
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Below are listed the fundamental identities, all of which we have
seen already save for the even-odd identities.

FUNDAMENTAL IDENTITIES

Reciprocal Identities:

1 ,_ 1 ,_ 1
tan 0’ bec ~ cosf’ ¢ ~ siné

cotd =

Quotient Identities:

sin 6 cos 6
tan @ =

cos @’ ~ sinf
Pythagorean Identities:

sin? 4+ cos20 =1, tan?6+1=sec2, cot?0+1=csc?6

Even-Odd Identities:

sin(—f) = —sinf, cos(—60) =cosf, tan(—0)= —tand
csc(—0) = —cscl, sec(—0) =secl, cot(—6) = —cotb
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* The only fundamental identity that features tan and sin is
tanb = Jinb/corto
¢ Solve for Jind i Hinp= corbTamo (%)
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Either method (I or II) is fine on an exam.

(1] First write the expression below in terms of sine and cosine,
and then simplify so that no quotients (i.e. fractions) are present:
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5.2 - Verifying Trigonometric Identities

To verify a trigonometric identity, DO NOT add a term to both
sides of the proposed identity, and DO NOT multiply both sides

of the proposed identity by any factor. There should be no moving
of quantities across the equal sign!

The reason is that such operations may lead to the conclusion that
an equation is an identity when it is in fact not.

The most egregious example: multiplying both sides of an equation
by 0 to get the identity 0=0, and so concluding that the original
equation is likewise an identity.
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* We usually start with the more complicated side (here the left
side) and simplify it.

* To simplify the left side, we'll get everything in terms of sin

and cos...
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* We're done once both sides look identical. That is, once both
sides look identical, the identity is verified. [
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* We use the "multiply by the conjugate of the denominator”
strategy. Generally the conjugate of A-B is A+B, and the
conjugate of A+B is A-B.
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5.3/5.4 - Sum & Difference Identities

SUM AND DIFFERENCE IDENTITIES

cos(a £ ) = cosacos  Fsinasin 3

sin(a £+ ) = sina cos 5 + cos asin 5
tan o + tan S
1 Ftanatan S

tan(a + §) =

All of the sum and difference identities are derived in the textbook.
They will be provided on future exams, and so do not need to be
memorized. The angles & and (5 may be any real numbers, and
so using the difference identities we can show that the cofunction

identities of section 2.1 are valid for any angle, and not just acute
angles.

Letting o = 90° and 8 =6 in cos(a — ), the first difference
identity displayed above gives:
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The radian versions of the cofunction identities have 90° in place of ‘f{
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5.5 - Double-Angle Identities

DOUBLE-ANGLE IDENTITIES

cos 20 = cos? 0 — sin? 0
sin 260 = 2sin 6 cos 6

2tan 6

tan2 = ———5—
an 1 —tan24

The double-angle identities derive readily from the sum identities
of the previous two sections. Using the sum identity

cos(a + ) = cosacos f — sin asin 3
with a = g =0, we get
(ordD = ot (B+B) = orB ok b — b b = (1’6 —,om*@/
which is the first double-angle identity listed above. Using

sin? @ + cos? 6 = 1
yields variants of this first double-angle identity:

Ceh2D = ot 6 — pirt
= 0 — (L-w?0)
LoD = 2 Call0 —1

CeA2D = ot* 6 — pirt
= (1«»4'/%@)4;%9
Ceg-26 = 1 — LMD

The product-to-sum and sum-to-product identities the textbook
presents in this section we will not make use of.
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5.6 - Half-Angle Identities

HALF-ANGLE IDENTITIES

0 1+ cos®
CcoS — =

2 2
) n 1 —cosb
sin — =

2 2

. 0 4 1 —cos@ sin 0 1 — cosf
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The half-angle identities can be derived from the double-angle
identities of section 5.5. Starting with
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With (1) and (2) on the previous page we can derive a half-angle
identity for the tangent function:

PN 1+ b6
Lo _ M7 2 _ lrwo =
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An alternative identity without the plus/minus symbol may be
derived for the tangent function:
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The cost of eliminating the +/- symbol is that now we must know
the value of mno aswellas et 6, whereas (3) only requines
knowing ces & .
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6.1 - Inverse Circular Functions

A function f is one-to-one if, for all x; and x5 in the domain of
f, we have z; = x5 whenever f(x1) = f(x2).

If f is one-to-one, then it has an inverse denoted by f~% Note:
since f does not represent a number, the -1 in the symbol f~'
does not represent an exponent. Read f~' as "f inverse." The

inverse of f operates as follows: for all x in the domain and y
in the range of f,

f(x) =y if and only if f~*(y) ==

Being periodic, none of the trigonometric (a.k.a. circular) functions
are one-to-one. However, we may always restrict the domain of
any function that is not one-to-one over some interval on which it

is one-to-one. This allows for a kind of "local" inverse of the
function.

Fx The Sine /Punc‘\'wn is ot one_——"'o—om/ Since. pn O =M7T=O/ \/d’
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(SC& ’H\Q ?\'OV&V"@ \ot\bh\/s and so \mks 0w inverse ,

Mm X
i--.. ..............

p\d

The conventions for forming "local" inverses for the six trigono-
metric functions are given below, and should be memorized.



Definitions of the Inverse Trigonometric Functions

y=cos 'z & cosy==x forxz €[-1,1] and y € [0, 7].

y=sin"'z & siny =2 for z € [-1,1] and y € [-7/2,7/2].

y=tan 'z & tany =z for x € (—o0,00) and y € (—7/2,7/2).

y=sec 'z < secy =z for x € (—oo,—1]U[1,00) and y € [0,7/2) U (7/2, 7].
y=csc 'z < cscy =x for x € (—oo,—1]U[1,00) and y € [~7/2,0) U (0,7/2].

y=cot 'z < coty =2x for x € (—o0,00) and y € (0, 7).

Highlighted in yellow are the domains that we restrict each of the
six trigonometric functions in order to obtain a one-to-one function.

Alternate symbols for the inverse trigonometric functions are:

cos~! = arccos, sin~! = arcsin, tan~! = arctan,

sec™! = arcsec, cos~! = arccsc, cot—! = arccot.
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ex| Evalude cob(cor'( 5))
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The next example is one that will subvert our expectations, and
shows how great care must be taken to not always "cancel out"
a trigonometric function and its inverse. That is, it is not always
the case that, for instance, pin' (hin ) =06 .
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6.2 - Trigonometric Equations I

A trigonometric equation is an equation in which the variable appears
in the argument of at least one trigonometric function, and the equa-
tion is not satisfied for at least some values of the variable. It may
be that a trigonometric equation has no real-valued solution.

EA Solve  Lsecb+l=4cO+3 exactl, over [0,2r)

» Every trigonometric term in this equation consists of only sec(g),
so isolate sec(d) to get:

M B =1

o \A/Q now ‘vae all @6[0/9\'“-) -Pbr\ wl,ic,l\ Kb =2 Hey\e_ /K{,é>o/
so -the angle B mut be in Zwlmn‘{' I or I Ve have :

M@»,% y So —241/ vhich ]mPh‘es we VM7 Jd’ r=2 &k X=1|.

This indicates that the terminal side of & intersects a circle of
radius 2 at points with x-coordinate 1:

v
I(;tﬁ)
ielll 124’72"‘32
s A L A
2\ | /O A Y=
l(i;‘/) 1

/B == see T B= 6D =T, S0 ©,= AT

/)
1

* Soldion sct s g%,i’jﬂ’z




—

Find o)) So]JIOﬂS_+o lm@*—fﬁﬂa(-@‘{’%.

—_—

E x

In the previous example we found the two solutions in the interval
[027): T .

Adding any integer multiple of 2 to either of these two solutions
will yield another solution.

SD ,T{.,(,Q\-W’V\ g( 55—4—2?7’1 av< So,'—j/wns 'Por drn) )h‘hﬂﬂlﬁ 7.

gD\u:hOV\ Sd’i

1(—%4'9\11‘1«\ n= O/il}’tl/...% U {5:'35_—{'1‘(\'7\.‘ ’VLsO/’_U/il/mz

EX| Solve et 6= pim 6+ MmO =0 exactl, over [0,2r)
* Sinee O = L-Ddn D, we can write
(L= 0) = pirl 64 im0 =0 =
—ApEDEMRE F L =0
AWM —hnb -1 = 0 (Fm’for like 1X1~3<—[=(;Lx+!)(x—;>>
(g;meu}(%e»i} =D
e S oifher AMnBHL=0 o MaO-1=0

o Tsolde pmb: hmb=-/, or mmo=1

’ So\v‘ms W@ﬁ’i{‘ 8‘7 o&:ﬂnd’ion hmo="F , SO Y - & we can
r A PR

&l M=l bor=2. The Yermnd Side of O iifeesects e cele of vudie
2 (given Igul —X7“+/71:L{) o Po‘ﬁs with ’\Q’COOr/;vxod'e -

"
BN X =20
Tr/é /é '>< ‘iT/é 1 253
Py L X = \f?
-1+ -
(—X/’*) (7() l) 20-40 A




B W I ol _ T _ |l
We e 0=+ = - &k B =am1-T =7

¢ SO‘V‘mﬁ /)'f;"\@ =1 Agmm MG ::Z— ) So % =1. We Lan /e‘f’
=v =41. Thus the terminal side of 0 intersects the unit circle
9

at a point with y-coordinate 1. There is only one such point:

(0:1) Thus e_’—‘“‘é "j/
(0,1
* Solution set for the original ﬁ A
o .
equation is: B
.7<
7r. |l T 2
G L )+ 0

EX SO\V(/ 551%,,,\64’7 ZO ovevr Eo) Q‘—WB/ V‘ébw\oeir\i) ’!’0 Lf XKC]M
P\au_s '\—? V\acessawvl Q.e_, '1‘\\’ e_XMj' §0\\d/(oms CA“M“’ Lt ‘FOMMO,

cTsolde tam®: tanb=-% .

-1
OS'\V\(/L ﬁy\ef_%/ we have %(”" 5 Wﬂ I/VUL\I I(j— X =5 &7:-40)}
or x=-5 & 4=71. The terminal side of 6 can contain point
(5,-9) or (-5,9). Neither yields a special triangle, so we will
have to get decimal approximations to the solutions!

(’5/0) )

e e
NN

2

(5,1 ) g

° USe, a (A)cbx]ﬁdbr ’I—o ‘Plnj. _ﬁ”—\l ("4/5),
We have 42 (-%) % —1,06370




(Recll 44 Fhe range of Tas is (,,T/l/-ﬁ/l»

(’5/4 )

. p637 A
e\ 1.0¢63F0

2

)

* We hawe &, =Tr—|.06370 = 2.07791 ® A.0779,
D, = AT —1.06370 = 521943 ® 5.2115

SolJion st s 29\.0??”1/ 5.11%52




6.3 - Trigonometric Equations II

The trigonometric equations in this section will either feature constant
multiples of an unknown angle, or else necessitate exponentiating
both sides of the equation in order to use a trigonometric identity.

E% SD\\/E/ Q\ﬁﬂ’%l@ :‘—\/_’; ovev [0)7\,/(>

o Tsolde Mn20: Mndb= &

o /e ’P\vw( O=6<2x ’FDT wLicL M&{—)c’;\.

T 15, we find 02 20 <1 For which Mndo =2 .

It might be convenient to let @ = 256, and solve piny= £
over [O L}TT')

o W(/ ’_tg_'_ 7_/5‘0 [d- /(j:-l g( 'V\‘—‘;L

9 L /)<1+‘1: 93
(P‘ SO X= \/—3’
X =«

sﬂ, ic In a 36-G0 A o()po?l’f'e S\AQJ, o‘F &no‘H» 1: %ﬂ —

Then (/ ’TT”—‘—‘ %

Since 0= @ =<4, we fid T 5= ek =Tk 2 = BT is anifher
So(\jwm/ as s %4 (/aﬁ'l’ﬂ' — _5_27/‘?9\1_1, _ ,;LZ

3
e Cop we have 26 = (-f" Tr °n

Gy
_ L[ 5w DBw 72w 5T |7
Then © (é/é) 6 é\’ 2,2 ) 2, 12

. - I G PR S | WO o
/SO\V:)/IDV\ SC\,. ll/ 12, ) 2 y ‘2 ‘%

=




EX Sb\\/g/ /)/Vl/\@ Cor- b ’/—li ovev [0,9\1">.

Here there are two trigonometric functions floating around, and
there is no way to get one converted into an expression in terms
of the other without introducing a radical having a +/- symbol

attached. The way forward is to square both sides of the equation
and use the identity sin® 6 + cos® 0 = 1 :

Jns & cmfe:'q =, W‘e(l—m*e):#
Pl = e + 5 =0

> (e - %) =0 \
,;,_—7

b

FaJOb \\\(&

i~ % =0 el
Cam 1

@ W "9\

— ) $i’1/'

=> Jn & N

¢ So\v‘mg W@z\;“i HM‘L ﬂ—— =

The terminal side of 6 intersects the circle of radius V2 at points
with y-coordinate 1. See the figure.

K1t =(z)

> ]M(J!Ics ’)(:1/
lz,klo(inj ‘Hae_

45-45 A

\

T — )
W4 L\ave @,’q ZL e,\:ll—-ﬂ—:%@ as so)ijom’{'o A/W\é—’——l’

Pl

o SO‘V‘Mg We:—-‘[jﬁ‘. HQV{/ %—,—"_’, So ‘d’/y:—l & =y

The terminal side of 6 intersects the circle of radius v2 at points
with y-coordinate -1. Again 45-45 triangles result...



\"{Tri )\ ’Xz"’llf—(\fi)l
§ 1 X 'lvn{)nes X=1,
_________ l?kHinJ +he
(%,-1) 45-45 A
;T+% = 27 &‘ é‘r‘ ’)\T"_{l{:—’-?—% b\\j’im\s
’ AY\Q’ E 3’[— Sﬂ_ ?ﬂ_ 6(” So lﬂ(’(Ov\ ‘{—O e C@—@ - ?
4,74, 4, 49

&

The squaring operation we had done earlier may have resulted

in extraneous solutions appearing, so we must check our four
proposed solutions using the original equation A6 cesd = -

T,
Check Q»L{ -
CLecK Qﬁz’}'-

CLecK Q:'S:L\{L'-

-1
Clheek B=7
We find oh[\T

y So\dﬁon SQJ('-

—

—_—

)

51 51
O

3T,
hin'y Cory

5T
“ q

Jvn

_Tr

—_—

4

™ 5T
q,7q

-5 % (@AE) 2= 11
-5 % (BFE)z =74 X
3 * (@Rt
=3 > (@FE)-z>1-4X

‘f’o Le Wl)icf SOij—fonS‘.




6.4 - Equations Involving Inverse Trigonometric
Functions

Ex|  Solve «jsg/whlfi for Xe [~ ]

* (/o nide thd —Tm=x=T fm(;llcs ‘de’ ~T~9E_<_ ,XZ 5‘% } and
Lv\ ‘h\ﬁ Mm\hw D‘F ‘H\Q inverse Sine Pwnd’(bm we have
Vo= pnll &> = MRV
wl'\u\u/er ——%ﬁ M:‘:% ) Tk{m@om :
% . ‘_‘j, __‘
24X = Y= pin L= Ml A > v Qe L
Y=3hmg > 2 iy W= _

Ex Solve Y = ——\/54/20}(,% Lo Xe [»ﬂr)o)u(o)ﬂ]

R Hwe, Xe [,.-n} o)u(o/ﬂj 2mf[s‘(s %é—[”%}")“(ojg], Simu,
1/; Cécte & U = M—C:'V
for e[ F, 000 F]  we have

7: ~\/§+ZC/}L/>L = L+ﬁ

> % ()

= X = 2.cec (f?_>




EX SO\\/L é LA K = 57 ‘FOP X {Xac+/7_

» First we isolate the inverse trigonometric function:

At K = phE
C
° We use the definition of arccos to isolate x:
5T V3
= (e 5 = |— =
X C 2| U

4
Ex] Solve cot_la::tan_lg Lor x {Xac+/7_

* The rangt of 597(?" is (O/'W)/ Z( L7 Fhe o&ﬁmi‘hon D]L\ wa:,
He wlve of TS s (T L) Toded, Fowe I

2, =
@»,‘(fm;'ig , toen tan b = %>O, aod hewe we musT
hwt 0<B=T (to have T <o =0 vodd resdtin
hoviny Tam ©=0),  Sp = 4] L=0¢c(1), which i
+o S W'% lies in the range of cot ™ & the given
EZt,uj’{ov\ hos @ soldion! Moreover, \avl Hee difinifion of
et

4 -
Cot_lx:tan_lg = 7(:@{‘(12»\’%‘>'

'A")MV‘) e;‘@ﬁ:\]% iVW(D{fef (,Lay\@:jg— ’Por @e(o _T‘_—.)

J X
4}, Ke call ﬁméz—-?/x/§o \et ‘j/':‘f L ’X='3.
_ (3 L{) See Fhe ‘Plj'f“"t- We oltain
Y -1 4
_ X’@t@;’“ ?>
3 ‘ ==
24 4 B




