Whiteboard application is Xournal++

1.1 - Angles

An angle consists of two rays with a common endpoint, or two line
segments with a common endpoint. Each ray/segment is a side of
the angle. There is an initial side and a terminal side. We can think
of an angle as being "swept out" by a single ray that rotates about
its endpoint and then stops, with the initial direction of the ray being
the initial side of the angle, and the ending directing being the
terminal side.

The extent of the rotation determines the measure of the angle that is
"swept out" ("subtended" is the technical term). A counterclockwise
rotation generates a positive measure, while a clockwise rotation
generates a negative measure.

A full-circle rotation counterclockwise subtends a 360 degree (writ-
ten 360°) angle, while a full-circle clockwise rotation subtends a
-360° angle. A full-circle rotation is also called a complete rotation
or a revolution.

So: 1° =1 degree = 1/360 revolution

Also: 1'=1 minute = 1/60 degree = (/ 4,03 (JrexT ; ﬁ}
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Two angles with different rotations but the same terminal sides are
called coterminal angles
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t x| Find the angle of least positive measure that is coterminal with
86 7, but is not the same angle.
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Lx| Write an expression that generates ALL angles that are coterminal

with 86°
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A quadrantal angle is an angle with measure n(90°), where n is any
integer. So: 90° 180, 270°, 360°, -90°, -180; etc.

Two angles are complementary if their measures add to 90°.

Two angles are supplementary if their measures add to 180°.

2L | Find the measure of each angle.

The angles (3u45) & (5%45)°
oL Com{o}emn‘i’aw], quc.'r measwy-es
e 3¥45 & 5%+5 , and So:

(5%+5) (3><+5)+(57<+5): %
(3x+5)° Ix +16=96
. 4 Yx =30
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0
Dt (>x+s5) = (3-l0+5) =35°
(5%k5Y) = (5-1645) =[55° 0




1.2 - Angle Relationships and Similar Triangles
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A}&\’uﬁ'lov\: The Mmeasure of an &V\g‘e 9 is Som+lmes WY‘TH'en
e mLlD. So: MmLAEmLp= 30°.
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Fact: miotmlptml?=(30°
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|¥|  Find the measure of the interior angles.
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We have two similar triangles: AABC and AA'B'C'
Corresponding sides: AB & A'B', AC & A'C', BC & B'C.
Corresponding angles: o % o’ B &/5’/ Yy &y

we'll et T{S o AR donile the ine sesm/..?\’ £ rom PMK\’ A 1, Pbln{' B
The \U\?’H\ of AG  Wwell indicde ‘97 L(AB)

The triangles are similar if and only if the following holds:
1) mZa=msa’, msB=msB, mily=mly.

WAB)  ((AC)  (BOC)
2 WABY ~ WACY BT

In words:

1) The measures of corresponding angles are equal.
2) The ratios of corresponding sides are equal.

A%| Find the measure of each marked angle.
, The angles are alternate
(1ox+11) - exterior angles, which

> are equal, and so we
(15 -54)° \ have the equation
|ox+Il = 15%x =5y
L, L, 5% = 69

X =13

s we have (5% =54)= 141°, The ansles are each | (47| in measune, g
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26| ]34"50/ 2. q\°'5<g’ are +he measwres of Ao (ileri, om?]es of a
+riangle.  Find the measure of the 3rd angle.
L © be the 3rd angle,_ “Then:
126°50 + 41°3%' + ML = [30°
Mmoo = 1m0° — (136750 + "3 )
\ y /
136°50°
4 Y103y’
177° 83— [#7°+ o'+ 29
7F°+4° +a3’
73° 237
mZo = N0°— |77° 237
= 160" — #9° a’
[0 /
=" 32 -
54

Find the unknown side lengths in the pair of similar triangles:
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1.3 - Trigonometric Functions

C Pythagorean Theorem: @& + b* = ¢?

Using the Pythagorean theorem we can derive the distance formula,
which finds the distance between two points (X1,9,) & (%,4,) on

the xy-plane.

Let 6 be an angle in standard position;

Y = A+ (a-y) = d°
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that is, the initial side of

the angle is on the positive x-axis. Let P be a point on the terminal
side of @, with coordinates (x,y). Note: P should not be at the
origin, where the initial and terminal sides meet.
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We define the six trigonometric functions:

sine function (symbol sin):

in b =4
A a
cosine function (symbol cos): (oAb = ?‘é’

tangent function (symbol tan): tin B =24

cosecant function (symbol csc):  cre O = -

Vs

secant function (symbol sec): nep = .;/

cotangent function (symbol cot): cst = X

—_—

\b

SK(\’CL an angla 6 \na.v?ng I{Zas‘l' {JOSiﬁve measwne. and. fle fom‘/ﬂ
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56| The terminal side of an angle is given by:

Cy—=59=0 for 2z0

Sketch the least positive such angle, denoted by & . Find the values
of the six trigonometric functions of &.

éy__g*?f__o == SﬁzéX = "7‘—’—55:-)( for X = 0.

b= 6 )Ag( Here we have :
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74| Find Jec (-540°)

Nete - — 54y = ('3600)4‘("70‘)) , S0 =540 is coterming with =130°

Y
Here X==1,Y=0, and
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1.4 - Using the Definitions of the Trigonometric

Functions
sine function (symbol sin): pno =4
A
cosine function (symbol cos): Coh-B = Z::

tangent function (symbol tan): tamn D = fﬁ;

cosecant function (symbol csc): MO = %
secant function (symbol sec): Nep = .;;

cotangent function (symbol cot): cet &= X

An identity is an equation which is satisfied for all values of the
variable for which both sides of the equation are defined.

Ey FOY‘ ilf\s'i’ancb) QX‘H\)O‘") = X—[ i3 an iﬁ&«h‘f—i{—(?t
X+ |

Both sides are defined for all x # -1, and for all such values of x
the equation is satisfied; that is, the left side's value matches the

right side's value. Solution set consists of all reals except for -1,
or in interval notation: (-, ,-N)u(1,»), [

We find some trigonometric identities in this section, using the
definitions of the trigonometric functions above.
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We have the reciprocal identities:
&= —— o=1_  wto- _’,e
. | ( I

&= (e b = —— =
I 5 7/ o et oo
punB 1, Cos

e T = - N VLA S
CorD X /r A Mn B tan b
Quotient Identities
sin 0 cos 6
= tan 6 = cot 0

cos 6 anvy sin 6 0

e Re el thaf Y‘:\/xﬁg;?— , so V‘l¢7<1+‘jl’/> X%ﬁi:i =

X

A

S
e -1 >

x

(%) ¢ (4 -

1 > (0+mutb=1

Nefes Ma B means (4n0)  while Jint® means pin(62)

* Now, CAOFMIO=1 > ce¢9+/w«*9: , N
Caa* B 2
M\el ( X ("”‘9
(225 - () > semte- e,
’/\/ow} (O M D=1 = ijf;/}dny‘é _ -
2 M O

(- s -

S0+ L = kO .

Pythagorean Identities:
csﬁé)Jr/M*Q:i/ 1+46.20

- Ae&e/ (0 + 1 — 2O




Find MnB, 9 iven HT caco = \[—i—?—
\ J | 3 Vg
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47
Quadradt T | Quadiadt T If x=0 or y=0, then
X<0,470 |X70,4>0 we're not in any of
0,0 %  the four quadrants.
Quadradt T | Quadiadt ™ So the Poinf (1,0) Is
X<O/41<O '}(70/4140 n V‘\_O_ zwm”‘l’.

26

Find the signs (positive or negative) of the trigonometric
functions of the angle 1005°.

We need to determine the quadrant that the terminal side of the
angle 1005° is in, if any.

1005°

—_—
=

2.(3¢0°)+215° 56 1005° is coferming with 295°

4

I 295" i in quedrad TT
\ (RN (car dendfe by QITY)

\ X
3 So X=0 &k Y<0O.
10& Q.EZ Y

S‘mq, r>0 3 alwa

7§ ‘H@ case we have :

M=t <0 sireY<b — Mn B is negdive
r

Crxb=2X >0
'\

Sinee K>0 ——> Lor D s posifive

‘(ig,v\ea _457_;—40 —_—> m@ is r\egd’ivt,
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wt@ﬁ%<()——9 (/97{—@ is r\eﬁd'rv&_ L]

4y Tn wﬂm‘}’ Zuu(wm‘f’(s) Can the Termingd side of & Le in 1 }mva

(D <0 L Kb <07
A?/\ » Sther (,97{?9:/4‘);:/ we need
iéo POSSiLil.“\’iM avr<e :
47/
¥ <o, 4>0 (L)
* =0, <0 (Q\j)
lz N

X<O (7 s alvap portive))
Which is tle case in Q]I_ & C\)]D:

The only quadrant where both given inequalities are satisfied is:
QII O

SY Is MnD =3 FDSSiLl& Orhv+?
Mu © = g - 4

Nife: Jx*sy2 = = = || / and so JxFey? z24and

Then —44/———_<,| - Henew Nn 6 =1, and  bnB =3 IS
'\W\Posg\\oh,l_ []

Note: For problems like #54, you can just use the table that gives
the ranges of the trigonometric functions that is on page 151 of the
textbook. Then #54 is a 5-second problem.
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e We tanfake |x|=2 & ¥ =VF

’E;meﬁl 50 1}’ ﬁ
3 x /

* Sinee O is in QII_T/ we have ~ <o & '7<O_

e Sb wt (An Jd’ ’)(:"3 & 47:—\/’5

Now, o=t o VP _ VEF+eE) a3
X X -3

4

)

peo= 1T

-3

M| Given: c,e:,Lez—% L O s in QIT.
Find the trigonometric functions of &.

o Now V\:W >, 'Xlﬂ‘%jl:}"l = 471;}/\1_7(1_))
P == = Wl=yr-x = 4=+ [

o Since O i in QID__ we wmusT have '7<() and So I;:,W
* Thew: Y= [rr_x2 = 5 -3 = —JTe = -y > y=-y

. \,’\v\tx)lji b =4 _|_4
r 5
X -3 3
M b= _‘%"(_ =5
E) CO"\)J- Wse re (,[‘DV‘D(JJ
CA‘LB’» -—C = -—i \J‘Lv\‘l’*]gs
Y 4
v - 4




2.1 - Trigonometric Functions of Acute Angles

Recall that an angle 6 is acute if 0° < 6 < 90°.

Such an angle # in standard position is illustrated below.

YA >
/ The side of length y is called the side opposite 6,
the side of length x is the side adjacent to 0,
r "y and the side of length r is the hypotenuse.
4 6 [] N
«— % —> ~ X

@ IS acd'g!

Based on the definitions of the trigonometric functions, we have:

. _ ﬂ- _ S'\t!ﬂ. O”OS'\&(’, e 1O = r _ L\ﬂ()o“'tnvxsc,
in © r LWH)O“'UW\SC/ / “ Side o”osﬁe )
~ g‘\&z, & I‘!Mcvd"fo (4] r 'f\o\po"’Q.VW\SL
= = Ml O=— = .
(M/ 9 r l/\cH)o“’Q,mAse/ / © X S;&L a 'Jmccvd”fo 9

_ M — S\(LQ, 0?‘}0?‘\'\1 =) CJ ~ g;ha :’A(_e_n‘('""o 9
‘bw\ o= X Side o 'Jmnjr’('o(a / B Y T osile om}osﬁc )

The six trigonometric functions come in three cofunction pairs.
We derive two of six cofunction identities...

side O(J(Jos‘r\'e 6
Side ao(JaLevi\’ to 10"-0

S'\f!,t MJ#\LU\T'(—O 6
side o()()osi’re 1°—6

pin = Sheoposte e s adjuct fo W0 gy
L\o‘()o“’e,vw\s(/ )/\b“m"’w\uSL




_ Sile opposife © _ S adjacedt to ' -6 (ot (0°—8
W © sille akjactvﬂ”fo (&) side o()()osife 90°—b ( )

Cofunction Identities

For any acute angle 6:

Mnb = Gr (W-8)  pce= el -8)
o & = pim (I°-6) sl = g (A0 -9)
£ © = tW’-0) ot o= tan ' -b)

The cofunction identities show the relationship between the sine
and COsine, secant and COsecant, and tangent and COtangent
functions.

I B |*Given: L=y =y
. N * Pind ; (1,) Side a
(Li,\ The siy ’\—Y‘ip. +\W\(j’iov15
’(:\OY‘ ang‘@_ 6
A b ¢

We Find o usiny Fhe P"lﬂﬁgom’ﬂ\torem: 6t b= 2 =
o= 2=\ (nofe (a)=a sine o is the length of 3;&)

W oa=1r=1* = V-t =7 > |a=/3

N _ S\ou, oppos'l’h; B _ \_o/ _ z_
MB \/\\,H)E{’Q,V\usb C’ “
Con B = S\le a&jacﬂv& To B _ & \/__‘.f—i7
\/\“’()E('QAVLSC C ”
‘bhgi_ side oP{’OS'\‘{'& 3 _ £ B L B Y\]_c)—/;
sty adjacesl £ B a T V57 | 57
| I _ | [
e 8= 908 3 | Ces R V57 | T2 |/

=
LJ:B/’%«B, g [




U Write tan25.4° in terms of its cofunction.

The cofunction of tan is cot, and we have the cofunction identity
tin © = et (10°-©) , SO with =254 we 9(#
tm 2547 = ot (A0°—254°) = |cot (£4.0%)

[

* Recdl i conb = MmD"*@}} where @+(ﬂo°we>;qoé

* R more %U\erqﬂv‘ we have Cor g = /)”""[5 whenever & &/5 e
G&Cv’&t Om?‘(s Such Hhd o(,;,ﬁ; qob.

* There are other ways to satisfy el ol = pin B b kavmj
0(—?(3‘;”\00 b one way .

%4 Find one solution B to the equation, assuming all angles are
acute: (g 6 = ) (26 ~30°)

e \We have cor ol = MHOLA) ’Fw N’\\q acde M\gle/ oL
Nete : o+ A0°=) =9

. So wet have O+ (18 »30°> = ”}Do

.SO\VL’FOY‘Q: %@';Il()o __? @,/—1,{0&

[

Aside from the quadrantal angles, there are a number of "special
angles" for which the values of the trigonometric functions can be
determined exactly. They derive from two special triangles, the
first of which is the "30-60 triangle."

Equilaftrd friangle X222 = A= 30-60 friangle




The other special triangle is the "45-45 triangle."

45°

, ; Ny 45°

1
o ,,{60

49

1

L

Pt =Xt => K=V2

45 - 45 ‘f"‘ifmglt

With these triangles we get the following:

B | »mb | coro| b |t | Heo | Coe O
w |z |F | % | % E |2
4s* | = | # | Co VT | VT
el s (5125

Irrational denominators are not rationalized so as not to obscure
the relationship the values in the table have to the special triangles.



2.2 - Trigonometric Functions of Non-Acute Angles

Definition| The reference angle for any nonquadrantal angle 6,

denoted by &’, is the acute angle formed by the terminal side of 6
and the x-axis.

The definition implies that ©° < & <90° for any nonquadrantal
angle 6.

} }

— NE]
o PNy 2 (15
B'

24 FM,L eXact valwes of the s)y '](’mj_ ch’hohs of D=445°

* Find an angle in the interval [0°,360°) that is coterminal with 6.

415" = 340° = 135°
° F\V\A V‘C’FQV\LMU@ CU\DIQ, ‘POY‘ 1350/ WL\fC.l/l is elf_ l?oo_’ ’350 — L{SD

va

I: ® ]350
p=15 ~

X

] (Dn{\’ruj k’h*\‘omglu, \/\a,v)vxg fdrmlmJ side O’F 9/ as ﬂ\e Avr&tehusc
N

N2

4s°
1

1

N




o Evdude The T‘“l‘g. Fonctions of 9// with the correct Sign (+ Gr—)
J,Q_?ev\il"t\o bn ‘H\(’. ZWP&E‘{' ‘H/\e ‘l’ﬁrmiho\) sidy mce/ s In.

M5 = pin 135° = + 45" = |

\
ﬁ

2
b 45° = Cob 35" = —op 45" = |- L
Tan 425° = tanm 135° = —Tan 45° =[- 1
Q&t[f ) _’—_ — _I_ .

5= s T T
{15t = =7

Cor 45" ~

‘MS°: ! —

e g~ .

grA

Find  evact values of Hhe s)y +r‘19_ Fundtions of = =1020°

¢ Find an angle in the interval [0°,360") that is coterminal with 8.
- 020"+ 3(3 60°> = (D’

* Find the reference angle for 60°, which is also 60°. Thd is, 6'=6°

* Construct a triangle having hypotenuse on the terminal side
of the reference angle of &’=¢0°

g Vg

(\6=60

X

/
» Evaluate the six trigonometric functions of ©=60°, appending
the correct sign (+ or -) depending on the quadrant the terminal
side of ©’is in.

fin (1020%) = + pim b0° =| 2




Cot [-1020°) = + cor b0° = ’li
Ao [-1020°) = +1anm L0° = |\3
0 | |
(£ (—-\0103 = — = |_=
aon - 1020°) V3
e (o) = =2
Cot [-1020")
0 l 2
Cac(—102-0 = = [ =
( ) bn 18207 V3 0

Y|y = - \%’; ~ Find all values of & in the interval [0°, 360")

that satisfy the equation.

2

Y méoéﬁwf
NN

/m@;%— :ng— , So "}”ﬁ Lr=2a

DD\W)/(OV\S: Uy & 300° -

Exam #1 on February 29 (not February 27), on Chapters 1 and 2.



2.3 - Approximations of Trigonometric Functions

Make sure your calculator is in degree mode!

B Approsimile  con (141° 17",

If a calculator allows entering an angle in D’'M'S" format, then we
can just key it in and get a decimal approximation of Cer ULI I° 17 )

If a calculator doesn't allow it, convert the angle to degrees. We'll
assume the given angle is exact in this section, and give approxi-
mations to trigonometric functions correct to six decimal places.

o)
P13 = /L{;°+<£—) = (41233 °

Cor (141°17") = cor [41.933° = = 0790247493 = |- 0. 706243

-l
Recall that the inverse of a function ¥ is denoted by £ .

-1

Vahhin92 while X—'f— _;_(_ y o write £ :—.f-’—-
—|

Recall Hrom onLLm that C“f inverse” or "the nverse 0_,0{") reldes

“’0 Panction F as 'Fo“ou’f:

is wrong .I

F=y & £ @)=

‘FOY‘ od\ X in ’{’L\e Aoma_[n b‘F F
and 4 in The vange of £

A scientific calculator has three inverse trigonometric functions:
c -] ~) _
Mon , Ler s

The inverse sine function 4« relates to the sine function thusly:

Wb =4 S mnt=p




Similar relationships hold for the inverse cosine and inverse tangent
functions (as well as the inverses of cosecant, secant, and cotangent).

%| Find a value of & in the interval [0° 90°) that satisfies the
equation #c o = [.1606247, Give the answer to six decimal
places.

[
e In fact one such & woud A be 9ivtn L.] 6= M ([\IQOLI"M)'

v Bud’ We dov\[‘f' Lmv& an /ﬂ(:l K(7 Oh Oowr cmfcufd’oy\!

e Recdl P pec g = u(».ye Lk peo = 160024 becomes
o=
[. 1606249
| [ 0
* Mow we have & = Cos (—W’B =|30.502.74Y .

\

3 sfam\{:xcm'{' 11’9\ S



2.4 - Solutions & Applications of Right Triangles

If the angles in a Example Write answers to
problem are to the this many significant
nearest... digits...

Degree - IZLO/ 103° 2

Ten minutes, or 237507 2,
nearest tenth of a o

degree 5Y.7

Minute, or hundredth | —37° 19 ! Y

of a degree Z(1.¢9°

Ten seconds, or nearest | (0°3' 42 5
thousandth of a degree | {2 3p1°

To solve a right triangle means to find the lengths of all its sides
and the measures of all its interior angles.

In our book the convention is this:

Side a is opposite angle A

Side b is opposite angle B

Side c is opposite angle C, and C=90° in a right triangle.

So side c is the hypotenuse.




3| Solve the right triangle for which A=62.5° and a=12.7 m.

A=12LF m

A= 6150

b= 0.0lm

e Sine A+B+C =170 & C:70°/ we have
R=19~-C-A =18%"=2"- (25° = |[225°

SNt o o b e nete A e o cprfesdle o
adjaced side L
a \2 7
== = =T _(.cha. = 6.Cl
b tan A tan £2.5° "

* To get c we could use the Pythagorean theorem or use the sine

function...
C = \/6&14’b1 Or
B o()ﬁo:j‘{’e Sioeb :_Cf_ = _ o
o A_ v]/\ulro'{'{nust, C > ¢ M A
We ot = 127 = 1.30..= 13 m|
Mmm 6X5°

46| To find the distance RS across a lake, a surveyor lays off length

RT=53.1 m, so that angle T=32°10" and angle S=57°50". Find
length RS.
S

5%50'

R 53.1lm



OPF051+& B RS

p—

aal)'men‘\‘ 53.|

RS = 53.04mm 32°10" = 531 tam 32.1¢° = 23.38... =33 m|

\

32010 = 32°4 () = 3216 = da.1e

o 32810 =

o

The length of the shadow of a flagpole 55.20 ft tall is 27.65 ft.

Find the angle of elevation of the sun to the nearest hundredth
of a degree.

Q In the figure the angle of elevation
N of the sun is denoted by 6.
\
._\\ f?bm@ﬁ %{)osi‘h _ 55.20 = 1.99¢4
Po\t \\\ G.dl()'mw‘f' *F.69 o /
\
59,20 ft \\\ gnd so. ..
\
O="Ta' (1.91¢4) = (3.393]. =
\
\ o
0 ) :\ 5= 3.3 .

shadow
2745 £+



2.5 - Further Applications of Right Triangles

Bearing refers to the direction of motion of an object, or the direction
along which an object is sighted.

14| Two lighthouses are located on a north-south line. From

lighthouse A, the bearing of a ship 3742 m away is 129°43".
From lighthouse B, the bearing of the ship is 39°43'. Find
the distance between the lighthouses.

Nete tha 129743'=32°43" = 9¢°
Alss: [22°43 + A = 190° =
A = 170°— (29° 43’
A= 71060 — 129°43

= ° /, ° _/io—_: ©
A =50 17#=50 +Léo) 50.293

ArB4+S = 10° = S =190°—A-R = 1905017 =313 =
¢ =130°— (5007 +21°43) = 130°=20" =9¢° 7

/\/ow) Loy A = —& = —S =
l’\ d’evmse. A@
“p
AB = _AS—— = ’5?42\’” 5 — SYSG.OQ...WI
Cot-A (o4 50.233

&

5956 m (Lf Sigw'ntlcun'f) 46‘9[1%) 0

Exam #1 on Thursday, February 29.



2t

approached the lighthouse.

/\ N [»] /
\\\\\ 15750 .
-~
N T~/ 3570
~
\\ \\\\
N\ \\\
6?-7 m N \\\
\ ~o
AN ~<
AN ~<
AN ~<
AN ~<
\\ \\\
\% \\ \\\\
i ~
|
< X >

|/ 2 N
N /,

» To find the distance x, we find z and y above, and get x =z - y.

o e have &= N°— ISOSO/:—— 4°0" = PY.16c7°

= 90°—35°0" = 54°%' = 59.3333°
'/\/owj 75/«9 = QZ?,? ]mr[\(s Ha
2 =676 =97 2Y4.107° = 24224 m

’ /\/eﬁ/ +om ¢ = —3‘7 im{)hcs tha

Y = (1 F g = (3.7l 543333° = 95.72 w.
o Sor A= Z2-Y= YL, 24m—-95. 72 m = |4L.5L m =

A whale researcher at the top of a lighthouse is watching a whale
approach directly toward the lighthouse. Initially the angle of depres-
sion to the whale is 15° 50', and then later, just as the whale turns away
from the lighthouse, the angle of depression is 35°40'". If the height of
the lighthouse is 68.7 m, find the distance traveled by the whale as it

3 S iamjewaﬁt‘ iiofh

/

197 m




