
3.1 - Quadratic Functions

We say f is a quadratic function if, for all real x and some constants
a, b, c, with a = 0, we have

The graph of a quadratic function is always a parabola, a kind of 
conic section.

Given a quadratic function, we're concerned with finding the coord-
inates of the associated parabola's vertex.   To do this, we get the 
quadratic function's expression into vertex form:

If we suppose for the sake of argument that a>0, then since

This means that the points on the graph of

f have y-coordinates that are no lower than k, and thus the vertex
of the parabola has y-coordinate k.  Since f(h)=k, we then find that
the vertex has x-coordinate h.



Now to find h and k in terms of a, b, and c:

Axis of Symmetry of a parabola with vertex (h,k) is the vertical line
x=h.

Here we have a=-2, b=8, and c=-1.

The x-coordinate of the vertex is h = 

The y-coordinate of the vertex is k = f(h) = f(2)

Vertex is at (h,k) = (2,7)  .

Axis of symmetry is  x = 2 .



                             





3.2 - Polynomial Functions

We say f is a polynomial function if f(x) equals some polynomial
for all real x.  More precisely, for n a whole number, f is a poly-
nomial function if

f(x) = anx
n + an−1x

n−1 + · · ·+ a2x
2 + a1x+ a0,

for all x ∈ (−∞,∞).

anx
n + an−1x

n−1 + · · ·+ a2x
2 + a1x+ a0,

and we say the degree of the polynomial is n.  The degree of a 
polynomial is thus the highest power of x in the polynomial that
has a nonzero coefficient.

A number c is a zero for a function f if f(c)=0.  In this section and
in sections 3.3 and 3.4, which are all about polynomial functions,
we will occasionally let a complex number to be put into a poly-
nomial function f.  A polynomial function is then viewed as having
domain consisting of all complex numbers as well as all real numbers.



Given a polynomial function f, the multiplicity of a zero c is equal
to the number of factors x-c that the polynomial f(x) has in its full
factorization.

The degree of a polynomial always equals the sum of the multi-
plicities of its zeros.

If a zero c for f has odd multiplicity, then the graph of f will cross
the x-axis at c.  If zero c has even multiplicity, then the graph of f
will touch but not cross the x-axis (we'll say the graph "bounces off"
the x-axis).

So, f(c)=0 implies that c is an x-intercept for f only if c is real-valued.
(There are no complex numbers on the x-axis, after all.)



Intermediate Value Theorem for Polynomial Functions (IVT):

Let f be a polynomial function, let a<b, and suppose f(a) = f(b).
If M is a value that lies between f(a) and f(b), then there exists 
some a<c<b such that f(c)=M.



Use the IVT to show that the polynomial function has a zero
between 2 and 3:

By the IVT there exists some c between 2 and 3 (i.e. 2<c<3) such
that f(c)=0.

Continuing this process, we can hone in on the zero c to an 
arbitrary degree of accuracy.  This is the "bisection method,"
which is not as efficient as Newton's method, but Newton's
method requires calculus.



3.3 - Dividing Polynomials

It is important to know how to do polynomial long division, so
an example or two will be done by way of review.



Synthetic division is a faster way to divide polynomials, but it is
more specialized:  the divisor must be of the form x-c for some 
constant c.

f(x) = anx
n + an−1x

n−1 + · · ·+ a2x
2 + a1x+ a0,





f(x)

x− c
is equal to f(c).

Remainder Theorem (RT)    Let f be a polynomial function.  The
remainder of the division  



Let P and Q be two statements.  To write "P if and only if Q" 
means:  "If P, then Q; and if Q, then P."

Factor Theorem (FT)    Let f be a polynomial function.  Then
x-c is a factor of f(x) if and only if f(c)=0.





3.4 - Zeros of Polynomial Functions

so the problem is to find all x such that f(x)=0.

By the RZT, if r is a rational number and f(r)=0, then r must 
have the form

Rational Zero Theorem (RZT)

The eight numbers in this list represent the only rational numbers
that MIGHT be a zero for f.

Try rational numbers in the list until either a zero for f is found,
or we find that the list contains no zeros for f.

We will try 1 to start.  Is f(1)=0?  We will determine this by 
dividing f(x) by x-1.  By the RT, if the remainder is 0, then we
will know that f(1)=0.



Conjugate Zeros Theorem    Let f be a polynomial function with real
coefficients.  If the complex number a+bi is a zero for f, then the
conjugate a-bi is also a zero.

Theorem  If f is a polynomial function of degree n>0, then f has 
precisely n zeros if each zero is counted according to its multiplicity.

Factor 2 out of the trinomial for a nicer looking presentation.



By the Conjugate Zeros Theorem -5-2i must also be a zero for f.

By the Factor Theorem we must have

Here C is some constant that we'll determine to make f(2)=-636.

Any rational zero of f must be expressible as

Find a degree 3 polynomial function f having 6 and -5+2i among
its zeros, real coefficients, and f(2)=-636.



Find a degree 3 polynomial function f having 1 and 5i among
its zeros, real coefficients, and f(-1)=-104.

By the Factor Theorem f(x) has factors x-1, x-5i, and x-(-5i)=x+5i.

By the Conjugate Zeros Theorem -5i must also be a zero for f.





3.5 - Rational Functions

A function R is a rational function if R = f/g, where f and g are both
polynomial functions, g not the zero function.

Find the domain of

by bringing x sufficiently close to c.  So the graph of R appears to
"blow up" on both sides of the vertical line x=c.

A vertical asymptote (v.a.) for a rational function R is any x=c, where
|R(x)|

If c is a zero for f and g with the same multiplicity, then the graph
of R will have a hole at x=c.  Canceling all x-c factors out of the
fraction f(x)/g(x) will yield a reduced fraction f(x)/g(x).  The
coordinates of the hole will be:  (c, f(c)/g(c)).

Fully reduce f(x)/g(x) to get f(x)/g(x).  If c is such that g(c)=0, then
the vertical line x=c is a vertical asymptote for R.

Find all vertical asymptotes and holes for 

Factor wherever possible (the denominator in this case):

Equivalent ways of defining function h

Theorem 1



Reducing the fraction to get 

with multiplicity 1, and also -6 is a zero of the denominator with
multiplicity 1.  Therefore  h has a hole as x=-6.

we find that the only zero in the denominator of the (reduced) 
fraction is 4.  Therefore  h has a vertical asymptote x=4.

Rational function R has a horizontal asymptote (h.a.) y=b if

So the graph of R can be made arbitrarily close to the line y=b by
making |x| sufficiently large.

For h(x) =
x+ 6

(x+ 6)(x− 4)
we have −6 is a zero of the numerator

Theorem 2



So the graph of R can be made arbitrarily close to the line y=mx+b
by making |x| sufficiently large.

A line y=mx+b is a slant asymptote (s.a.) for rational function R if

Since the degree of the numerator is 1 greater than the degree of the
denominator, there will be a slant asymptote.  Find the quotient of the
division...

Theorem 3



R(x) =
f(x)

g(x)

Procedure for sketching the graph of a rational function

1)  Find the domain of R.

2)  Check for symmetry:  is R an even or odd function?

3)  Find the intercepts for R.

4)  Find any holes and vertical asymptotes (use Theorem 1).

5)  Find any horizontal or slant asymptote (use Theorems 2 & 3).  
     Find any points where the graph crosses the asymptote, if any.

6)  Use the x-intercepts, vertical asymptotes, and any holes on the x-axis
      to partition the x-axis into subintervals, then find a point on the 
      graph of R in each subinterval.

7)  Sketch the graph of y=R(x).

R(x) =
x3 − 1

x2 − 9
Sketch the graph of 



the vertical asymptotes are located

at the zeros of the denominator of the reduced fraction.  
Setting 

There are no holes, since the only

zero for the numerator of R(x) is 1, zeros of the denominator
are -3 and 3, and so there is no common zero for numerator
and denominator.

degree of the numerator is 1 greater than the degree of the
denominator, there will be a slant asymptote.

Note:  it is possible for the graph of a rational function to cross
a horizontal or slant asymptote.  We can check if R crosses the 
slant asymptote y=x by seeing if there exists some x value for 
this y=R(x) and y=x yield the same y value.  That is, see if there
is an x for which R(x)=x.





3.6 - Polynomial & Rational Inequalities

A polynomial inequality is an inequality with a polynomial on each
side; a rational inequality is an inequality with a rational expression
(i.e. a ratio of polynomials) on each side.  Remember that 0 is con-
sidered to be a polynomial as well as a rational expression.

Intermediate Value Theorem for Rational Functions (IVT)   Let R
be a rational function, let a<b, and suppose [a,b] is in the domain
of R.  If M is a value between f(a) and f(b), then there exists some
a<c<b such that R(c)=M.

2)  Use the zeros of f to partition the real line into subintervals, then
evaluate f at a test value chosen from each subinterval.

1)  Get 0 on the right side, and find the zeros of f(x) at left:



3)  Use the IVT for polynomial functions to find all x for which
f(x)>0 and f(x)<0.

4)  Find the solution set of the inequality in interval notation.

already found that f(x)=0 if and only if 
This is impossible:  we have

Putting

Find the domain of f(x) =
r

x

2x− 1
− 1

By definition, Df = {x ∈ R : f(x) ∈ R}

is a rational inequality.  

* Why this works:  Suppose there is some a<1-     such that f(a)<0.
Since f(-2)>0, the IVT implies there is some c between -2 and a
such that f(c)=0.  Since -2<1-       we must have c<1-



2)  Use the values of x for which R(x) is 0 or undefined to partition
the real line into subintervals.  At a test value t chosen from each 
subinterval determine whether R(t)>0 or R(t)<0.

3)  Use the IVT to determine whether R>0 or R<0 on each of the
subintervals.

4)  Find the solution set of the inequality in interval notation.

1)  Get 0 on right side, find all x for which left side is 0 or undefined.



Since f(x) is real-valued if and only if R(x) > 0, it follows that the 
domain of f is 

2)  Use the values of x for which R(x) is 0 or undefined to partition
the real line into subintervals.  At a test value t chosen from each 
subinterval determine whether R(t)>0 or R(t)<0.

3)  Use the IVT to determine whether R>0 or R<0 on each of the
subintervals.

1)  Get 0 on right side, find all x for which left side is 0 or undefined.



4)  Find the solution set of the inequality in interval notation.


