3.1 - Quadratic Functions

We say f is a quadratic function if, for all real x and some constants
a, b, ¢, with a # 0, we have

7C(X) = ﬂ?(l’f 497<+ C (ﬁ&nw’ﬁw‘m o a ﬁualvwd'rc ‘wa:l—fov)

The graph of a quadratic function is always a parabola, a kind of
conic section.

Given a quadratic function, we're concerned with finding the coord-
inates of the associated parabola's vertex. To do this, we get the
quadratic function's expression into vertex form:

__,l’ (x) = a(x_, ,{,\)L.g, L_ (Vef’f’ ok Form of ;MV\—D‘TL Pund'rovs

If we suppose for the sake of argument that a>0, then since (Xdk)z?_o
Brdl v X, we have a(x-L 20 fordl X, and thus

F)= a(x-LYy +[ = L
o dl %D ), = (~=,»). This means that the points on the graph of

f have y-coordinates that are no lower than k, and thus the vertex
of the parabola has y-coordinate k. Since f(h)=k, we then find that
the vertex has x-coordinate h. Nefe: R, = [k, ©) ¥ a>o0.



Now to find h and k in terms of a, b, and c:
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Axis of Symmetry of a parabola with vertex (h,k) is the vertical line
x=h.

1 ﬁh(k the yw+d & avs of Svmmefff‘\,l ‘Br f()()? —D\XL—F'YX—-/.

Here we have a=-2, b=8, and c=-1.

The x-coordinate of the vertex is h = - L 7

—

24— m - 1
The y-coordinate of the vertex is k = f(h) = {(2) = 2@ - =7
Vertex is at (h,k) =/(2,7) |.

Axis of symmetry is [x = 2|.
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3.2 - Polynomial Functions

We say f is a polynomial function if f(x) equals some polynomial
for all real x. More precisely, for n a whole number, f is a poly-
nomial function if

f(@) = anz" + an12" " + -+ a2’ + a1z + a0, (sTandard forn)

for all = € (—OO, OO) Here C(OJCL,/»,/ A, Gre ConE(’An"’S called COQ]Cfiaen S, I‘F
QW%O/ fhen Q. is the Janﬁ coefficieaf of e FalﬁhomM}

~1 2
ant” + ap_12"" "+ -+ ax” + a1 + aog,

and we say the degree of the polynomial is n. The degree of a
polynomial is thus the highest power of x in the polynomial that
has a nonzero coefficient.

Bl £10) = —ax"= 3%+l is a |degree 4 pelgremia) | function

~F — < T £(¥) isa ree 4 pol v\omiaJ/ e
WQ WWKY wriTe l‘b?/(f) z,( alse s s f‘)@mf’!ﬂ()owmm:}“ function.

° 03(\}() = Y~l7(3+"f>< '“10??(5 is a p@o_gm,z, 5 po/?mmi«)
_ﬁ/tmj—f()hy TL\J iS‘/ %(@):5

‘/L\(X) = 2. glhw A s QSScm‘haJ/\] The same as ixo/ So
Mg LX) =21°, we see ti I 15 a|degree O poly. —P,,Lhc_/,
s, /Zu?(//dﬁo.

2 =0 Bw dSintion e zerp Function has degree |- oo
So |deg() =~ o

A number c is a zero for a function f if f(c)=0. In this section and

in sections 3.3 and 3.4, which are all about polynomial functions,

we will occasionally let a complex number to be put into a poly-
nomial function f. A polynomial function is then viewed as having
domain consisting of all complex numbers as well as all real numbers.




So, f(c)=0 implies that c is an x-intercept for f only if c is real-valued.
(There are no complex numbers on the x-axis, after all.)

Given a polynomial function f, the multiplicity of a zero c is equal
to the number of factors x-c that the polynomial f(x) has in its full
factorization.

The degree of a polynomial always equals the sum of the multi-
plicities of its zeros.

B Ld F0 = COm) @) (x43). Then £ hes
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. M@C) = 1+2+45 =[] (fhe swn of flo multiphcities

If a zero c for f has odd multiplicity, then the graph of f will cross
the x-axis at c. If zero c has even multiplicity, then the graph of f
will touch but not cross the x-axis (we'll say the graph "bounces off"
the x-axis).
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EX WQ/ 'POWADL 'H;Ad’ 7[\(7() _ Q (’X"“(X(,Z’X.PO?\( X+3>5 LMLS’
2eros 4 - ’5_ 3 Mm)’f’l()licﬁ'\,l of 1 is 4, which s odel, 5o 9Y(/)L
of ¥ wrosses The v -axis cJL X=1. Md’ﬁphdﬂ of ~% s 2,
WL\xJA s even, 50 (9me bounces of £ ¥—axiy a ’X:"l/zl /\’h/\]‘f'.‘f/icﬂ"j

F -3 s 5, whidy iy oM/ o @n\/L crosses X—aXls f Y =-3 [

Intermediate Value Theorem for Polynomial Functions (IVT):

Let f be a polynomial function, let a<b, and suppose f(a) # f(b).
If M is a value that lies between f(a) and f(b), then there exists
some a<c<b such that f(c)=M.
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Up| Use the IVT to show that the polynomial function has a zero

between 2 and 3:  #(¥)=3% -V + X +2 .

e have  £@) = 32012 #2422 =4 < O
f3) =33-33"+3+2= (4 > D
cSo M=0O 15 a value o [ies befween f Q<o & 3[)(3)>o.

By the IVT there exists some ¢ between 2 and 3 (i.e. 2<c<3) such
that f(c)=0. @  (Nsfe: we're net supposed o Find ¢ exacﬂ\z.)

£ X Com]hr 7[(5434’37(3 —Yx+ X+ 2 cqaln.

. f(as) = 3(1-5)3~7(;z.5)2+2_5+;1 = 13725 = £(25)>0.
Tn Y0 we Lund £() < 0/ s VT Jl/nf{its there is some
1.« (C< A5 such tha jf((.):-’o

o J(a\.mﬂ % =208 <O ) while £(25)>0. So TvT im/){iés
f(O)=0 Lor some 2,25 <c <25,

e Continuing this process, we can hone in on the zero c to an
arbitrary degree of accuracy. This is the "bisection method,"

which is not as efficient as Newton's method, but Newton's
method requires calculus. [



3.3 - Dividing Polynomials

It is important to know how to do polynomial long division, so
an example or two will be done by way of review.

G Divide WS ine) |0n9 division : (éXu’ 17)(1‘*'9\77(‘%20);‘—(37”-‘/3

divisor
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Note 1 we thas hwe 00+ Bx*+ 277+ 20 = (3%+4)( 20+ 3% +5)
50 éf% [7)(14’9:7"'7(%20 \/\05 Lezn f)av:ha))t? ‘Fm(\'o‘r-ci!
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Synthetic division is a faster way to divide polynomials, but it is
more specialized: the divisor must be of the form x-c for some
constant c.

Sav we warl 1o do +he dwision iﬁ_u_)_ where £ s o~ {’0{ nomidl
[ %-c /

Fonction and so f(x) = aps™ + ap_12" "t 4 -+ asx® + a1z + ao,
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Ex| Divide Usi ny sc]nﬂ\éﬂc division

(5 + 274 % =) = (x=2),

This 5 79 ith AR =5+ 20+ K =4 L x-c=x-2
+=C /
50 That C=2.
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7‘15 5+ 4+ L+ O+ K — ¢4
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This s so C=-2
~—(2) 7 4//)
d/ N30 = A OXHOK F OX+0% +32.

iEJ 1 0 0 o0 032
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\ i /
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o, = e T le S
~®+32

N it L e M4

K+ 2L \/

Y 3 2 ‘
Nefe +hs meaes K +3L = (X+2) (= A+ AT =T +lé)

[]

Fac:\/? when &(vioeim? A ()017mmio\j /(X) Qo\,l ’7<"‘C/ -H\e_ %thcﬁ]"
%C’*\ i a ()O\v\mmw) with hﬂww one less than /(ﬂ/ and Fhe

Y‘Qmm\ﬂbr s &« Cohﬁ&VT\/.

Remainder Theorem (RT)| Let f be a polynomial function. The

remainder of the division

f(x)

r —C

is equal to f(c).
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(X~ Cyfix (@()4——\@ Q)

£ = ¢+ 1
Mo we wife Thd

£ = 4= D)+r = ¢©-0+r = . QED m

B L F) = s e+ 7x =1, Find £Q)

.Bﬂ R/\/ 75\1} %WJS The revwal nder- 010 i(j)l . Iv\ an ﬂar/fer

Q)ULW\()\Q wte —Fovmoe, ‘H\Q r"emaum&r /,/O lgg ql:{) So f(l) :-_ﬁl./
’-Dl(id/ Vﬂri{lscé’\on
F@) = 5 +202) 42 -4 = 5-1¢+2-9 —2.

= 90+t -2 f—%fz:w/ 0

Let P and Q be two statements. To write "P if and only if Q"
means: "If P, then Q; and if Q, then P."

Factor Theorem (FT)| Let f be a polynomial function. Then

x-c is a factor of f(x) if and only if f(c)=0.

Proo{’i TL,\S IS jn ’h,/o {)ar'l’}:

Dok P VI A= is n Ao o £) hen £ =
SULF[?OS'& X—C s a Falor of £(X). This means There eWsTs a
Polv\mome /lpk%) such thd £(x) = (7<~C)FLX). “[hen
f©O = ((—)pld) = O-p) =0

Dokt TIE £1)=0, then x—c is a Facir of £09
Swppose flQ=o0. Bj RT/ £ is the rewmander of




jﬁ(“) . Thws £ (%)

X—C X—C

’f’\\g Pa(k]nomm) Zb‘) is the z"""/"“ﬁ\,’ /Vm"//

o = oM, Wwheire

= zu)*

7[)(7() _ %(X) = 7£(x> — (’)(—Q?(X) , which shows ‘ij’

K—=C
~ —C S A aef\lov* O‘P %(7&) ]

H

F\Vw( AL so thd 4%+3 isa 2ctor of 10X34’237<1_'/0X+’&.

oL FO) = 0B O+ L . To have Hx#3 be & Faor of £10) means
£ = () pl0) Hor some polynomid 0. Then £00 = 4(x+%) (),
<o ’>(+’$/A/ i & ‘FM'\’W of £(4).

° Fm_'{’or _ﬂ\eortm le'oife:: ‘)(4'3/4 i A -Fac’\’ov- o‘F f(*/\) i‘F !(Oh[l] hc 7[(—3’/4) =0

By o Romaider Theorem £C%) st romainder of 200

* We wait 7[,(’?/‘{):0/ or LtlZ=0 , or L= -2

X3y

£ (%) = btl2..
-5 —-¢ 1L {
20 Y -6 A+l




3.4 - Zeros of Polynomial Functions

Rational Zero Theorem (RZT)

SMW“C’ F0 = QX" a, T4 4 a,x+a, has mfzger coetfiienTs
T r is a rdiond zero for —/’/ te r has He Form

Ffactor of @,

I’FAc’f’or of a,\|

22| Sohe 2=5%-lu+d =0, L& £ = 23— 57<1’éy+‘%/

so the problem is to find all x such that f(x)=0.

@ By the RZT, if r is a rational number and f(r)=0, then r must

have the form
4= (NH) = D)= (@) = (R)E2)

'Fa[i’w— of 4 _ ‘ﬁ'/i':l/ilf _ + | tlfﬁ‘{
| Fector of 2| | £1,£2| JES

/
= £l,+42 x4, 5

The eight numbers in this list represent the only rational numbers
that MIGHT be a zero for f.

b) Try rational numbers in the list until either a zero for f is found,
or we find that the list contains no zeros for {.

We will try 1 to start. Is f(1)=0? We will determine this by
dividing f(x) by x-1. By the RT, if the remainder is 0, then we
will know that £(1)=0.

2INC—5X =l + Y
X =

Wa, do Hhe division fji),

1] 2 -5 -6 4 > So:
3 -4 J £i)=-5 40
,3 -9 -5




Try “ls -1 2 -5 -¢ 4

~2 F -
P N
Ty s 2] 2 -9 -¢ A
L
L =Y A
Ty s -2 2 -5 -6 4
-4 1Y -24
L 91 (2 -w—
Ty3: 4] 2 -5 -¢ 4
| -2 -4
L -4 - O—
So we have f(xl) = x4y
X 72

— S6 fr) =3 #0

— So F(V)=-12 #0

7 S6 £ =-204#0

—~ S6 £(£) =0

-3 ; anoQ ’)LL'AS?

Fo0 = (i) 2= —=1) = (RN =2x =)

Factor 2 out of the trinomial for a nicer looking presentation.

C) Solve F(x)=0O.

We have (ax=1)(x* = 2% - =0.

So dx-1=0 or

X =1a or Y=

—_—
—

x—ax—4= D

— ()% \[€2) =4 (yEH)

The ave

'\\Nrd’iovm) Zeros

of £

(1)
2tJa0 a+2yF
2 a2

Sbld’lbm s’ IS

1x, 1554

[

/

] £\5

Conjugate Zeros Theorem

Let f be a polynomial function with real
coefficients. If the complex number a+bi is a zero for {, then the

conjugate a-bi is also a zero. (Nefe: conjugde of bi is - bi)

Theorem| If f is a polynomial function of degree n>0, then f has

precisely n zeros if each zero is counted according to its multiplicity.




43| Find a degree 3 polynomial function f having 6 and -5+2i among

its zeros, real coefficients, and f(2)=-636.

By the Conjugate Zeros Theorem -5-2i must also be a zero for f.

By the Factor Theorem we must have :

Fo) = Cox =) [x— 5+ 2] [ X = (-5-2)]
Here C is some constant that we'll determine to make f(2)=-636.

Now we j&‘]’ £ iale He standard Forim (r‘u_aJl tha zL:FT/ so ,’,":-15

£ = C (x- g)[# = (-5-2)% — (-542; ) x + (-5+ :zi)(—S—zf)J
R i A R N N (T BT
= C(x-£)(X*+16% +27)
= O lpr™ 2w —6X "= 60x — [74)
{(xy= C (X +4x*=31x —179)
Noxt, —036 = FQ) = C(Z+4273M271%) > _ 2120 = —¢3¢ >
C=73.
qu)17 L = (AT -3 — (7)) =

F(x) = 3% #1129 — 13 % — 522
(\,\/Q aJWou]s waﬁ\’ 'h/\& PDI\]MMI«:J in d/n.na(mra‘ ‘{:oy-wb N

1t Selve The (’_;mjfom ’XV— 3(311-1)(2_4{7( -3 = O

° Ld F = 'Xt{— I =% T (a oeﬂﬁvu, 4 fol‘?ﬂom('aJ func (‘Ov)

* Any rational zero of f must be expressible as
Fac_’,'Or‘o‘F—y i’l)ilji‘f/f'? i—])fl)i“{/-}:?

|Factor of 1 | | £4] - 1

:i’l)il ilf/"_:'?.

/



/\O S~ ]‘F 7[(6:"0/ we Seo ',‘f’ the remainde D‘F 7“(7()

i
~—1 ' O

-1 2 -4 8
1 -2 L‘ - O —> S f("):(), Then X+ is &-Pﬁchsr
of £,
FOO) = (D = 2+ 4x =)
= (%+) [3(1 (%-20) + 4 (X ,1\)]
S = (D= 2) ()
—|is a20 L is a Zero
of £ of £
o fy=0 it x+l=0 or X=2=0 or X +4=06
X=- X=2 /Xl—’—"L{
K=+
, L=1iyq =+24
Zevos of £ are ’117\)’1&/?\&

So e.a{/wd’ioh has soldion set

5,1)1}47\51@

L5

Find a degree 3 polynomial function f having 1 and 5i among
its zeros, real coefficients, and f(-1)=-104.

* By the Conjugate Zeros Theorem -5i must also be a zero for f.
* By the Factor Theorem f(x) has factors x-1, x-5i, and x-(-5i)=x+5i
° Sb 7[(-7() = C(—x, (B(X"Si)@“‘si) ) C Some NonzZerp ConsTa.n'i’_

) /\/\u.\’flf[\l : 7[()() = C (X- l)(X:L"";/ﬁ[X - 5/{')( ”25i1)
£y =C (x-1)(x*+25) | sinee -25¢° = -25¢N=25



L0y = C (X —#*+25%-25)

c 104 = FE) = C[eV-E0* &0 -25] = (652), 5o ve Lave
,_Slclf'—"ol‘!/ on C/:";L

* S £ = LXK 25X25) o | F () = AN =20 50 x50




3.5 - Rational Functions

A function R is a rational function if R = f/g, where f and g are both
polynomial functions, g not the zero function. (So R is « rdiond expression)

4] Find the domain of R(¥) = -2 |
(%=2)(x+¢)

/.DOVMGJV\ O‘P R = /‘DR = i}(fﬂal R(X)ékg — iYé}R / (’)(—13(7( -I'é) :#og

=|§xeR | a#-¢23| =

(—2,=6)u(-¢,2)v (2, o)

a

A vertical asymptote (v.a.) for a rational function R is any x=c, where
IRX)|— 2 as x—C. Thed is, | RO can be mady arLd’MHf\,’ Jarge

by bringing x sufficiently close to c. So the graph of R appears to
"blow up" on both sides of the vertical line x=c.

Ld R = i;—i% be a vdiondd Punchion.

Theorem 1| | RM=£()/9x) be a rdiona) funclion,

If c is a zero for f and g with the same multiplicity, then the graph
of R will have a hole at x=c. Canceling all x-c factors out of the

fraction f(x)/g(x) will yield a reduced fraction f(X)/g(X) The
coordinates of the hole will be: (c, f(c)/g(c))

Fully reduce f(x)/g(x) to get f(X)/g(X). If c is such that g(c)=0, then
the vertical line x=c is a vertical asymptote for R.

34| Find all vertical asymptotes and holes for A (x) = ;(Xziéu_ e

Factor wherever possible (the denominator in this case):

Y+ 6 (
X) = = _ —
A= Tanms T AW = =, w#e
- \

Equivalent ways of defining function h
D= 2% | % +-c43



T+ 6

For h(x) = CEICE we have —6 is a zero of the numerator

with multiplicity 1, and also -6 is a zero of the denominator with
multiplicity 1. Therefore |h has a hole as x=-6.

Reducing the fraction to get LX) = '><I/—7f_ (with X # —é)/ we

we find that the only zero in the denominator of the (reduced)
fraction is 4. Therefore |h has a vertical asymptote x=4.| g

Rational function R has a horizontal asymptote (h.a.) y=b if
RO—=L as |2 (ie. as X=2 or X—= ..003

So the graph of R can be made arbitrarily close to the line y=b by
making |x| sufficiently large.

Theorem 2| L& R =#0/90) be a vdiond funcdion, so £(¥)
and ﬂ)b() are Po\«,lhomids.

Q £ %(’C)>’&?(ﬂ /‘ﬂ\en R will have no L\.a_

i’% IEg Zﬂg(ﬁ)f—a&?(ﬂ /‘ﬂ\en fz will l/mv(’, L\.a, v — ‘im(;m, cu@ﬂei&?f f)(x)
tadinay codfficienl o (¥

wt) ¥ 0{0»?(4:)4%(9\)} Fhen R il have h.a 7‘_:0’ %) ced %)

Ex] Find e hoa. of R00= 2E—0.

F ()
9 (%)

h@»(f) :i<1;ﬂ(ﬂ«9(¢)/ and trus R has ha Y=0

Here RO = with £00 =5+ & 900 = Arax-2¢, s

2.
4o Find The hoa. Por EU(); )5+

B !

Here £0) =157 & 90) =254 5o dog (F) =2 = Lag(3) | and Hhus
’71%/07— 4?7_6 js The L\-“-‘FW R.I:I




A line y=mx+b is a slant asymptote (s.a.) for rational function R if

R — (mxﬂl—L)‘—é; O a [Xl—= e

So the graph of R can be made arbitrarily close to the line y=mx+b
by making |x| sufficiently large.

Theorem 3

RO = £ /9(x) has a sladt asymitsfe it dog () = 1+ dig (3). Then
e S.a. s ’?S (Quo’h(n’f&# +he division f(@%—@(x)\_

q 2 _
Ex Find He s.a "For Eb‘}-ff 3x - A
NP — X

Since the degree of the numerator is 1 greater than the degree of the
denominator, there will be a slant asymptote. Find the quotient of the

division...
22X <—— Qustiedt
A=A ) 3 O =2 XA
2! — 3x*+3Y
7(1—— 2X < RQWMU'PW&JP

N 2 (-3 ) = - 233X =

gh(yﬂ, 4§7m{7f/0+6 s 47:‘_3?(

No‘ttz Tn the (Xam{)f& OL‘oo\/C/ The ogiviSfOn +e”5 us thad”

2 l l 2 4
—2x -4 A v s
Ry = 2% + 2 SRVl S AR .
-x+1 (- L L
,XZ ,X‘&
. / L
/\/ow} as ‘%l%:o/ we fnd Hhad ;g‘“—?o/ ‘7}1“?0/-:{7-*70/ (I’c.
[ 2
v 2 3
So %{ o ‘—?9"0 as [%| = o0, Then ROO—=>3y
,...-..___/_,_,__
,Xz ,X'B

ng ‘X‘ — oo, T’A}S \s WL\(] “/L\Q ’{,L\QOY‘QW «LOVG_ wo)\l,(s



Procedure for sketching the graph of a rational function

R(x) = J(z)

g(x)
1) Find the domain of R.

2) Check for symmetry: is R an even or odd function?
3) Find the intercepts for R.
4) Find any holes and vertical asymptotes (use Theorem 1).

5) Find any horizontal or slant asymptote (use Theorems 2 & 3).
Find any points where the graph crosses the asymptote, if any.

6) Use the x-intercepts, vertical asymptotes, and any holes on the x-axis
to partition the x-axis into subintervals, then find a point on the
graph of R in each subinterval.

7) Sketch the graph of y=R(x).

x3—1

¥%| Sketch the graph of R(z) =

2 —9

) Dy - 1 w10 = ) - il e 1
_ (_90/13\>U<'-’3/33 v(3,°)

D = (’xf~i B /x?—l B A+
D\\> R( 7‘) (—_xyl__ﬂ - ~*-q T - Xzfﬂ # i’ﬁbq/ So

E \S V\Q‘\’Hr\ev‘ even hor OMq ,/\/0 ngu‘tr(]{

) pw=o > X!
)R T
go j_ is an x-ih"'ercef‘r

o = x-l=0 > V=1 > X =/

I

~ |
(Z(O}: :’”)‘ = '% ) SOo ? IS ’H\( 47—)m+€rur‘f’



L() F\.V\CA \f\o\(s an& Vtv:hch &Sqmp+o‘h5'.

-1 (=0T
** =1 x=3)(x+3) 7
a\%‘. By Theerem 4 the vertical asymptotes are located

\We have so the Fracfion i reduced

at the zeros of the denominator of the reduced fraction.
Setting ~*-1 =0 11&\&5 ~ =43, The verdicd KSTmpt'hs

avt |X=-3 & X =3| There areno holes, since the only

zero for the numerator of R(x) is 1, zeros of the denominator
are -3 and 3, and so there is no common zero for numerator
and denominator.

5)  Since ey =3 and dag(:C-1) =2 5o BhdF He

degree of the numerator is 1 greater than the degree of the
denominator, there will be a slant asymptote.

/X —_— Zu.alhth‘f‘ IS 7</ So 3]1n+

/7<Z_’41> /x34'OXL+O7(‘ l a_Sulm{)‘(‘o'h_ is vf_y
+ -

IV -1

Note: it is possible for the graph of a rational function to cross

a horizontal or slant asymptote. We can check if R crosses the

slant asymptote y=x by seeing if there exists some x value for

this y=R(x) and y=x yield the same y value. That is, see if there

is an x for which R(x)=x.

R =% = X
% 3 h —1

AK=l=xX-A% = —1=-1x = A=Yq. S if looke like

Fhe ”)Wk(’]" of ";f-RU) Crosses e slat as7mp7l3‘f’:. J the foin'f' (%/ R(—;—»

-[G5,5)

2

=A = ')(3—’=’X(’>(2—”l) =




B) lwith ointerati” L4 Vials K=£3 e parition e
N—ais 1hVs sub (e (—oo/f3>/(,'3/ 0, (1/33/ (3, ),
We wanl a ()o\njv (X, R plefted for J leasT one ~ value.
n tach of the i subidervals.

l

We alreed, Fond ROY= 756 (0,RE)) = (0,"4). Tus
’}’a){es Cart oF Fhe irferval SERBF

3
-4y =1
(o )2 pick =1, 5 CHRE) = (4 ) = (1,15

ESNE

11 (2)- | 2
(lfé}. Pl(_k ESRRT (Z)\/K(l\):<2/m>:(zl 15>

3
%I—DZM’J))

(3/00}; Pick 4, so (%,RHB:@/

7) Gv-nf\/\’- A

N\

|
£

a\
}<V

I
1
|
|
|
[
|
|
|
|
|
|
|
|
|-~
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|

V W'



3.6 - Polynomial & Rational Inequalities

A polynomial inequality is an inequality with a polynomial on each
side; a rational inequality is an inequality with a rational expression
(i.e. a ratio of polynomials) on each side. Remember that 0 is con-
sidered to be a polynomial as well as a rational expression.

Intermediate Value Theorem for Rational Functions (IVT)| Let R

be a rational function, let a<b, and suppose [a,b] is in the domain
of R. If M is a value between f(a) and f(b), then there exists some
a<c<b such that R(c)=M.

Ex| Solve A =adx+L

1) Get 0 on the right side, and find the zeros of f(x) at left:
XX - 2L =20,
. L f(X):Xl‘lx’l/ So me%udnﬁl is A(X) =0
e Find ol vead X st £)= 0
This means sobving =X -2 =0

QMAJVT/\S/iL Lormula - X = ‘(‘7\):‘:1(("?1‘7(')(-2) N

2) Use the zeros of f to partition the real line into subintervals, then
evaluate f at a test value chosen from each subinterval.

subiufervd (-, 1-/3) (1-V2, +/3) (143, »)
, / /
< l t ! } | > %
-2 -y O I+V3 o
fer) =(-€D-2=6, f0)=-2, F =6,

So F2)>=0. o F(O) <0 S6 Fld)>0




3) Use the IVT for polynomial functions to find all x for which
f(x)>0 and f(x)<0.

- ¥
e Sinee £(-2) >0, the TVT implis fLF £(x) >0 fon dl Xe (~o0 13
e Slnee [(o) <0, IvT }mﬂics F(X)<6 for o ’)(e(;-—\/?/ I+f£)_
o Sinee £(4) 20, IVT implies £F(0>06 For Jl Xe (1473, 20)

4) Find the solution set of the inequality in interval notation.

‘ Inegwd;ﬂ < £ =0,

v St L fand FOO =0 for v = [£103

o 51’(() 3 found £ <0 for 7(@((_.\[;/}1‘-\/3’)

* Putting |43 tegdber with (1=V5,14V5) yields fle soldfion
s |[1-V3, 1497 ]

[

* Why this works: Suppose there is some a<1-vz such that f(a)<0.
Since f(-2)>0, the IVT implies there is some c between -2 and a
such that f(c)=0. Since -2<1-y3, we must have c<1-V3 :

N ! I /
| |
} } X 1 i T

— ‘ *
o —2 13 -2 ¢ & (=5

a_<_1 Case a > —2 Casc

So, Ce(o,1-V3) & £ =0, This isimpossible: we have
already found that f(x)=0 if and only if X= 1£v3, 7d’ here
F(Q) =0 For some ¢ £ [£V7. Therdre we mwt have 7 >0 for
oi\\' Xe ("”/ \’\ﬁ\

T
20 — 1

By definition, Dy = {z € R: f(z) e R} = %’X ‘ ;;_} =1 Zoz

X
2%~

(4| Find the domain of f(z) = 1

—| = o is a rational inequality.



Lo R = %4_—1—!/ SO The IMZW’JW‘] s RWzo0 We solve if. .

1) Get 0 on right side, find all x for which left side is 0 or undefined.

~ ~
0 X _ O P2 ———— — _ —_ b _ ==
R(x) > 2o o = @le_, f) o =

Y—@Qx-N =0 = [X=|

* RO wadefined = 2x—1 =0 (so o division ’97 O Ocovws) =,
X =Y,

2) Use the values of x for which R(x) is 0 or undefined to partition
the real line into subintervals. At a test value t chosen from each
subinterval determine whether R(t)>0 or R(t)<0.

< ) 3 } . >
/O VIL B/q ! 2
RO)=-1<0o RN >0 R)y< O

3) Use the IVT to determine whether R>0 or R<0 on each of the
subintervals.

*R©O)Y=<0, s IvT implies RA<0 For wl e (~oo, ) .
*Reéy=o0, so IvT implies R =0 For ol e (’/1/,'L>.

o R@) AO/ Se IVT ]W\F/I'CS RQ‘) <0 For adl Xe (i/OC’).

4) Find the solution set of the inequality in interval notation.

. IV\U;MJT(TT s RO =0

' Step £ Found RO =0 when x=1.

. S+<( 2, found RO >0 when Xe (//p\} l)_

e Comboming ol values , sohdton sef™ ic | (1, 1
h) / )




Since f(x) is real-valued if and only if R(x) > 0, it follows that the
domain of fis | D, = (’/l} 1]

g

X =

I
E)( Solve_ L+ "?'<" .

Do NOT VVWH"‘f"? '97 X(K‘f’ly/ as when SOIvIH9 ;?L(‘f',’)\ = ?’? . The /)roL/(m
s thedd we can't fred A (xt+2)  as Leinj Fosn"{vg or nejaf/'ve) and SO e Can't

know whd To do with The "“eb“"‘j'.f‘] Sgn = Fowe wee 7L6 m«fﬁf/'{ 107 X (x#2)

1) Get 0 on right side, find all x for which left side is 0 or undefined.

X _ 1 = X -1 <= 7(1"' (Y‘l-]\l
G =X T L X =0 = SyETey SO =
X =X—2 M= X — A (X =2Yx+1)
X)) = =
X (%) =0. L& R X (%+2) X (X +2)

So ]nuLw&}iﬁT is Rx)=0.

. . : K=Y X+ . — — -
RQ();O ,mf/:(s (7(}((+2>> ;_—0/ \,VL,,QL ,m/o/m;’ ')(’ /Or- 7(:—_2_

« R(¥) = undefined implies | X = | or [ A=-2

2) Use the values of x for which R(x) is 0 or undefined to partition
the real line into subintervals. At a test value t chosen from each
subinterval determine whether R(t)>0 or R(t)<0.

—— <
X 2. 3
/ VAR \ \

R("b) > 0O R(,’5/b<o R("/y)>© R(1)<0o RBY>0
3) Use the IVT to determine whether R>0 or R<0 on each of the

subintervals.

RV7O on beomD) | RAV<O on (2,1)  RIYZ0 on (1,0)
ROD <o on (0,2), RN>0 on (2,50)



4) Find the solution set of the inequality in interval notation.

° IV\OLWRJ'[TI? 15 R = 0.
* Step 4 Found RO =0 when H=-] or X=2
° S‘{’((; ’\7) ‘FO\AV\A RK‘/\) ) WL,U/\ XE ("1/' l} or Xé& (0/7\)

o PuF fogether seldion sefis | 2 -iTu (0,2]

O




