2.1 - Basics of Functions

A relation is a set of ordered pairs. In this course the ordered pairs
will usually consist of real numbers.
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Specifically this relation consists of all ordered pairs of the form
(x,y) for which the y-coordinate is greater than the square of the
x-coordinate. In set-builder notation:

R3 = i (%9) | YR % (It's understood that x & y must be real.)

Some ordered pairs belonging to the relation R:

c (L), s Y=ds = 0) = xF (e 4R whe X=-
Godk M) = l{) _
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So relation R, consists of all ordered pairs (X,y) for which y=2-3x.
In set-builder notation:

Ry = 20| 2% s red & Y=2-3% 3 or .
RL{ — i(,le,?,xs\ ~ s V‘u\J g y or .,.
Ry = {1,230 | xe(me) I



A function is a relation consisting of ordered pairs of the form (x,y)
for which no two distinct pairs have the same x-coordinate.

More generally, without mentioning the form of the ordered pairs,
we can say a function is a relation consisting of ordered pairs such
that no two distinct pairs have the same first-coordinate value.

E—y\ El = é("}o)/ (l{)\z) ) (2,'3)) (")?)z [S VE a 'P‘Ahc fon  Slnwe ‘H\Q
Dairs 1) & E ﬁ‘} have the same first-coordinate value. [

Ex] Ro= 201, () ;(2,-3) (-1,7)4 is a function since the

ordered pairs belonging to the relation all have different first-
coordinate values (1, 4, 2, and -1). m

Ex] [ = SO | 2% 4 is nid a fudion: (<14) ¢ 15)

both belong to the relation, since when x=-1 and y=4 we have
YT (K= =l <=y = g > 4>%7)  and also

when x=-1 and y=5 we have y>x*

Ex R‘{ = i(’X/l”%V‘B\ xos r“Jg (s a ’{'\w\g fon QonXJL how To Show d’?

To show that this relation is a function requires a general argument.
Suppose that (a,b) and (a,c) are ordered pairs that belong to R,.

ka/\% € Rq IMmeauns L; = 2-3a &SU- the defindion of EL‘ ahovq .
Ka}q € Rq means C= 2-3a .
NW ﬁos‘Q’B”\-:C// ’{—‘/\o:\’ \.ﬁf‘c,/ aV\A So (a/‘)\f—(ajﬁ,y-

So the pairs (a,b) and (a,c) are not distinct, they are identical.
This shows that it is impossible for R, to have two distinct pairs
with the same x-coordinate. Therefore Ris a function. [
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Specifically R; is the set of ordered pairs of the form (x,y) such that
x is the square of y:

Kgﬁib(;'ﬂ)l"}is red & 7("471% = i(v’yﬂ] 47 i,rr\uJZ_
We find that R, is NOT a function:

- T¢ ‘jﬁl/%\w 4/13’1’ and we have (YY) = Lf2‘>éR
cTE Y=L b gt =4 aed we hae (Fy)= (4D R,

" So R, contains two distinct ordered pairs having the same first-
coordinate value (i.e. x-coordinate). Therefore R. is not a function. [

The domain of a relation is the set of first-coordinate values of its
ordered pairs. The range of a relation is the set of second-coordinate
values of its ordered pairs. If the ordered pairs have the form (x,y),

then the domain is the set of x-coordinate values and the range is the
set of y-coordinate values.

The domain of a relation f (whether a function or not) we denote by
1)7‘ , and the range of f we denote by R s

= %W I (F) e £ for some 4}%
Re= 341 OUef for some %}
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The relation happens to be a function, so we'll call it f. We want to
find the domain & range of f.

D, = 3% C’*)@ef for seme %
¢ 3 - e

This means Hhd % s e & 7;7<2,
We havt £ = S69) | X is ve) & 4;:#2/
! or £= 3 el

Dp= 30| 0 ef he x redd 3= §X] % s readd =[(m )

ch = ifl} | O(,’j)é,ﬁ for somL X 7;
=5 o) f i red]

=|[0,@)|, s %520 for any U

It is convenient to think of a relation, and especially a function, as a
machine that takes in an x value as input and returns a y value as
output. So if the ordered pair (x,y) belong to the function f, we think
of x as going "into" f, and y as coming "out of" f:

x— >

\
V /

In function notation we write f(x)=y

So o write f(x)::y s e:(/u}v«hx\’ To Saging (x9)ef

Since f, being a function, cannot have two ordered pairs (x,y)
with the same x-coordinate value, putting an x value into the
"machine"” f results in NO MORE THAN ONE y value coming

out of the "machine."



With this "machine interpretation” of a function, we call x the
independent variable and y the dependent variable. This is because
the output y is dependent on what the input x is.

If we write f(t)=u instead of f(x)=y, then t is the independent
variable and u is the dependent variable.

The independent variable represents a function's input, and the
dependent variable represents a function's output.

> Y, se y=£1x)
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(1nde per J,Lw'\’\ /I (OQF @“&“ﬂ
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[y Cowsi/&v the ’Funclon F£(x (x) = 7( +3x -5 . Wk evalude f(i)/
), Flx-2), £éx

e f@) = 2T 430)-5 =445 =5
A= CYH3E0 -5 = -3-5 =[-7

Fr-2) = () 43 (4-2) - § = = dx4 Y4326 -5 =)o -7F

'F(’%) = (—x)ﬂ—%(»ﬂ —45 = |X*=-3X ~5

O

The domain and range of a function f, using function notation, are:

E’X wa&f(x)ism«Jg
= {7 | XeR L £FHHeRY
= §xeR| FeR?

Rp= ¢FO] %eDp}



] g £ = |3-x .
V) Also find £(-3), FU0) £, F(2x-1), £-x)

Q/Dfﬁz’X\?(ism«J&f(Y)istg
= é‘;(\'%isrw & |3—7<|+11fv‘6«1§

= z’Xl X s Y‘&J%/ Siner IB—X[+:L is rea) ‘F‘W‘&_‘Z_V\&J N
= |(cee, )

K{Z = if(’q\ Xéch%

%"3‘7‘{*’?—' x s W&J% , S 7(e'Df Means Xé("oa/oo>
means VL is real”

/\/o’hi ’Fby- an\] re) A we have /3'%/20, So Ha /3‘>‘/4—l?_9\
and henee FO)Z 22 So... '

Ef = (:9\/003. (1\:0‘“ Xéfpjcf—(“”/“’\) we 'FIAA thad j[)(%) ASsumes
vadws from 2L on u\f)y

\0\ 7[(“‘333 ‘3"&*3)\+:L': |é|+1¢ L +2 =19
Fuoy = \3-1w0|+2 = [-F+2 = 7+2=[1]
f3) = \3'3\+2~:- ol +2 = 042 =
£ @ar-1) :.\’5’(%'*)\ 2 =||4-2x|+2
Fe) = \3-60|+2 = | %3]+ 2

L
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Ex

Fnd Dy & Rp £oe £l =[5-9x
SYeR | FoneRY = x| 5-1% <R}

5| 5-1x=0)

/D,F”

\|

5-W=o = -Ixz=-5 => Xi%
= x| #=°4)

=|(-», 5/%’]

Rg= 2F0] *eDpd = §s—3x | x=%} = [0,

Nete: <=4 = S5-I%z0 = m =0 = f(xX)z0. B

Lb

Determine whether the graph below, as a set of ordered pairs,
defines y as a function of x.

7

(M
\

We're supposed to determine whether the set of ordered pairs

i(xﬁ) \ The ("’““\’ @()“ﬂ) [tes on Fhe QWYL‘z ,

()
is a function or not.
A;/—
/b-Nﬂ/Q \//42 see ’hAJ (6(/\9) & (“/" \93 Lt LQIOV\D To

the wldion (lB} which makes The relafis
\ y R V\O‘Y a ’F\Ant,'how,
A (a,-b)




The graph of a function f is the set of points (x,f(x)) for xeD s

2a4s| £ =¥ 0 9) = [x] -2

~ | £ (X, £(%)
-2 | Fal=2| 2,9)
wi Bl RN B S A L))
o] o] =0 (9,0)
L[ |a] =1 1,0
2| 2] =2 (2,2)

. % % (x) (%,2()
of thiiod doumby 2, 2| TAT2 =0 | c30)
-t =t T
ol jol-2 =-2 (9,-2)
Lt le]l=2 = - QD)
2| [l-2 =0 | (%0)
O

T L4 = A +%-5

Sor £ER) —F(0) = [V +ERN 5]~ (% +#-5)

3 g
== =X AT A =K S
— = S




Find the domain and range of the relation S whose graph is below.

S

To find the domain of a relation using a graph, just find the
x-coordinates of all the points on the graph.

To find the range of a relation using a graph, find the y-coordinates
of all the points on the graph.

Domain of S zDs = 0% | Gg) s potaf va fhe gragh for some 4. value]
= [_ ]|
Range o S = RS = 1% | beg) is w povaf o Fhe gragh fur some ¥ value ]
=[-7,7]| O




2.2 - More on Functions and Their Graphs

The graph of an equation is symmetric about the y-axis if (-x,y)
is a point on the graph whenever (x,y) is.

Test for symmetry:

Substitute -x for x in the
equation. If the equation is
unchanged, then its graph
will be symmetric about the
y-axis.

The graph of an equation is symmetric about the x-axis if (x,-y)
is a point on the graph whenever (x,y) is.
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Test for symmetry:

Substitute -y for y in the
equation. If the equation is
unchanged, then its graph
will be symmetric about the
X-axis.

The graph of an equation is symmetric about the origin if (-x,-y)
is a point on the graph whenever (Xx,y) is.

Y/
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Test for symmetry:

Substitute -x for x and -y for

y in the equation. If the equation
is unchanged, then its graph

will be symmetric about the
origin.



30 Determine whether the graph of ’Xzyz +5 X% =2 is symmetric
about the y-axis, the x-axis, the origin, more than one of these,
or none of these.

e Test for symmetry about the y-axis: substitute -x for x in the given
equation X 272 5 X4 =2 and see if anything changes...

C‘?‘)lA;ZJrS(‘X)g: 2 2 XWrESY =2,

E qudion hes chenged |

M 5.]»\".5\'»1 Vot ‘h\c J’——a.Xis,

If the equation hasn't changed, then subtracting the "new" equation
from the original equation should result in 0=0, but it is not really
necessary to do this. Still, here's a demo:

7(27%5%7:_1
XY - 55y =2
IOM}:O — /\/o’/’ O=0, 5o %mfrom cAanW(,

o Test for symmetry about the x-axis: substitute -y for y in the given
equation X 2472 ] X4 =2 and see if anything changes...

KN +596) =2 > y'=sxy =2
Equdion has changed || Mo s«,n\me‘h‘o’ abod fhe A-axls.

e To test for symmetry about 2the origin we substitute -x for x and
. . 2 .
-y for y in the equation X"~ +)5 X4 =2 and see if there's a
change...

(—%)167)24' SENCY) =9 = 7(17%5707-_:9\
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gY zygf 7<Lf+ ou

.’(/Qs’t’ Lor 5v|myh2h‘7 ajaoj "7-‘00(1'5 : Sw‘as’m’mj’C —% ‘)CDP X ...
4fﬁ )42 = «jss (—l)q(ﬂul = y'=ylta

Equation is unchanged!

The equation's graph is |symmetric about the y-axis.

e TesT for Sqmynéfml dod A-axis e substile —y foe .
F =2 = (g = >y =l

Equation changed!

The equation's graph is [not symmetric about the x-axis.

o [esT For symmelry abod the Origin - sm}asﬁm'a X for ¢ and
,-/(7 »For % e

(ol = ex)r = -y = A+

Equation changed!

The equation's graph isnot symmetric about the origin.

Definition

A function f is even if f(-x) = f(x) for all x in the domain of f.
A function f is odd if f(-x) = -f(x) for all x in the domain of {.

Fact: The graph of an even function is symmetric about the
y-axis, and the graph of an odd function is symmetric about the
origin.

If the graph of a relation is symmetric about the x-axis, then
the relation cannot be a function!




29| Determine whether the function f(z) = 2° — 2

is even, odd, or neither.
For ang « 0 Ahe domatn of f) we have ;
L) = (X) =64 = —x+% = - (%) = —f)
So f is [ odd. [

40| Determine whether the function 9 (¥ ) = * =X
is even, odd, or neither.

gy = ) - ) = Wk
So 9N F 9@ =A=A L 9 # -90) = —# 4
SD U)/ (s \AUH/‘\QV‘ 0

A function f is piecewise defined if the expression f(x) changes
depending on the value of x. For instance, the absolute value
function is piecewise defined:

\%\ = ‘ Two “(Jiaes”
- X ) \J% X<0 —

Ev.|  Consider the ()&uewm bk function £ 9 iven L7

-2xX+! f «=1

)= 43, if 1<x<3
VK==, '\‘\: X=3

Find £(-1), £, F@, £B), £(¢).



o /e have FX)=— 21t for any %X<sd S0,
FEN) =20+ =3
Yy ==2W+ =[]
o Ui have F) =30 for any LY =D S0
F@) = 5(131 =]
r3) =306 =73 = 47
e We have £(¢) = Ve for any X735, 5.
16 = Ve =V = |2

[
Y A
5‘" %(l/L})

1,(..

t%& P Y =fx)

(0/33 0

s

DI RN R SN

V
0 Dy = ix | £ is red 2
= 3% [ 00D i a poinl on Fre gvagls for some 4 valae J
=(»,2]
D) Ry= LA | 17,1 = 540 x=3)
=y [P isa Fm‘\’ on Fhe gvuply for some X valwe }
= 1]

C) A viwe C 15 & Zers for £ if f(C):O. An X—in’f'ercc{;'f' Foc £ ic a Iea/

valwe © foe whie, £(C) =0, Thad is, e ved Zems of a function are ifs
’X-—]h’\'erct("ri. T

Zuros of F hee: |73 &7




L) [fl0) =73
e) £ s increasing  on (o0, l)
'0 7C 1S JLCV‘&A,SINB on (,)3>

"y) Find the values of x for which f(x) < 0. |(-=-3]v {3}

(TMS is whene e gm(ﬂn it 0h or ﬂf_@z’ﬁ«e %—axm)

/(Q Function f has one relative maximum at|x=1, and the value of
the relative maximum is|4.

'ﬂ What is the value of x for which f(x) = 4?

That is, what is the x-coordinate of the point on the graph that
has y-coordinate 47?

ﬂ f(ﬂ) =7 (or somd’i\\nj close ‘{'o l) , So 7“{‘!) |5 [005)7bive,




2.3 - Linear Functions and Slope

A Faciion £ ogien by £OY =L for all red o) whee mogc b

e LonftAh S/ 3 ca)lul @ }ihear ’Punc bh

* The graph of a linear function is a (non-vertical) line.

« The slope of a line containing points (¥,Y.) & (%y,4,) is difined,
v be M

7<9."‘ X

. For F(x) =mx+b Jet "7, = F(*y = my ,+ b
and et 4, = F(ray = mu+b .

Teen: Yo=Y _ (n%atb) —OMGHL) oty m X m (B X))
RS R~ Ky RN ‘7(/{

Co Fhe g\o‘)f, of a line 0 Vew lm? a linear Pundions £X) = myth is m

Slor Formula® . M = Tm70

SRS

—

E¥] Find the slope of the line containing the points (-3,-2) and (-1,5).

Ld )= (372) g (Xa,m) = (-1L5)
m — 471'171 _ S— (’7‘) . 5+2 _ 7

-

A= X, —l=0C3) T -4z |2

S)oFg m of the ll‘he is

So we bave 225 = Z ;A1 15, the line rises 7 units for every 2

yruun

units it runs to the right. m




o For £X) =mxtb we have £(0) = m-0+b =1L, and so (O,b) is
a ‘ao\v\"’ on the “me, (,ordeon&\mg ’{’o 7£ de’ }5/

L, is fhe @,\ﬁem{ﬂ/ of the line

* Slope m gives the direction of the line, and the y-intercept b gives
a particular point on the line. The two together can quickly give us
a graph of the line generated by f(x)=mx+b.

rise m

S[O(’ﬂ m= Y Uun :T , 0

o rise of m waifs s Fsllosed
Jm] ~ Tun of 1 unit o a{Jf
Py-om f;om‘(' (o)‘ﬂ) on The If'\t
’t’o anclher ]Do‘\vx‘(' on The lfV\Q,.

Ll Ting Y =f (%), Then the linear function f(x)=mx+b can be written

as the equation y=mx+b.

g]oré’\lﬁ\’{rccﬁt’ ‘Porm: 47 =mx+1

Suppose a line has slope m and point (x1,y;), We want to find an
equation of the line. Let (X,y) be any other point on the line. This
variable point (x,y) stands in for our second point (z2,¥y2) on the
line. We use the slope formula with (X.,%) ard (%2,%.) = (x,9) :

=> (%/X/,)%/’—/% = (X-%) =

M = Y= _ Y-y,
KX, X =X,

49 -4, = W(fob

Po'\Vd/’S\ord 1DOYMM)0L: 49”‘7, = Wl(’X'?(,B




16 | Find the equation of the line with slope -5 and point (-4,-2).

Since we are given a point and a slope, we use the point-slope
formula to get the line's equation...

We have m=-5 L (X‘/%): ('q/"7\> , SO %uzj'/‘om is
Aj — (- :L) = -5 (x_— (—4))7“}001«#‘—5/0% -Poy-m !
Mt = -5 (x+4)

/% = - S}(—— 220 |« Slor&“lh+erc£/)+ Form

Note that the y-intercept for the line is -22! [

Suppose a line has slope m=0. Then f(x)=mx+b becomes f(x)=b,
which is a constant function (a function with only one value in its
range, or in other words can return only one value as output). If
we let y=f(x), then we get the equation y=b. The graph is a hori-
zontal line with y-intercept b.

i

b

Y=L

N
7

N

So: a line with slope 0 is horizontal.

The slope of a line is undefined if and only if the line is vertical.

Given that W = % , we see that m is undefined if and only
P ERAY|

it X=X, (i‘-‘”’“’“ ’”7 O Occ—ur‘s)‘ To hate X, =%, means +s have

a line with two points having the same x-coordinate.



P 0 ) — X =
/9/ T~ i (,’7(,}41(\
XE* =a X

szj’lon of the [ine :

The general form of the equation of a line is Ax+By+C=0 for some
real constants A, B, and C, where A and B are not both 0.

25| Find the equation of the line with slope -2/3 and point (6,-2).

Since we are given a point and a slope, we use the point-slope
formula to get the line's equation. We use

gog, - mleo ko meE X =l gm

'\} - ( 1> = - "'(X_/é) = 47 +21L = - :2'}_ (Y' é) (_FO\nT’S[o(@‘Fown>

Now we get the slope-intercept form that the instructions call for...

-/lj—-ffl — ’”X*i :> /y: "’%‘X‘/'l (SJO(C’IV\T€V‘CLf+‘F@Y‘W\> 0
-2

5] Find the equation of the line with point (2,4) and x-intercept -2.

N X'\n’hv-o((f(c’l Means ()NZ\' ('%03 lies on‘h/\e liht,

‘ B ) _4-0 4
° l///ﬁ\ ﬂ’m (1017\{} (%/‘Q &k (;*/‘? Wwe gd' Sf/zc m = &“('13— T{—ﬁj

X Yo X 4
o PO\Vd"‘S‘O?t ‘?bwr\u)o& 9(V€S A?’O:; i,(x_ (_1)) = /‘j' = ~x+2

/

which is both the point-slope form and slope-intercept form.



(S 54-1=0

(L) S}oeeziyﬂ'erc{(ﬂ’ ’Fown', ’57;4 =, /7:5

\0\ Comer{, 4?",3 with 4}£W[X+E 'f'o Ste ‘H\d’ S‘JO/(; s M=0
ervﬁera,(;[' is ‘9:3

<) A
< =3 -
N ’3 >
O > X
[




2.4 - More on Slope

’Ld’ line L‘ have slopc m, L !in& L1 have 5’0/)6 ml,
* We say L, & L, ave paralel (writfen ||| LA it m=m,

° \/Jo saY Lok L, ave YQV‘PQM&EC\AJ(LIP (WH‘H"&M L(.LLJ i ’]/V\"m,)\:: - o
'r\\’ Owe b’F ‘\"\’L S\o‘)QS Is O g& ‘H«e o‘Hﬁeb is un&"?mw(‘

r\

3 | Find the equation of the line L, that passes through (-4,2) and is
perpendicular to the line |, whose equation is Y= ;_qug

* The line L, has mx+b = '—3x+’7¢/ and so the S\ore, & Fhas line s -’3_
TR 15, M= s

2

* S‘mu, L\_L Ll/ The S\O()L m, of L( lM(AS'r loe SMLL ‘H\O’d’ ’VVI,’MK:—]_
/H\us LIW[ = - :> /VV(I:"?).
3

' SD L; has ()oln'{’ ("{)1) L 3“’{"’— -3, W'Jf\'\ fhe [)“"%‘9’0(}1 ’meujog we aa—

Y-, =mE-K) > M- =-3(x-(Y) >

¥-2 = -3 (x+4) (poiat=shope Form) = #-2 = -3x-1g =

t 2 +2

Aj' = -3x-10 (S\oe&—]m‘\’tmq)’f ’Fbrmv 0

0] Find the equation of the line L., that passes through (-1,3) and
is parallel to the line L, whose equation is 3x-2y-5=0.

] (rd' The s\o(m m, of L2 \a\] [)vd"hnj j‘{'s ezwd’loh vl o S\oPc_m‘hmgP‘f’ 'For-mf
57(—'9\ =5 => -y = =3IX45 = = LS = =3 y_5
s 0 A ey S
C/Ovn‘)arrw) %\X __%: \,./]‘H« W\X‘HD/ we See ‘H\od’ Wlﬁ % )

0 g\nu, )——l“ Ll)’]’o sloFe, o‘F L( is /}’I/(/-:_n) -

3
2 27




© So Ly has porit ©1,3) & slope V. Egudron 1w: 4 -3 = %(X-(*‘h

* PO\vd"s\oPt —me-_ 4j -3 = 31 (JH'I) L(M\nfqlope_ —Fov‘r\/"‘j
e Gum& ‘Fowm 1(7 ’%: Ag %:bu—;) = &\g/_é; 3 (X+l) =

211-@5-"3)(7“3 = ,’5)(_[,1,}.-5':_0 @u\twj ‘FDY\MB

If we multiply both sides of the general form equation by -1,
we get...

2% ,174,4 =0 | (aso gemerd 1Dov\m> 0

A line L has y-intercept —3 and is perpendicular to the line y — 2x + 5 = 0. Find the
equation for L in slope-intercept form.

'Flnﬂ. S\o()e, o‘F the line 47’7\7('(’5—‘;05 477—9\><~'9// SO Slorﬂ is 2.

* Cnee L ois L s 47—17<+5=O/ e s|o(;e o L wwl Le —'E_ (/foe_:
Lo = -1, as p%umi)
2

. SD L has g\orﬂ_ _I?L & A}—in’hr(‘.{[;{’ kof—'?), From 47:14'17(”9 we Qdd
M= -5X 73

O

\,JQ 5K\€ SQ(:\’H)V\ 2.5 .’



2.6 - Function Combinations & Compositions

Let f and g be functions with domain D, and D?. We define a new
function, denoted by f+g, as follows:

U,’,{—ﬂ(x) = 75{)() + g(@ w]‘H« %OMMM KD/‘p?‘-’-“—iD?e "rDQ,.

Similarly we define f-g, fg, and /g as follows:

F-0)00) = £(0- 90 with doman Dp-y=DyaD,

Fo)0) = £1990  with domamn Vs =Dy 0D,

FDD = 12% with domain D, = fx| €Ty D, & 90a 403

We call f+g, f-g, fg, and f/g function combinations.

A.641Y

Find f+g, f-g, fg, f/g, and also the domain for each, where
FA=Jx¥¢ & 9 =\[x-3.

e To "find f+g" means to obtain an expression in terms of x for
(f+g)(x). By definition,
F)X) = £ 1) +900 =xFe +\Vx=3| (F+9 now found /)
Also...

F-9)%) = £10) -9 =xFe = \Vx=3.




F9)00) = £1D 90 =¥Fe VX3 | =\ (x5 ) (%-3)
= \/;(1+37<’l? \ Can S‘ro]o L\e%.

/

(/5)D) £ () _ JX+¢ Jxﬂbé

X~

* Now we find the domain for each function combination. This
means finding D and D? first.

/ijé’ = i?(éTE ) f(x)eﬂ?%
RMJ }\HPIX)‘ ...... §{§MJ+|hD In Y‘\”AJ Dbd/f\ﬁ’,
= S [ Fody s rdd = 57| VFRC is real 3

It's understood that x must be real here.

= pxl ¥#420 = ful vz} =|Fem

CD? = iX[@(QeR% = §%] VX3 s ma.J} = E’X)/XZ%%
=|[3,%).
Mo e 9‘:"; /970 /\/D.}: [-¢, @) n fg/“% = [3,»)

E fr—

¢ N 3 N
D, Uy

—

/

V
OVCV’[&? O‘F ngA»Jl\ngs
indjedes In‘\'ersed'fom

/D-FH),{'/D,[L»),; in'}/; /D%. {\(D?{. [3/003

/pf/,yﬁg%] ’Xé/D?cn’D? & @(x)#o}: iY/Xe [3/90) & l/ﬁ;éoz
= x| x=v & #£33 = §x[+=3) = (3, =)

[




The composition of f with g, denoted by f o g (read as "f composed
with g" or "f circle g"), is defined as follows:

Fon= £(9w)

~ L

K—>" 0 —>9(x) —> f ﬁ,[(a)(y))

g e

The domain o Foop s ..

@7%—:: §¥| XeDy & 9(0eD,)

E)( LJ J()Qj-\/'%_{_é Q g)oq_; m
e Fiad f"f)’ Wl domain,

Fon = £ = AT =l ve | U

WorkK "PI‘oWl the
fnstp&, ot(r.

In the previous example we found 7) = ¢, ) & KD}/, E y w}/ S :
%o,ﬁ 5% XeDy & 9(de, )

\
= | xel3,9) & mj(}mg
|
Xz =3 Z -6

Since a square root is never negative, \/Fxfg Z 5 ilm/)/ les e
muwsT have \/3;5 Z0O = %x-320 > X =3,

/DJC°?§ EY\ XZ> @ '74232 = iX‘XZ?% = fB/m)_




* Move Bal aof 17 dpweln|
(o}"fwbﬂ¢ /)(f(x)) _/,9,(\/m) = V'\/XTé’B |
&Rw: FpW =73 + L +\ige3 - @oﬂm>

Thws 7[0?# q}of/ which §s u;wd/vl The Casc

D0y = 54| %Dy & £19D,)

}
= ¥ xefea) & \/’5}6 [5,2)}
| |
N=—( MZB = X429 > x=

\ v |
= i’?(l X Z—4 L /)(2/3%

— EX]’YZBZ = E3/003

In this case we have D L, = ’D@ e but in general this is not the case.
o& 0

Evdude (Fo) U (90£)H).
Fo=\7=3 + ¢ ) 0

FDD=VWI5+6 = \/JTre = ive =[5
(s FY)= V' \re -3 , So
(D= Vare—3 = \/Vio

Nete 1 Fop)) 4 (90 ). g




XL
L S DAY

RS PARICRESE S Y S )

S/t S A

30| Find the domain of f(X) =

= £7< \ -2 -+ 1Y %o%
(- 2x2)+ ((+17) + O
2+ EDx-2) # O
X (2) =9 (%-2) # 0o
(x-2)(x*-2) # 0
(X~ 2)(X=3)(43) £ o

AF 23,73
Z X# —-3,2 32 = (’”,“B)U(%/?\)u(z}})u(3/00) -
H| Ld =4 L g = 2o
(13 F\hi f"ﬁy
Fooyory = £ W) = F(Vor) = () +1 = @-2)+1
= |3

\03 FM& (Dfo?
Vp=Co=) L Dy= x| 2a-%z0} = jx[x=22] = (ma]
®F°f 5% XeDy & 9g0eD,)

= gx\yé(w/ﬁ] TNEEVENCEA Y

o Vo st be red



V6| %22 Lk 2-%z0 ]
S| (=2 b A2}

= 57( [ 5(622 = (—90/2] 0

The identity function is the function that takes x as input and returns
X as output; that is, the output is identical to the input. If I denotes
the identity function, then I(x)=x for all real x.

7 Ld A= (24-5) . Fiak fundiow £ 0 9 suck tha fory = ..

/\/Uﬂqer § wnor 9 shodd be the ]ALw’f\T7 ’Fumo‘i'roh_l
50 we need o v (Fo9)00 =) For dl %D,

X—%/l 4 ™ 9\5‘) A ¥ l\ﬂ f(’)("))=AAM=m-5)3
T8 ths v Ax-5, Jerm we wmﬁ

LOx-5) = (A% - 6‘) This will
work F we define FIR) =
/V\UU\WL L we aJso ka+ 0)(7( AKX -5

e vail [£0)=% & 9g00)=2x-5

Qeck T (fu) = £A0) = F(2x-5) = (M’v’;f— A

More than two functions can be put together through the
composition operation:

(Fogeh)y = F (7 (h0))



Q&A session...

2.4 \l| Find the equation of the line L; passing through (4,-7) and

perpendicular to the line L, with equation x-2y-3=0,

» We need the slope of line L, . We start by getting the slope of L, .

v %= y-3=0 = x-3=2y > Y= X-2
Cow\ram witl, Sbrc—m{'erc{ﬁ ‘erm/ whicl is 7 =mMxX+b

—

We see that the slope of L, is W{fa’)—\
‘SiV\U/ L—l J_ Lq_ ) ’H’\Q 5‘[0!06 7"({ 0-10 /ime_ L( K SMCL ’ILLoj‘

/V”,W;L’/ — 1,

I

UQ_ d/W :———l—— = —-— = -1
) ’ Mo /o,

* Using the point-slope formula ¥ — y1 = m(x — x1) with
et & %=t % G=-F, wegd
1? —T)= -2 (x-4) = Y+7 = -2(x-1) (P‘;‘C’:&i‘ﬁ(&)

* The general form is Ax+By+C=0, so...
19+7~ = -y = |Ax+y-1=0

QjenemJ Fowms -

4
L.C.\3|  Find the domain of h(z) = 3
——1
D= x| AW s red§ =) x| 5 =
/{A 3 s r
-




Otherwise % is unﬂucineoU O’H'\QV‘WIYL % !"tSv\H's —unwinQA!

\We hawe: %——i#() = %7‘-4— = 7(:/’&3/ and S0, .,

D, - frl ko kx#3) =[Conr0h )] |

In the example above one might be tempted to simplify the
complex fraction in

4 4~ Looks like O is 1n The

AA(K) - 3 ' 27((— - T3 domain of I o, bl we
;;j_—y Canndl {')C{' s Fraction
[) wﬁ’\/\o‘/‘&’ assuming) X=#0.

We mist assume % £0 to do This ssmplihd’my,j

- ?iwo& the dowmaln 01{: f(x) = X=3 +ylo-A

*—5

D, = EX ] £x) s sz

_ ﬁq(’/x—zzo L 0-Xzo & ’X—S;é()%
= X[ %=z2 L oxslo & %#5]

= §%| 3=w=lo & x+53

=[03,9)9(5,10]




2.7 - Inverse Functions

A function f is one-to-one (I might write 1-1) if f(a)=f(b) implies
a=b for every a and b in the domain of f.

Equivalently, a function f is one-to-one if f(a) # f(b) whenever
a # b. So different inputs always yield different outputs!

Ex| £(x)= )(1«904»45 i V\o"' 1. We have
f) = (X=5)x*#3) 5o £6E)=0 & FEIHN=0.
Thad S 72(5') = 76('3\) and 7d 5+ 3. ®m

Xt is (=1,
AX—|

Ey] Show thad FRO=

Let a and b be two values in the domain of f, and suppose
that f(a)=f(b).

ot+3 _ bt3
2o~  2b-| =

(ar)(@b-1) = (b+3)2a-1) =

974 —a+6LS3 = %g_—-wéa/? =
—a+6b = ~btba >

~Fa =-7b >

o=b v~

SO Supposing W Fa)=f Q V\WSSMIW M((t&s ﬂwd’
d=b. Theeefore £ 05 (-] @

W




A 1-1 function f has what is called an inverse function, denoted by
the symbol f~! (read as "f inverse" or "the inverse of f").

Note: the -1 in the symbol f~! is NOT an exponent. That is,

1
_1 -

TL\& Y\Q\ﬂj’io‘ﬂﬁlﬂp LQ%WW 7£ K{ f’} IS as “Fo”oWj‘:

fly=y & fly ==
WCOV— ol XGDF % Ye Elg

(Rer_a\)\ : ch Mlans “V‘Am9e O‘F f”}

Since inputs of f are outputs of f ' and inputs of " are outputs
of f, we find the following to be true:

R;”D/“ & /D/"Rje" Kl)

FP“OW\ &L’Fmﬁiov\ (\) we. ’?lmﬂ. ‘H\,j"

FF () =y L F (FO)=x

(3
JEOV ol %GDF (% Ye PF }

HQV\L (’5) 1S JFL\&orcm ﬂpj’ (s jlv\]\/&i wDrow\ (‘) \,\/Q
codd write (3) as ...

(Fof ) =y L (Fe )R =7

(3')
for 4l XQDF L Ye [ZF




) O D Fermine wheTher 7[(7()13\/?( js The inverse ot
Q0 =X +Y.

US\n ) or G /) we see 1T we have £(9 (Ag)): )
) ) 7
0),(7?@4)) = For dll XéD; & Ye (ch .

\_d’ Xe@; L VG_R{’, Thewn ...
JZ(QWD - /(‘91”3 = sﬁﬂg%ﬂﬁf = M? =Y,
yFO) = 9 (3% ) = (Vﬁf“f = (%-4) 44 =«

So f(ol(‘ﬂ)):% k 0}(7[(74))'—3(} bnd e
Lonc\ude e Oy s the inverse of // fha is, 9= 7[—] []

= 5 - 4x
| — * —X —
E x| The function £ (%) P

is one-to-one, and so has an

inverse. Find the inverse.

FTo do ’Hn\s) we WUse (\): f(:c):y N f_l(y)::c

PV—OL&OQMV‘L S as ]Co\\ows:
) LE 4= 0, so thd 4= 2"

2A4+5

’&% Solve For A ...

5= 4X
=T > M (Ax5) = 31 = Axy+59 = 314 >

Lamtir = 3-59 = x(;ufrﬂf.g_g& =



y_ 25
- 9\«{}#{ '
q)) Swee f(r)=y & f_l(y):x/ we have :

7C—|("?) = m . We have Pound /—,,I
17+%

b‘\ Optional: restore the symbol x in its traditional role as the
independent variable...

- 5 —-5%
/7< =
70 ( ) LK +Y

[

Note: the x that appears in Step 4 is not the same x as in the
earlier steps! The x is just a symbol to denote the input for a
function.

For the next example we recall (2) from a couple pages ago:

‘2f4Df" 9 @;‘ E’e—'

Ex| Find the domain and range of both f and ' for

34X
X)) =
7 ) 2AA+5
In the previous example we found that [ - (49) = z' > L%
v+

Rpr =D, = x| Foo s red } = 3] axts 0}
= x| x#£-%) == ") (% o)




Rp=Dpr= el 2xtt£03 = S| % £-2)
= | (2, -2)v (-2, m)

¢

So There is no xé’Df such ﬂm& 7[()()':‘.._26

For V\om\oe,\'\eve rs ...

34X
fR=2 > ZZ-3 > 3-Ud= -2 (2x45) >

4% = -4 -l = 3 =-10
P YA

[

Ex] Ld fwo=01), ®=1

The condition x < 1 is part of the definition of f. Specifically it is
declaring the domain of f to be (—o0,1] instead of (—oc,c0), which

is the "native domain." This results in f being one-to-one.

Q F\n& ]fﬂ*-
D L 49110“)/ SO 4?:()(4\1_
) swbre: (¥ - > el

b X<l = x-12p = |[X-1] = —=(%=1) = |-«
ond 5o \’7(::\/5 = (= l’\[_‘j—,

”5\ S flz)=y < f_l(y)zx/ we have
Fly)=1-1g

) So £ (0= 1-R



L) Fid Dy Ry, Dpr, R
R;—l:fD¥; ("00, i] K\/\/‘/\ic\/\ Was inevs
KF 1’970-1 - EO/@ (Muﬁ ~XZo 50 thad X is W’“D .

Q) Frad £~
o| Y=£X), so 4/:7(3+1.
 Swee X=F ), we mhe Y=+ for x
X=y-2 > X=3y-=z .
e now have £ (9)=y—2 .
o (Cod write £ (x)=3/x-2
b) Verify we have fhe inverse oF £
e et FFT )=y £ FR) =~
) = f(3yg-2) = (BW);+Q\ = ()t =y
FlEw) = £ ova) = 0 -2 -3 =«




2.8 - Distances, Midpoints, and Circles

We start by finding the distance between two points in the rectangular
coordinate system (i.e. the xy-plane). The definition for distance we'll
arrive at will derive from the Pythagorean theorem.

y N
"jz (’X’v{j‘b
N S
411’411 3{50’\ 479\_ 7/
nh
7] Xy-%,
X X, X
XX,
\l, e N> = M\ = 0[)
2= e+ (1) S\nzo/ OQJ;S “;”‘ﬂ; .
n o No e
\J/ X (a So N mﬂ v
A = \/(fxi,')(bzﬂf‘ (‘j,: 4732 (Dl{i’mw FOv\m(,JéLB

Ex Find the exact distance between points (-2,7) and (-5,-8).

Ve tn lef (XY= (’7\/7> & (XL/%)’; (‘TJ//—YB‘
%\'l &js'bmu, Por‘mu)a we 9tf

L= \[Co-cayeers) = Jerren - |mr] ,
N

eXacT ansuwe
r‘%u,' red !



EX|  Find the distance between (-2,7) & (-5,-8) rounded to two

decimal places and also to one decimal place.

Rounding to "two decimal places" means rounding to the nearest
hundredth (which keeps two digits to the right of the decimal point).

So: A= /234 = 15.29705... = |I5.30

Note: writing 15.3 is not quite correct, since it loses information
that is contained in the representation 15.30.

Rounded to ONE decimal place, the distance d is [15.3| g

Now we derive a midpoint formula. Given two points (x,,y,) and
(x,,y,) the midpoint between these points is the point on the line
segment connecting the points that is equidistant from (¥/,%,) asl

(2, Y2) .

d 4
(7(1)4']1\ o & o (yi;gz)
/VU{FOIV\*/ M
f
Ya (%a,%.)
/V\m{()owd’ M /\M&Folvﬁ/ M s «f
JJ{Q\Ajl T —\—I (X,HQ *}‘—(—{jﬁ
| — ==
Q490 | =0
9 1 ;
|
|
|
’ X
X X +X2 X




EX

Find the midpoint between the points (-2,7) & (-5,-8).

Ue wn ot (6,9)= 2,7) & (Xo,9.)= (-5,-7)

With the midpoint formula we then get the coordinates of the
midpoint:

T1it+ % ity _ 2+ (5 F4EDN _F
2 9 2 /2 _(z//"ﬂ

-

tx| Find the distance between (-7/2,-1/2) and (-2,7).
L-d’ (x‘)%D l),g g< (’X /775 - ( A ?)

&= oo bent = a2 m—%)*
= \ﬁ:u ?/Qer (ﬂ'/z) fl\ ( J 3T 157

2\1

— a3 — \/J\BL/ = | L Jazy
z 2 |z

A circle with center located at point (h,k) and radius r>0 is defined

to be the set of points (x,y) in the xy-plane that are a distance r from
(h,k).

YN (%,4)

L \f

(1)

N



So (%,y) lies on the Cirele i Loonly if (%) is & disTnee
e From (k). Wi The dasTance lomj& we have Jeﬂ\hﬁ

(X‘)Ajl\ = (/A)!k) L (7(1149)3; CX)?)/
JOC ALY+ (4-LF = 1

The center-radius form for the equation of our circle (called the
"standard form" in the textbook), is derived by squaring the
equation above, to eliminate the radical:

(«»A)ﬁ(«g,ﬁg@ = y\z (‘(,ij(ﬁrzmiius ’Powh

3%| Write the equation of the circle having center (-5,-3) and
radius \[5

We have cenler U")m wih h=-5 ¢ L=-3 , and
M\V@ T :\/? Eczwﬂ’l‘om O‘F C[m,e, s

<7< - (4)31 t(y- (4}51 - (5)

(X+5) F (4+3) = 5

[

5Y|  Find the center and radius of the circle having equation

?(lJrﬂf +11><~é} ~4 :O%

We will want to get the equation into center-radius form, which
will show us h, k, and r at a glance. To do this we need to
complete the square twice: once for each variable.

> This is the form that is usually called the "standard form" for the
equation of a circle: Ax*+B4*+Cx+Dy+E =0



B0+ (7= 6g) =1
(a2 k U (gh =gy + O = 4+ 604 03

halve L L / /
3 s ﬂH%MrL{ﬂ

(xre) + (437 = 44 >acom,m; he6, k=3,
(X=hY + @=L = 2 and =7 (41=7%)

Circle has center (-6,3) and radius 7.| []

GG| A line segment through the center of a circle intersects the

circle at points (3,6) and (5,4).

a) Find the coordinates of the circle's center.

b) Find the radius of the circle.

c) Write the circle's equation.

d) Being a set of points (and so a set of ordered pairs), the circle
is a relation. Find the domain and range of the relation.

"9/ A (3/0 &) Cu\’ke\r 07[\ drclﬂ is

WMidwau befween
(3,6) & (54). Wih

(5/‘1) the Wllo(jomv\)( Pormula vwe
find the cesfer T be o :

25 gH

Vv




\0} Radius of circle will be the distance between the center (4,5)
and, say, the point (3,6).

=\ (-0 = 1 =2

) Ve have () =(45) & r=yz so. (m/:-z

- bY -0 = 12 > | (-4 + (4-5) = 2

)@ Whenever given a graph of a relation, the domain of the
relation will be the set of x-coordinates of the points lying
on the graph, and the range will be the set of y-coordinates.

/\9/7_45 ________ (L( /7)




M)
X
n I ,2
L la \ 2 g X<
L.2.6 L J () =1 \ _
(x4l ] =
g p)
Graph f, and find the range of f.
M 2
; I
Y =2t
2 ﬂ—coowflnij’t_s wver
the hd'QV‘W\J [3/"")
L L /4/ \) >‘)(
v 2 N ¢
Aj:”,ix* T \Hélp n,{
lj—coord.lm‘zf&s A/ _y Il _l/~
ch\]pw.rc‘i’kt i‘ 1 TP
i v'T(vvlJ (- ”/C] l
Y/
n “\ | \j‘_‘__ —_q‘—- — [ | __q/\ L . I
_7l (—’},) — '—'—:-L(‘-3) g £ —> (" 3)/ /;,_) s a fo ull 6w The ra b,
n N\ } \Z AN )\
Fen)= - 56 = -2 > (=2,52) s 0w gryl
f1)= - 560 = -5 = (-1- A
{ \2
L(o) = ——-i(C)) = O (o{o)
£ has|a [hole ad' coov-dinddes 1 "’ii(i)l = (i‘ —Va
f() = 20041 =3 = (I3
(@) = 2@+ =5 —= (25
The range of f will be the set of y-coordinates of the points lying on
the graph of {..
( olul3 w
\ J T4 ) /. ‘MO‘T [3 l)l = (-—M} a<>> !




