DIFFERENTIATION IN EUCLIDEAN SPACE

10.1 — VECTOR SPACES

Most of the linear algebra results given in this section and the next are established in the
Linear Algebra Notes ([LAN]). Almost all of these results are proven in these pages, but some
have proof omitted and the reader is referred to the aforementioned notes. All needed definitions
and notations are given here, for the sake of convenience.

We begin with a general definition of the algebraic structure known as a vector space, and
later specialize to the setting needed for the analytical developments to come.

Definition 10.1. A vector space over a field F is a set V' of objects, along with operations
vector addition V xV — V (denoted by + ) and scalar multiplication F xV — V (denoted
by - or juxtaposition) subject to the following axioms:

VSl.u+v=v+u foranyu,veV

VS2. u+ (v+w)=(u+v)+w foranyu,v,weV

VS3. There exists some 0 € V' such that u+ 0 =u for anyu €V

VS4. For each u € V there exists some —u € V' such that u+ (—u) =0

VS5. For anya € F andu,v €V, a(u+v) =au+ av

VS6. For any a,b € F andu €V, (a + b)u = au+ bu

VS7. For any a,b € F andu € V, a(bu) = (ab)u

VS8. ForallueV, lu=u

The elements of V' are called vectors and the elements of the underlying field F are called
scalars.

Proposition 10.2. Let V' be a vector space, u € V', and a € F. Then the following hold.
1. Ou=0.

2. a0 =0.
3. Ifau=0, thena=0 oru=0.
4. (-1)u = —u.
Proof.
Proof of Part (1). Since u € V and 0 € F, we have Ou € V' by the closure property. Now,
Ou=0u+0 Axiom VS3
=0u+ [u+ (—u)] Axiom VS4

= (0u+u) + (—u) Axiom VS2
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= (0u+ 1u) + (—u) Axiom VS8
=0+ 1)u+ (—u) Axiom VS6
=1lu+ (—u)

=u+(—u) Axiom VS8
=0, Axiom V5S4

where of course 0 + 1 = 1 is a known property of real numbers.
The proofs of parts (2), (3), and (4) are left to the exercises. [

Definition 10.3. Let V' be a vector space. If W C V' is a vector space under the vector addition
and scalar multiplication operations defined on V- x V and F x V', respectively, then W is a
subspace of V.

In order for W C V to be a vector space it must satisfy the statement of Definition [10.]]
to the letter, except that the symbol W is substituted for V. Straightaway this means we
must have W #£ & since Axiom VS3 requires that 0 € W. Moreover, vector addition must
map W x W — W and scalar multiplication must map F x W — W which is to say for any
u,v € W and a € F we must have u+ v € W and au € W. These observations prove the
forward implication in the following theorem.

Theorem 10.4. Let V' be a vector space and @ # W C V. Then W is a subspace of V' if and
only ifau € W andu+v e W foralla € F and u,v € W.

Proof. We need only prove the reverse implication. So, suppose that for any a € F and
u,v € W, it is true that au € W and u+ v € W. Then vector addition maps W x W — W
and scalar multiplication maps F x W — W, and it remains to confirm that W satisfies the
eight axioms in Definition [10.1} But it is clear that Axioms VS1, VS2, VS5, VS6, VS7, and VS8
must hold. For instance if u,v € W, then u+ v =v + u since u,v € V and V is given to be a
vector space, and so Axiom VSI is confirmed.

Let u € W. Since au € W for any a € F, it follows that (—1)u € W in particular. Now,
(—1)u = —u by Proposition [10.2] and so —u € W. That is, for every u € W we find that
—u € W as well, where u 4 (—u) = —u + u = 0. This shows that Axiom VS4 holds for W.

Finally, since au € W for any a € F, it follows that Ou € W. By Proposition we have
Ou=0, so 0 € W and Axiom VS3 holds for W.

We conclude that W C V' is a vector space under the vector addition and scalar multiplication
operations defined on V' x V and F x V, respectively. Therefore W is a subspace of V' by

Definition [10.3 [ |
Definition 10.5. A vector v is called a linear combination of the vectors vy, ...,v, if there
exist scalars aq, ..., a, such that v=a;vy+---+ a,v,.

Definition 10.6. Let V' be a vector space and v,...,v, € V. We say vy,...,v, span 'V, or
V' is spanned by the set {vy,...,v,}, if for every v € V there exist scalars ay,...,a, such
that v.=aivyi+ -+ a,v,.
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Thus vectors vy,...,v, span V if and only if every vector in V is expressible as a linear
combination of vy,...,v,. If we define the span of v,...,v, to be the set

Span{vy,...,v,} = {Zaivi Sy, ..., 0, € IF} ,
i=1

then {vy,...,v,} spans V if and only if V' = Span{vy,...,v,}. More generally, for any S C V|
define Span(.S) to be the set of all linear combinations of vectors in S.

Definition 10.7. Let V' be a vector space and S = {vy,...,v,} C V be nonempty. If the
equation

avi+---+c¢,v,=0 (1)
admits only the trivial solution ¢y = --- = ¢, = 0, then we call S a linearly independent set
and vy,...,v, linearly independent vectors. Otherwise we call S a linearly dependent
set and vi,...,v, linearly dependent vectors. A basis for a vector space V is a linearly
independent set of vectors B that spans V.

We say V' is a finite-dimensional vector space if V' possesses a finite basis. The proof of
the following proposition is given in §3.6 of [LAN].

Proposition 10.8. Let V' be a vector space such that V = Span{vy,...,vp,}. Ifuy,...,u, €V
for some n > m, then the vectors uy,...,u, are linearly dependent.

Theorem 10.9. If By and By are two bases for a finite-dimensional vector space V', then
card(B;) = card(By).

Proof. Suppose By = {vi,...,v,,} and By = {uy,...,u,} are two bases for V, so that
card(B;) = m and card(Bs) = n.

Since Span(B;) =V, if n > m then uy, ..., u, are linearly dependent by Proposition ,
which contradicts the hypothesis that B, is a basis for V. Hence n < m.

Since Span(B;) =V, if n < m then vy,...,v,, are linearly dependent by Proposition [10.8]
which contradicts the hypothesis that B; is a basis for V. Hence n > m.

Therefore m = n, which is to say card(B;) = card(By). |

Since the cardinality of any two bases of a finite-dimensional vector space V' is the same, we
may meaningfully define the dimension of V' as follows.

Definition 10.10. If V is a finite-dimensional vector space and B is any basis, then the
dimension of V is dim(V') = card(B).

Definition 10.11. Let V' be a vector space and S C V a nonempty set. We call B C S a
maximal linearly independent subset of S if the following hold:

1. B 1s a linearly independent set.
2. For all A C S with card(A) > card(B), A is a linearly dependent set.

Proposition 10.12. Let V' be a vector space, and let S C V' be a finite set such that V =
Span(S). Then
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1. dim(V') < card(95).
2. If B C S is a mazimal linearly independent subset of S, then B is a basis for V.

Proof.
Proof of Part (1). By Proposition any set containing more than card(S) vectors in V' must
be linearly dependent, so if B is any basis for V| then we must have dim(V') = card(B) < card(95).

Proof of Part (2). Suppose that B C S is a maximal linearly independent subset of S. Reindexing
the elements of S if necessary, we may assume that B = {vy,...,v,.}. If r = n, then B = S, and
so B spans V and we straightaway conclude that B is a basis for V' and we’re done. Suppose,
then, that 1 <r <n. Foreach 1 <7 <n —rlet

Bi =BU {VT+i} = {Vl, ce ,VT,VTJF,L'}.

The set B; is linearly dependent since card(B;) > card(B), and so there exist scalars a;1, . . ., a;, b;,
not all zero, such that
a;1Vy + -+ @V + bivr—l—i = 0. (2)

We must have b; # 0, since otherwise becomes

aivi+ -+ apv, =0,

whereupon the linear independence of vy, ..., v, would imply that a;; = --- = a;, = 0 and
so contradict the established fact that not all the scalars a;1,...,a;.,b; are zero! From the
knowledge that b; # 0 we may write as
a;1 iy aw
VT+i:—b—iV1—"'—b_iVT: Zdz_]vj7 (3)
7j=1
where we define d;; = —a;;/b; for each 1 < i < n —r and 1 § j < r. Hence the vectors
V,i1,...,V, are each expressible as a linear combination of vy,..., v,.
Let u € V be arbitrary. Since vi,...,v, span V there exist scalars c¢q,...,c, such that

W= Vit eV,

and then from ({3) we have

n—r r n—r r
u=cvy+---+¢v,+ E CriiVpy; = E CjVj + E <0r+i E dijvj>

=1

= Z cjv; + Z Z Cryiijvi = Z cv; + Z Z Cryilij Vi

=1 j5=1 =1 =1

= E (CjVj + E C7‘+idijVj) = E <Cj + E Cr+idij>vj-
j=1 i=1 j=1 i=1
Setting

n—r
Cj = Cj + g CrJridij
i=1



for each 1 < j < r, we finally obtain
u=~¢vy+---+6v,

and so conclude that u € Span{vy,...,v,} = Span(B).
Therefore V' = Span(B), and so B is a basis for V. n

A useful concept closely related to that given in Definition [LI0.11], but not quite the same, is
the following]T]

Definition 10.13. Let V' be a vector space. A set B C V is a maximal linearly independent
set in V if the following are true:

1. B s a linearly independent set.
2. For allw € V such that w ¢ B, the set BU{w} is linearly dependent.

Proposition 10.14. If V is a vector space and S a mazximal linearly independent set in 'V,
then S s a basis for V.

Proof. Suppose that V' is a vector space and S = {vy,...,Vv,} is a maximal linearly independent
set in V. Let u € V. Then the set {vy,...,v,,u} is linearly dependent, and so there exist
scalars ag, ..., a, not all zero such that

aou + a;vy + -+ -+ a,v, = 0. (4)
Now, if ag were 0 we would obtain a;vy + - -+ + a,Vv,, = 0, whereupon the linear independence
of S would imply that a; = --- = a,, = 0 and so contradict the established fact that not all the
scalars aq, . .., a, are zero. Hence we must have ay # 0, and gives
a1 Qp,
U= ——V; — -+ — —V,.
Qo ao

That is, every vector in V is expressible as a linear combination of vectors in S, so that
Span(S) = V and we conclude that S is a basis for V. [

Theorem 10.15. Let V' be a finite-dimensional vector space, and let S C 'V with card(S) =
dim(V).

1. If S is a linearly independent set, then S is a basis for V.
2. If Span(S) =V, then S is a basis for V.

Proof.

Proof of Part (1). Setting n = dim(V'), suppose S = {vy,...,v,} C V is a linearly independent
set. Any basis for V' will span V' and have n vectors, so by Proposition the set S U {w}
must be linearly dependent for every w € V' such that w ¢ S. Hence S is a maximal linearly

independent set in V', and therefore S is a basis for V' by Proposition [10.14}

Proof of Part (2). Again set n = dim(V'), and suppose S = {vy,...,v,} is such that Span(S) =
V. Assume S is not a basis for V. Then S must not be a linearly independent set. Let B C .S

n comparing the two definitions, note the replacement of the words “subset of” with “set in.”
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be a maximal linearly independent subset of S. Then B cannot contain all of the vectors in .9,
so card(B) < card(S) = n. By Proposition [10.12|(2) it follows that B is a basis for V, and so

dim(V) = card(B) < n.

Since this is a contradiction, we conclude that S must be a linearly independent set and therefore

S is a basis for V. |
Theorem 10.16. Let V be a vector space with dim(V) =n > 0. If vy,...,v, € V are linearly
independent vectors for some r < n, then vectors v,i1,...,v, € V may be found such that
{v1,...,vp} is a basis for V.

Proof. Suppose that vq,...,v, € V are linearly independent vectors, where r < n. The set

S, ={v1,...,v,} cannot be a basis for V' since by Definition [10.10| any basis for V' must contain
n vectors. Hence S, cannot be a maximal linearly independent set in V' by Theorem and
so there must exist some vector v, 1 € V' such that the set

Srp1 =Sy UV} ={vi,..., v}

is linearly independent. Now, if  + 1 = n, then Theorem [10.15(1) implies that S,,; is a basis
for V' and the proof is done. If » +1 < n, then we repeat the arguments made above to obtain
successive sets of linearly independent vectors

SrJri - ST‘+7;71 U {Vr+i} = {Vl, Ce 7VT+/L'}
until such time that r 4+ ¢ = n, at which point the linearly independent set

Sp=Sn1U{vp} =A{vi,.. ., v, Vigr, .o, Vi )
will be a basis for V. [ |

Theorem 10.17. Let V' be a finite-dimensional vector space, and let W be a subspace of V.
Then

1. W s finite-dimensional.
2. dim(W) < dim(V).
3. If dim(W) = dim(V), then W =V,

Proof. If W = {0}, then all three conclusions of the theorem follow trivially. Thus, we will
henceforth assume W # {0}, so that dim(V) =n > 1.

Proof of Part (1). Suppose W is infinite-dimensional. Let w; be a nonzero vector in W. The
set {w1} cannot be a maximal linearly independent set in W since otherwise Proposition
would imply that {w;} is a basis for W and hence dim(W) = 1, a contradiction. Thus for
some k > 2 additional vectors wy, ..., w; € W may be found such that Sy = {w,..., wy}
is a linearly independent set of vectors in W. However, for no k£ € N can S, be a maximal
set of linearly independent vectors in W, since otherwise Proposition would imply that
dim(W) = k. It follows that there exists, in particular, a linearly independent set

{Wlu-”,wn—l—l} QWQV,
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which is impossible since by Proposition there can be no linearly independent set in V'
containing more than n vectors. Therefore W must be finite-dimensional.

Proof of Part (2). By Part (1) it is known that W is finite-dimensional, so there exists a basis
B = {wi,...,w,} for W, where m € N. Since B is a linearly independent set in V', and by
Proposition there can be no linearly independent set in V' containing more than dim(V') = n
vectors, it follows that dim(W) = m < n = dim(V).

Proof of Part (3). Suppose that dim(W) = dim(V) = n, where n is some integer since V is
given to be finite-dimensional. Let B = {wy,...,w,} be a basis for W, so that W = Span(B).
Since dim(V') = n and wy,...,w, € V are linearly independent, B is a basis for V' by Theorem
10.15(1). Thus V = Span(B), and we have V = W. |

We now narrow our focus. Throughout this chapter our vector space V' over F shall always
be euclidean n-space R™ over the field of real numbers R, and any subspace we consider shall be
a subspace of R"™. The elements of R™ shall be represented by column vectors:

-
R" = s, x, €RY
Tn

As usual we define vector addition and scalar multiplication in R componentwise:
T U1 [ 21 + 11 I axy
+| = : and a| ! | =
T Yn LTn 4 Yn T, axy,

A nonempty set S C R" is a subspace of R™ (and hence may itself be called a vector space) if
and only if it is closed under vector addition and scalar multiplication; that is, @ # S C R" is a
vector space if and only if x +y € S and ax € S for any x,y € S and a € R.

Recall the Kronecker delta function,

w-{y 17
1, =7
Define the vector e, € R™ to have ith component [e;]; = d; for each 1 < i < n. It is
straightforward to show that the set of vectors &, = {e1,...,e,} is a basis for R", called the
standard basis. Therefore
dim(R") =n
for any n € N.



10.2 — LINEAR TRANSFORMATIONS

A transformation (or mapping) we take to be a function between vector spaces or subsets
of vector spaces. Of particular importance is the notion of a linear transformation.

Definition 10.18. Let V and W be vector spaces over F. A transformation L :'V — W 1is
called a linear transformation if the following properties hold.

LT1. L(u+v) = L(u) + L(v) for allu,veV

LT2. L(au) = aL(u) for alla € F andu e V.

The zero transformation O : V. — W given by O(v) = 0 for all v € V is a linear
transformation. If U C V| then the symbol Oy may sometimes be used to denote the restriction
of O:V =-WtoU.

A linear operator is a linear transformation L : V' — V| which may also be referred to
as a linear operator on V. The identity operator [ is the linear operator on V' given by
Iy(v)=viforallveV.

Given vector spaces V and W over F, the symbol £(V, W) will be used to denote the set of
all linear transformations V' — W, that is,

LV,W)={L:V — W] L is a linear tranformation}.

We also define £L(V) = L(V,V); that is, L(V') denotes the set of all linear operators on V. As
is shown in §4.1 of [LAN]J, the collection £(V,W) is a vector space under the operations of
transformation addition and scalar multiplication given in Definition [10.18]

Definition 10.19. Let F : V — W be a transformation. The tmage of F' is the set
Img(F)={weW:F(v)=w for somev €V},
and the null space of F is the set
Nul(F) ={v eV : F(v) =0}

Note that the image of F' is the same as the range of F'. As with any function, the symbol
Dom(F') denotes the domain of a transformation F.

Proposition 10.20. If L € L(V, W), then the following hold.
1. L(0)=0
2. L(—v)=—L(v) forany veV.
3. For any ay,...,a, €F, vi,...,v, €V,

L (Z CLka> = akL(Vk).

k=1 k=1
4. Img(L) is a subspace of W.
Nul(L) is a subspace of V.
6. If Nul(L) = {0} and vy,...,v, € V are linearly independent, then L(vy),...,L(v,) € W
are linearly independent.

ot
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Proof.
Proof of Part (1). Using the linearity property LT1, we have

L(0) = L(0 +0) = L(0) + L(0).
Subtracting L(0) from the leftmost and rightmost sides then gives
L(0) — L(0) = [L(0) + L(0)] — L(0),
and thus 0 = L(0).
Proof of Part (2). Let v € V be arbitrary. Using property LT1 and part (1), we have
L(v)+ L(—v) = L(v+ (-v)) = L(0) = 0.

This shows that L(—v) is the additive inverse of L(v). That is, L(—v) = —L(v).

Proof of Part (3). We have L(a;vy) = a1 L(vy) by property LT2. Let n € N and suppose that
(a1vy + -+ +apvy) = a1 L(vy) + -« + a, L(vy,) (5)

for any ay,...,a, € F, vy,...,v, € V. Let ay,...,a,11 € F and vy,..., v, € V be arbitrary.
Then

L<Zmrl aiw) = L((a1vi + -+ auVa) + an1Vis)

i=1

= Llayvi+ -+ ayvy) + L(ani1Vni1) Property LT1
=a1L(vi)+ -+ a, L(vy) + L(ant1Vni1) Hypothesis
=a L(v1) + -+ a, L(vp) + ani1 L(Vii1) Property LT2

n+1
The proof is complete by the Principle of Induction.
Proof of Part (4). We have L(0) = 0 from part (1), and so 0 € Img(L).

Suppose that wy, wo € Img(L). Then there exist vectors vy, vy € V such that L(vy) = wy
and L(vy) = wy. Now, since vi + vy € V and

L(vi +vy) = L(v1) + L(vy) = Wi + Wy,

we conclude that wy + wo € Img(L). Hence Img(L) is closed under vector addition.
Finally, let a € R and suppose w € Img(L). Then there exists some v € V such that
L(v) = w, and since av € V and

L(av) = aL(v) = aw,

we conclude that aw € Img(L). Hence Img(L) is closed under scalar multiplication.

Therefore Img(L) C W is a subspace by Theorem |10.4]

Proof of Part (5). Since L(0) = 0 we immediately obtain 0 € Nul(L).
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Suppose that v, vy € Nul(L). Then L(vy) = L(v3) = 0, and since
L(vi+vy) = L(vy) 4+ L(vy) =0+ 0 =0,

it follows that v; 4+ vy € Nul(L) and so Nul(L) is closed under vector addition.
Finally, let a € R and suppose v € Nul(L). Then L(v) = 0, and since

L(av) = aL(v) =a0 =0

by Proposition [10.2] we conclude that av € Nul(L) and so Nul(L) is closed under scalar
multiplication.
Therefore Nul(L) C V' is a subspace by Theorem [10.4]

Proof of Part (6). Suppose Nul(L) = {0} and vy,...,v, € V are linearly independent. Let
ai,...,a, € F be such that
a;L(vy) + -+ a,L(v,) = 0.
From this we obtain
L(ayvi+ -+ a,vy,) =0,

and since Nul(L) = {0} it follows that
ayvy +---+a,v, =0.

Now, since vy, ..., v, are linearly independent, it follows that a; = --- = a,, = 0. Therefore the
vectors L(vy), ..., L(v,) in W are linearly independent. |

Proposition 10.21. Let V' be a finite-dimensional vector space over F, and let L € L(V).
Then the following are equivalent.

1. L 1s injective.
2. L is surjective.
3. Nul(L) = {0}.

Proof.
(1) <> (8). Suppose that L € L(V) is injective. Let v € Nul(L), so that L(v) = 0. By
Proposition we have L(0) = 0 also, and since L is injective it follows that v = 0. Hence
Nul(L) € {0}, and L(0) = 0 shows that {0} C Nul(L). Therefore Nul(L) = {0}.

Next, suppose that Nul(L) = {0}. Suppose that L(v;) = L(v3), so L(vy) — L(v2) = 0. Then

L(Vl — V2) = L(Vl) — L(Vg) =0

shows that vi — vy € Nul(L) = {0} and thus v; — vy = 0. Therefore v; = vy and we conclude
that L is injective.

(2) <+ (3). Suppose L is surjective. Let B = {vy,...,v,} be a basis for V, so dim(V') = n. For
any v € V there exists some u € V such that L(u) = v, and since u = ) ;_, a;vy, for some
ai,...,a, € F, by Proposition [10.20(3) we have v = 7, ayL(vx), which shows that the set
S = {L(v1),...,L(v,)} is such that Span(S) = V. Clearly card(S) < n = dim(V'), but also
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card(S) > dim(V') by Proposition [10.12 and therefore card(S) = dim(V') = n. By Theorem
10.15|(2) it follows that S is a basis for V', so S is a linearly independent set. Now,

Lu)=0 = Y @Lv)=0 = a=--=a,=0 = u=0,
k=1
and therefore Nul(L) = {0}.

Now suppose that Nul(L) = {0}. By Proposition [10.20|6) the set S is linearly independent.
Now, Img(L) is a subspace of V by Proposition [10.20)(4), and since Span(S) = Img(L) it follows
that S is a basis for Img(L). Thus dim(Img(L)) = card(S) = n = dim(V'), and by Theorem
10.17(3) we conclude that Img(L) = V. That is, L is surjective. |

Definition 10.22. Given transformations F : U —V and G : V — W, the composition of
G with F is the transformation G o F' : U — W given by

(GoF)(v)=G(F(v))
forall veU.

Proposition 10.23. Let Vi, Vs, V3 be vector spaces over F. If Ly : Vi — V5 and Ly : Vo — V3
are linear transformations, then the composition Ly o Ly : Vi — V3 is linear.

Proof. For any u,v € V; we have
(Lyo L1)(u+v) = Lo(L1(u+v)) = Ly(Ly(u) + Ly (v))
= La(Ly(0)) + La(La(v)) = (Ly o Ly)(w) + (Lg 0 L1)(v),
and for any a € F and u € V; we have
(Ly o Ly)(au) = La(Lqi(au)) = Le(aLi(u)) = aLs(Li(u)) = a(Lg o Ly)(u).
Therefore Ly o L is linear. [ |
Definition 10.24. Let F': V — W be a transformation. We say F is tnvertible if there exists

a transformation G : W — V such that Go F = Iy and F o G = Iy, in which case G is called
the inverse of F and we write G = F~1,

Proposition 10.25. If F': V. — W s an invertible transformation, then
Img(F~') =Dom(F) =V and Dom(F~')=Img(F)=W,

and for allveV,weW,
Fv)=w < Fliw)=v.

Proof. Suppose that F': V — W is invertible, so that there is a transformation F~!: W — V
such that F~'o F = I}, and Fo F~! = [y;. From this it follows immediately that Img(F~!) C V
and Img(F) C W.

Let v € V, so that F(v) = w for some w € W. Then

Friw)=F Y FW)=F"ToF)(v)=1Iy(v)=v
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shows that v € Img(F 1), and so Img(F~1) =V and
Fv)=w = Flw)=v

forall veV.
Next, for any w € W we have F~!(w) = v for some v € V, whence

Fv)=FF Yw)) = (FoFHw)=Iyw)=w
shows that w € Img(F'), and so Img(F') = W and
Flw)=v = F(v)=y
for all w e W. n

An consequence of the foregoing is the following theorem, the proof of which is left as a
straightforward exercise.

Theorem 10.26. A transformation F : U — V is invertible if and only if it is a bijection.

Proposition 10.27. If F': U — V and G : V — W are invertible transformations, then
(GoF)'=F1oG™

Proof. Suppose F': U — V and G : V — W are invertible transformations. Then F and G

are bijective by Theorem [10.26] from which it follows that G o F' is likewise bijective and so

(Go F)™': W — U exists. That is, G o F' is invertible.

Let w € IW. Then (G o F)~}(w) = v for some v € U, and by repeated use of Proposition
[10.25] we obtain

(GoF) ' w)=v & (GoF)(v)=w & GF(Vv)=w
& Fv)=G1'w) & v=F1GYw)).
& (FloGHw)=v

Hence

(GoF)H(w)=(F oG )(w)
for all w € W, and we conclude that (Go F)™! = F~ 1o G7L. n

Proposition 10.28. If L : V — W s an invertible linear transformation, then its inverse
L™ : W — V is also linear.

Proof. Suppose that L : V — W is an invertible linear transformation, and let L= : W — V
be its inverse. Let wi,wy € W. Then L™'(w;) and L™ (wy) are vectors in V, and by the
linearity of L we obtain

L(L™H(wy) + L7H(w2)) = L(L™}(w1)) + L(L™(wy))
= (Lo L ™Y (wy) + (Lo L ") (w»)

= Iw(w1) + Iy (Wa) = w1 + Wy
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LY (w4 wa) = LTH(L(L™ (wi) + L7 (W2))) = (L7 o L) (L™ (W1) + L7 (w2))
Hwi) + L7 (wa)) = L7 (wi) + L7 (w).
Next, let w € W and let a be a scalar. Then aL~!(w) is a vector in V, and from
L(aL ' (w)) = aL(L™Y(w)) = a(L o L") (w) = aly(w) = aw
we obtain
L aw) = L™ (L(aL ' (w))) = (L' o L)(aL™*(w)) = Iy (aL™*(w)) = aL ™' (w).

Therefore L1 is a linear transformations. [ |

Definition 10.29. Given linear transformations Ly, Ly : V — W, we define the transformation
Li+ LoV —W by
(Ll + LQ)(V) = Ll (V) + LQ(V)

for each v e V.
Given linear transformation L :V — W and a € F, we define aL :' V — W by

(aL)(v) = aL(v)
for each v € V. In particular we define —L = (—1)L.

Proposition 10.30. Let F,Fs : U — V and G,Gy : V. — W be transformations, and let
a €F. Then

1. (GliGg)OFl :GloFlitGgOFl

2. Gio(F1 £ F,) =G0 Fy £GyoFy if Gy is linear and V' and W are vector spaces.
3. (aGl) o) F1 = CL(Gl e} F1>

4. Gyo(aFy) = a(Gyo Fy) if Gy is linear and V' and W are vector spaces.

Proof.
Proof of Part (1). For any u € U

(G1+ G2) o F1)(u) = (G1 + Go)(Fi(u)) = G1(Fi(u)) + Go(Fi(u))
= (Gyo F1)(u) + (Gyo Fy)(u) = (G o Fy + Gy 0 Fy)(u),
and therefore (G +Gq)o F} = GyoFy+Gyo Fy. The proof that (G —Gy)oFy = GhoFy —GyoFy
is similar.
Proof of Part (2). For any u € U
(Gro (F1 + Fy))(u) = Gi((F1 + F2)(u)) = Gi(Fi(u)) + Fz(u))
= G1(F1(u)) + G1(Fy(u)) = (G1 0o Fi)(u) + (G 0 F3)(u)
= (Gy o F1 + Gy o Fy)(u),
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where the third equality obtains from the linearity of G;. Therefore
Gio(Fi+F)=Gio0F +GioF,

if 1 is linear. The proof that Gy o (F} — Fy) = G 0o F} — Gy o F; if Gy is linear is similar.
Proof of Part (3). For any u € U

((aGh) o F1)(u) = (aG1)(Fi(u)) = aGi(Fi(u)) = a(Gy o F1)(u),
and therefore (aGy) o F} = a(Gy o FY).
Proof of Part (4). Suppose that G is a linear transformation. For any u € U

(Gro(aFy))(u) = Gi((aF)(u)) = Gi(aFi(n)) = aGi(Fi(u)) = a(Gy o F1)(u),

where the third equality obtains from the linearity of G;. Therefore G; o (aF}) = a(G; o F}) if
G is linear. [ |

For convenience we present the following theorem which puts together many salient results
concerning linear operators.

Theorem 10.31 (Invertible Operator Theorem). Let V be a finite-dimensional vector
space, and suppose L € L(V'). Then the following statements are equivalent.

1. L is invertible.

2. L is an isomorphism.
3. L is injective.

4. L is surjective.

5. Nul(L) = {0}.

6. rank(L) = dim (V).

Proof.
(1) = (2): If L is invertible, then it is a bijection by Theorem [10.26, and hence an isomorphism.

(2) = (3) = (4) = (5): If L is an isomorphism, then it is immediate that L is injective.
Statements (3), (4), and (5) are equivalent by Proposition |10.21}

(5) = (6): Suppose Nul(L) = {0}. Then L is surjective by Proposition [10.21], which is to say
Img(L) =V, and therefore rank(L) = dim(V').

(6) = (1): Suppose rank(L) = dim(V). Then dim(Img(L)) = dim(V), and since Img(L) is a
subspace of V by Proposition [10.20(4), by Theorem [10.17(3) it follows that Img(L) = V. Hence
L is surjective, whereupon Proposition [10.21| gives that L is also injective, and then Theorem
implies that L is invertible. [
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n

Let V' and W be finite-dimensional vector spaces over R with bases B = (b;)}_; and

C = (c;)™,, respectively. Given v € V| there exist vy, ...,v, € R such that

n
VvV = E Ujbj,
=1

and then the B-coordinates of v are

[V]s =

Let L € L(V,W). For each 1 < j <n we have L(b;) € W, so there exist ay;, ..., ay; € R such
that

L(bj) = aici,
i=1
and thus the C-coordinates of L(b;) are
ayj

[L(bjle=1| : |. (6)

CLmj
Now, by the linearity properties of L,

n

L(V) = Z UjL(bj) = Z Uy <Z aijci> = (Z UjCLZ‘j) C;. (7)

j=1 j=1 i=1 \j=1

Thus the C-coordinates of L(v) are

> i1 a1
[L(v)]le =
Z?:l Ujmyj
Defining the matrix
@11 - Qin
A =laglmn=1] 1+ . 1|,
Ui+ Qo

it’s straightforward to check that A[v]g = [L(v)]c. The matrix A is called the matrix
corresponding to L with respect to B and C, or simply the BC-matrix of L, and is
denoted by [L]ge. Thus

[L]se[v]s = [L(V)]e-
Recalling (6]), we see that [L]gc may be defined in terms of its column vectors as
[Llse = | [L(B)]e -+ [L(bu)le |. (8)

This matrix may be denoted by [L] if context makes clear what bases are under consideration
for the vector spaces involved.
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Now, if L € L(V,W) is given to have BC-matrix A = [a;;]m.n, it is immediate that for any
v € V with B-coordinates as before we must have L(v) given by . Therefore there is a
bijective correspondence between the elements of £(V, W) and the elements of Mat,, ,(R).

Now let us return once again to euclidean vector spaces. Let L € L(R",R™). Let &, = (e;)_,
and &,, = (€)1, be the standard bases for R" and R™, respectively. For each 1 < j < n we
have

m ayj
Liej) = > aiei=| i | =[L(e)j)le,

i=1 (mj

for some ayj,...,an; € R, and thus by we have

aiy cc Qip
[Lle.e,, =

Am1 - Omn
as the &,,&,,,-matrix of L.

As shown in §4.5 of [LAN|, a change of bases for V' and W will result in a change in the
corresponding matrix for L € L(V,W). In the case when L € L(V), regardless of what basis
B is chosen for V| the matrix [L]s := [L]|ps will be a square matrix, and as shown in §5.4 of
'LAN]| the value of the determinant of [L]sz will remain the same. Thus we may define the
determinant of any L € L(V) to be

det(L) = det([L])
without ambiguity.

Remark. Let V be a finite-dimensional vector space. As can be seen from the Invertible
Operator Theorem above, in conjunction with the Invertible Matrix Theorem in §5.3 of [LAN],
a linear operator L € L(V) is invertible iff [L] is invertible iff det([L]) # 0 iff det(L) # 0. This
fact can be used to cast certain upcoming results in the language of matrices and determinants
that is frequently more convenient in practical applications.


http://faculty.bucks.edu/erickson/math260/260chap4.pdf
http://faculty.bucks.edu/erickson/math260/260chap5.pdf
http://faculty.bucks.edu/erickson/math260/260notes.html
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10.3 — THE NORM OF A LINEAR TRANSFORMATION

The euclidean norm for R", denoted by || - ||, is defined thus: if x = [z1,...,2,]" € R",

then
n
_ 2
el = /30 a2

Henceforth we assume that any euclidean space R™ is given the euclidean norm, which induces
the euclidean metric d. : R" x R — R given by

de(x,y) = [lx =yl
so that R™ is taken to be the metric space (R™,d,). It is straightforward to check that
% +yll < x|l +llyll and [lax] = |af||x]] (9)

for any x,y € R” and a € R.

Presently the definition of the norm of a linear transformation between two euclidean spaces
will be given, although the notion may easily be generalized to apply to arbitrary normed vector
spaces. First, we define the open standard unit ball in R" to be

B" ={x e R": |x]| < 1},
and we define the closed standard unit ball in R™ to be

B" =B"UOB = {xcR": ||x|| < 1}.

We now give the definition of the norm of a linear transformation L : R" — R™, which like the
euclidean norm of a vector x € R™ will be indicated by the symbol || - ||. This will not give rise
to any ambiguity.
Definition 10.32. The norm of L € L(R" R™) is

IL]| = sup [[L(x)].

x B

Theorem 10.33.

1. If L € L(R™",R™), then | L|| < oo and L is uniformly continuous on R™.
2. If L, Ly, Ly € LIR",R™) and a € R, then

1Ly + Loll < |Lall + [[L2ll - and [laL| = [al[|L]].
3. For all Ly, Ly € L(R™,R™) define
dsup(LlaLZ) = HLl - LQH

Then (L(R",R™),ds) is a metric space.
4. If Ly € L(R™,R™) and Ly € L(R™ R¥), then

| Lo o Ly|| < || Lall||L1]]-
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Proof.
Proof of Part (1). Let {ey,...,e,} be the standard basis for R". Fix x € B", so x = >_,_, 7x€x

with
Zk 1

and thus |z| <1 for all 1 <k < n. Now, recalling Proposition [10.20)3) and also (9),

Zka ey)| < Z [z, L(er)]| = Z || [| L(ex)[| < Z I L(ex)]

We see that Yy, |[L(ex)| is an upper bound on ||L(x)]| for x € B", and therefore

??‘

I1L(x

IL] = sup [[L)] < [[LH)]| < o0

xeB”

Proof of Part (2). Suppose L, L, Ly € L(R",R™) and a € R. Recalling (9), for any x € B" we
have
(L1 + La)(x)[| = [ L1(x) + La(x)|| < [[Lo(x)[| + ([ L2 ()] = 1Ll + [ L2,

which shows that ||L;|| + || L2|| is an upper bound for the set
S ={ll(L1 + L)(x)]| : x € B"},
and so the least upper bound for S is at most || Ly || + || L2]|:
[1L1 + Lol = sup [|(Ly + L) (x)[| = sup(S) < [[Laf| + || Ll

x B
Next, for any x € B",
[(aL)(x)[| = llaL(x)|| = |all[L(x)]| < [al||L]],
and so

laL]l = sup [[(aL)(x)[| < |al[[L]].

x€eBn

Proof of Part (3). Suppose L, Ly, Ly € L(R", R™). Clearly deuwp(L, L) = 0, dsup(L1, L2) > 0,
and dgup(L1, L2) = dsup(L2, L1). Moreover, by part (2),

dsup(L1, L) = || Ly — La|| = |[(L1 — L) + (L — L) |
< ||L1 - LH + ||L - L2|| - dsup(Ll’L> + dsup(L’L2)-
Finally, suppose that dg,, (L1, Lo) = 0, so that

sup de(Ll(x),Lg(x)) = sup IIL1(x) — Loy(x)]| = 0.
x€Bn xeBn
Thus do(L1(x), Ly(x)) = 0 for all x € B", and since (R™,d,) is a metric space it follows that
Li(x) = Ly(x) for all x € B". Now let y € R"\ {0} be arbitrary, and let x = y/||y||. Then
Li(x) = Ly(x) since x € B". Now,

Li(x) = La(x) = [ly[lLa(x) = [ly[[L2(x) = Li(llylx) = La(llyllx),
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giving L1(y) = Lo(y) and hence L; = Ly. Therefore dg,, is a metric for L(R"™, R™).

Proof of Part (4). Suppose L; € L(R", R™) and L, € L(R™,R¥). We have

[L2]l = sup [|La(x)[| and [[L1]| = sup [[Ly(x)]]
xeBm x ER"
[IZ2 (ol ( )|

Fix x € B", and first suppose that Ll(x) # 0. Then
Ly (x)
IEa(La 6 = | -y Ea(Ea) | = 2 (o )| < el
| L1 ()] L1 (=)
since L;(x)/||L1(x)|| € B™, and thus
Lo (La (R < ([ Lafl{| La ()| < [ Lal[[[ L -

If Li(x) = 0, then we apply Proposition |10.20(1) to obtain |[La(L1(x))|| = 0 < || La||||L1|| once
more. Hence ||Ls||||L1]| is an upper bound for the set

{II L2 (L1 (x))]] : = € B"},

and therefore
[ L2 o Ly|| = sup [[La(La(x)]| < [[Lafl|| L,
x €Bn

as desired. [ |

Remark. Another useful fact about L € L(R",R™) is that | L(x)| < ||L]|||x|| for any x € R™.
This is clearly true when x = 0: recalling Proposition [10.20{(1) and Theorem (10.33(1), we simply
obtain 0 = 0. If x # 0, then

bt = (ot )| = (%)

For each n € N the general linear group of degree n, denoted by GL,(R), is the set of
all invertible linear operators on R™. That is,

GL,(R) ={L € L(R") : L is invertible}.
In light of Theorem [10.26| and Proposition 10.21} we may write
GL.(R) = {L € L(R") : Nul(L) = {0} }.

[} < LTIl

since x/||x|| € B™.

It is left as an exercise to show that GLR(R) is a group under the “multiplication” operation of
function composition o given by Definition [10.22]

Theorem 10.34.
1. Let L € GL,(R) and A € L(R™). If

IA = LINL < 1,

then A € GL,(R).
2. GL,(R) is an open subset of (L(R™), dsup)-
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3. The mapping Inv : (GL,(R), dswp) — (GL,(R), dsup) given by Inv(L) = L' is a homeo-
morphism.

Proof.
Proof of Part (1). Suppose A ¢ GL,,(R). Then A is not a bijection by Theorem [10.26, which is to
say A is either not injective or not surjective. By Proposition [10.21]it follows that Nul(A) # {0},

and so there exists some x, # 0 such that A(xg) = 0. Let Xy = xo/||Xo||, 0 %o € B" with
|xo]| = 1. Noting that Nul(L) = {0}, we have L(xq) = yo # 0. Now,

(A = L)(%o)l| = 10 = L(xo)[| = [IL(x0)]| = [lyoll
shows that ||[A — L|| > |lyol| > 0. Also

HL< )H 1L o)l %ol 1
Tyol ol lyvoll ~ Tol

shows that ||L7!|| > 1/||yo||- Thus

IA = 2027 2 ol 7 ) =
Proof of Part (2). Fix Ly € GL,(R), so ||[Lg'|| > 0. Let L € L(R") be such that

1
1L = Lol <
[0

Then || L — Lo|||| Ly ]| < 1, and so by part (1) it follows that L € GL,(R). Thus the open ball

B(Lo) is a subset of GL,(R) for € = 1/||Ly"||. This shows that every point in GL,(R) is an
interior point, and therefore GL,,(R) is an open set.

Proof of Part (3). 1t is clear that the mapping Inv is a bijection. Fix Ly € GL,(R), and let

€ > 0. Choose ]

b=
1L Lg |

and suppose that ||L — Ly|| < 0. Now,

IL = Lo|| < ILTHNE = Lollll Lol < e,

€

LML

and so by Theorem [10.33(4) we obtain
IL7" = Lol =17 o (Lo = L) o Lg || < [IL7H I Lo — LIl Lo | <ce,

observing that ||Ly — L|| = ||L — Ly|| by Theorem [10.33(2). Hence Inv is continuous, and since
Inv! = Inv we conclude that Inv is a homeomorphism. |

Proposition 10.35. Let (X,d) be a metric space, and for each 1 < i < m, 1 < j < n let

: X — R be a continuous function. Let &, = (e;)7_, and &, = (&;){, denote the standard
bases for R™ and R™, respectively. If © : (X,d) — (E(R” R™), dsup) is given by O(p) = Ly,
where [Lyle, e, = [aij(p)|mn, then © is continuous on X.
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Proof. Fix p € X. Let ¢ > 0 be arbitrary. Choose § > 0 such that p € X with d(p,p) < ¢

implies
€

’&ij(p) - al](ﬁ” < \/ﬁ
foralll1 <i<mand 1l < j <n. Fixpe X with d(p,p) < ¢, and let L, = O(p) and
L; = O(p), so that [L,)e.e,, = [aij(p)lmn and [Lyle, e, = [aij(D)lmn. Recalling (7)), for each
x = [z1,...,2,]" € R" we have

— Z (Z aij(p)ffj) €, and Ly(x)= Z (Z aij(]a)in) €.

j=1

Hence, recalling the Schwarz Inequality,

1Ly — Lp) () = Z ( ’ [aij(p) — aij(ﬁ)}%)

S Jai(p) — ay (@)1

i=1 j=1

for all x € R™. Thus
dsup (O(p), ©(P)) = Iy — Lyll = sup [[(L, — L) (%)

xeB”
1/2
— sup HXH(ZZ ai;(p) — as; (p )}2>
x€Bn i=1 j=1
1/2 mon g \1/2
(ES o -wor) <(E50) -
i=1 j=1 i=1 j=1

Therefore © is continuous at p, and we conclude that © is continuous on X. |
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10.4 — THE TOTAL DERIVATIVE

Definition 10.36. A transformation F : S C R™ — R™ is differentiable at x if there is an
open set U C R™ with x € U C S, and linear transformation dFy € L(R™,R™), such that

L IFGe+h) — FGo — dE()]

h—0 |||
in which case we call dFy the total derivative (or differential) of F' at x. We say F is
differentiable on U if it is differentiable at x for all x € U.

0, (10)

Proposition 10.37. If F': S C R™ — R™ is differentiable at x, then the linear transformation
dFx € L(R™,R™) for which holds is unique.

Proof. Suppose Ly, Ly € L(R™,R™) are such that
o IFGH ) = Feo = L) L[PGt h) = F(x) = Lo(h)|

h—0 [l h—0 [
For all h € R”\ {0} we have, by the Triangle Inequality,
[La(h) = Lo()]| _ || = F(x +h) + F(x) + Li(h) + F(x + h) = F(x) = Ly(h)]|
[[h] B [[h]
[F(x+h) - F(x) = Li(h)]| [[Fx+h)-F(x)— Ly(h)]
- B ’ [ |

=0.

and since

i (LG 1) = PO =L))o = B0
h-0 [l [l
the Squeeze Theorem implies that

L1 (h) — Lo(h)|

s
Thus for fixed y € R™\ {0} we have
Li(ty) — Lo(t
fi 1228 = L@l _
10 Iyl
but also we have
— tI(||L — L —
lim | L1 (ty) — Lo(ty)| _ im| |(|| 1(y) 2(}’)”) ~im | L1(y) — Lo(y)||
10 [yl 10 It Iyl 10 [Nl
_1B) — L)
Iyl
It follows that
14(y) = LIl _
Iyl ’

and hence L;(y) = Ls(y) for all y # 0. Since L1(0) = L2(0) = 0 by Proposition [10.20)(1), we
conclude that Ly = L. [ |
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We introduce a bit of notation for the next proposition. Given a set A in a vector space V',
define for any v € V' the set
A+v={a+v:ac A}
Also define A —v = A+ (—v).

Proposition 10.38. A transformation F' : S C R" — R™ is differentiable at x if and only
if there is an open set U C R™ with x € U C S, some L € L(R",R™), and a transformation
R:R"™ — R™, such that

R(h) = F(x+h) — F(x) — L(h) (11)
forallh € U —x and 1R
. [[RM)|
w

Proof. Suppose F': § C R" — R™ is differentiable at x. Then there is an open set U C R"
with x € U C S, and a linear transformation dFy : R® — R™, such that holds. Define
R:R"™ — R™ by
R(h) = F(x+h) — F(x) — dFx(h)

for all h € U — x. Since U is open, there exists some € > 0 such that x +h € U for all h € R"
with ||h|| < €, which is to say h € U — x and so B.(0) C U — x. We then obtain

g B[P+ h) - F(x) - dE D)

h—o | h|| h—0 Y] ’

as desired.
Now suppose there is an open set U C R" with x € U C S, some L € L(R",R™), and a
transformation R : R™ — R™, such that holds for all h € U — x and ||R(h)||/||h|| — 0 as

h — 0. Then
_|[F(x+h) — F(x) — L(h)| [ ()]

Wl ] R T

and so F is differentiable at x by Definition [10.36 (with L = dFy by Proposition [10.37). W

In Proposition [10.38]it is immaterial how the transformation R is defined outside U — x, and
so we may simply set R =0 on R"\ (U — x). The alternate characterization of differentiability
established by the proposition is frequently given as the definition of differentiability in the
literature.

Proposition 10.39. If L € L(R™",R™), then dLx = L for all x € R™.

Proof. Suppose L € L(R™,R™), and fix x € R". For any h € R", since L(x+h) = L(x)+ L(h),
we have

L(x+h) — L(x) — L(h) = L(x) + L(h) — L(x) — L(h) = 0

and so I b I I(h
h—0 Hh” h—0
obtains easily. This shows that dLy, = L. |

Proposition 10.40. If F': S CR® — R™ s differentiable at x, then it is continuous at X.
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Proof. Suppose F is differentiable at x. By Proposition [10.38| there is an open U C Dom(F)
with x € U such that
F(x+h)— F(x) = R(h) + dFx(h)

for all h for which x + h € U, where ||R(h)||/||h| — 0 as h — 0. Fix ¢ > 0. By Theorem
10.33|(1) the linear transformation dFy is continuous at 0, and so there exists some d; > 0 such
that ||h| < 0, implies

€
ldEx(h)]| = [|[dFx(h) — dE(0)] < 5.
Also [|[R(h)||/||h]] — 0 as h — 0 implies that R(h) — 0 as h — 0, and so there exists some

d2 > 0 such that [|h| < Jy implies ||R(h)|| < ¢/2. (Observe that ||h|| < d, also implies that
x +h € U.) Suppose € € Dom(F) is such that || — x| < min{d;,d>}. Then & € U with

laF(€ ~ ) < 5 and IR - x)l| < 5.

2
and so
I1F(€) — F&X)|| = [F(x+ (§ =x)) = FX)|| = [[R(§ — x) + dFx(§ — x|
< [[R(E = x)[| + |dF(§ =x)[| <.
Therefore F' is continuous at x. |

The following Chain Rule can help to determine whether a given transformation H is
differentiable at some point in the interior of its domain, and if it is, to then find the total
derivative of H at that point. However, it is necessary to characterize H as a composition of
two transformations G and F' whose differentiability and relevant total derivatives are known.

Theorem 10.41 (Chain Rule). Let U C R and V. C R™ be open. If F : U — R™ is
differentiable at x € U, F(U) CV, and G : V. — R* is differentiable at F(x), then G o F is
differentiable at x with

d(G o F)x = dGF(X) @) de

Proof. Suppose F' : U — R™ is differentiable at x € U, F(U) C V, and G : V — R’ is
differentiable at F'(x). Let

R(h) = F(x+h) — F(x) — dFx(h)
for all h € R™ such that x + h € U, and let
T(K) = G(F(x) + k) — G(F(x)) — dGre) (k)

for all k € R™ such that F(x) + k € V. Also define
(h) = 1B 17 ()|
] el

Then limy,_,0 d(h) = 0 and limy_, €(k) = 0 by Proposition [10.38|
Now, for each h € R™ for which x +h € U, set k = F(x+ h) — F/(x). Then, recalling the
remark after the proof of Theorem [10.33]

k]| = [[F(x +h) = F(x)|| = |[dFx(h) + R(h)|

and €e(k) = (12)
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< [[dF(h)|| + [[R(h)[| = [|dFx|[[[h] + 6 (k)] (13)
and
(GoF)(x+h)—(GoF)(x)— (dGpx) o dFx)(h)

(
= G(F(x+h)) - G(F(x)) — (dGFx) o dFx)(h)
= G(F(x) + k) — G(F(x)) = (dGp(x) o dFx)(h)
= dGpx) (k — dFx(h)) + T'(k)
= dGrx)(R(h)) + T'(k).

By and we have, for any h # 0,
[(G o F)(x+h) — (Go F)(x) ~ (AGru 0 dR)(h)]| _ [[AGruy(R(h) + T(k)]

i N i
4G reo (R + [TE[] _ [dGre [l R[] + [T)]
- [l - [l
() [[dG po [[ [ ]] + e(le) k]|

k]| 5(h)||dGF(x)H +6(k)[”de|| —|—5(h)}.

As h — 0 we have d(h) — 0, and thus k — 0 by (13). Since e(k) — 0 as k — 0, we find that
fim (3(1) 4G o] + €0 [[4F]| + 6(1)]) = 0,
and therefore
(@0 F)(x 4 h) — (G0 F)(x) ~ (G 0 dF) (W)
h—0 |||

Since dG p(x) o dFy is a linear transformation by Proposition [10.23] we conclude that G o F is
differentiable at x, with d(G o F')x = dGp(x) o dFk. [ |

= 0.
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10.5 — PARTIAL DERIVATIVES
Let F: S CR" — R™ be a transformation, and let &, = (eq,...,e,) and &, = (€1,...,€y)

be the standard (ordered) bases for R™ and R™, respectively. For each x € R"™ we have
F(x) € R™, and thus

F(x) = Z Fi(x)e;

for some real-valued scalars Fj(x), ..., F,,,(x). In the notation of &,,-coordinates,
Fi(x)
Fx)=1 |
Fin(x)

which we may sometimes write as
F(x) = (F(X)..., Fu(x)). (14)

where the functions F; : S C R" — R are called the components of F'. In the notation of
&n-coordinates each x € R" is given by

x
X =
Tn
for some x1,...,z, € R, and for each 1 < i < m we define
Ty
Fi(zy,...,z,) = F; : = F;(x). (15)
Tn

We see that each Fj is a real-valued function of n real-valued independent variables.

Definition 10.42. Let F': S C R" — R™ be as above. For x € Int(S) we define, for each
1<i<mandl1 <j<n,

(0,F)(x) = lim 2 f5) = Filx)

t—0 t ’

provided the limit exists.

More explicitly we have

(0, F) (21 . ):hmﬂ(ﬁh-..,xﬁrt,...,xn)—E(xl,...,a:n)
Jrt y e an

t—0 t ’

which shows the limit to be the derivative of F; with respect to the variable z; while keeping
the other variables fixed at the values x1,...,2,;_1,211,...,2,. For this reason we call J;F; the
partial derivative of F; with respect to x;, also denoted by 9, F;.



27

Theorem 10.43. Let &, = (e;)7_, and &, = (€;)i, be the standard bases for R" and R™. If
F: S CR"— R™ is differentiable at x, then all partial derivatives (0;F;)(x) exist, and
dFy(ej) = Y (0;F)(x)e;
i=1
forall1 <j<n.

Proof. Suppose F': S C R" — R™ is differentiable at x. Letting (dFy); denote the components
of dFy : R® — R™, so that

m

dF(h) = (dFy)i(h)e;
=1
for each h € R", we have

[F(x+h) - F(x) - dF(h)]

0= lim

h—0 |l
. |Ix= Fi(x +h) = Fi(x) = (dFy)i(h)
= lim €;
h—0 Zzl ||h|
1/2
i [S () ) - @Y ]
~ h>0 — |h|| ’
and so )
(R h) — F) - (@B
h—0 < |Ih|
Thus for any 1 < j < n we have
m 2
i S (T tey) = Filx) = (dBilte;) ) _
150 & l|te;|
=1
and hence )
0y USRI UG
t—0 t

i=1
It follows that, for any 1 <i < m,
E@+¢%%—E@%—MM§M%):hm(5@+¢%%—5&)
t

lim

t—0 t t—0

- (@Ri(e)) =

which implies that

o Flxttey) — Fi(x)
(0,F)(x) = lim :

= (dFx)i(e;)

forall 1 <7 <m and 1 < j <n. This shows that all partial derivatives of F' exist, and moreover

m

dFy(e;) = > (0,F)(x)e;

i=1
forall 1 <j<n. [ |
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Given F': S CR" — R™ is differentiable at x, for any h = Z?:l hje; € R"™ we have

SR DOTTOES 3 (9 STEIEAES i p TSI

j=1 i=1 i=1 \j=1

by Theorem [10.43] and so the &,,-coordinates of (dFy)(h) € R™ are seen to be
> i1 (07 F1) (x)hy

[(dFX)(h)}gm = :
S (0, Fa) 0k,
Since
(O F))(x) - (0,F1)(x)] [ > i1 (05 F) (x)hy
OF)) - OB ) [T @F00n |

we see that the matrix corresponding to dFy with respect to the bases &, and &,, (what may be
called the &,&,,-matrix for dFy) is

(OF)(x) - (OuF1) (%)
[dFde, e, = : : 7 (16)
(O Fm)(x) - (Onkim)(x)

or more compactly

AR = [(9;F)(x)]

mn’

which is in agreement with (8)) in the general treatment. That is, [dFx|e,¢,, is the unique matrix
for which

[AF e, &, [hle, = [(AF)(M)],

holds for all h € R™. Since it is understood that we are working with the standard bases for R"
and R™, we may simply write

[dFJh = (dF5)(h),

where h and (dFx)(h) are column vectors. Commonly the symbol dFy is used to denote the
matrix [dFy], and so [dFy|h is further simplified to dFih.

In the case when m = n, which is to say F': S C R” — R", then the matrix becomes a
square matrix provided that F' is differentiable at x. The determinant

(O ) (x) - (OnF1)(x)
JF(X) = det ([de]gngn) = (17)
(O Fn)(x) - (OnF)(x)
is the Jacobian of F at x, which may also be denoted by det(dFy). If F' is differentiable on
an open set U C S, then Jp: U — R.

Partial differentiation of a function f: .S C R™ — R follows the same rules given in Chapter
5 for the differentiation of a real-valued function of a single real variable, and so offers a
straightforward means of determining the total derivative of a transformation /' : S C R® — R™.
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Example 10.44. In the classical study of the differential geometry of surfaces the notation
employed may be quite different ] A surface ¥ C R? is typically characterized as the trace of a
parametrization x : S C R? — R3 given by

x(u,v)
u
x([u])={ e |
v
2(u,v)
where here we assume the standard bases for R? and R®. Note the bold-facing used in the

function’s symbol, which is not a notational practice in these notes but is prevalent in the
literature. Adopting the notation defined by and ([15), we may write

x(u,v) = (z(u,v), y(u, v), 2(u,v)).

The differential of x at a point p = (ug, vp) in S is then the linear map dx, : R? — R?® with
corresponding matrix
zu(p) Tu(p)
dx;, = yu(p) yv(p) )
zu(p)  20(p)
where the symbol dx, now stands for [dx,]|, and of course z, := 0,z, z, := 0,x, and so on. A
further bastardization of notation, never again paraded in public in these notes, is to write

Ty Ty
dx, = [ Yu Yo |,
Zu 2y
where the evaluation of the partial derivatives at the point p is understood. |

Example 10.45. Let F': R?* — R? be given by

x 3 2
Flly Z[fz+yz }
. € +siny

which may also be written F(z,vy, z) = (23 + yz, €™ + siny). The components of F' are
Fi(z,y,2) =2 +yz* and Fy(x,y,2) = " +siny.

If F' is differentiable at
T

x=|y|eR?
z
then the matrix that represents the total derivative of F' at x is

dF] = | (O )(x) (%F)(x) <63F1><x)}:{3x2 2 gy
) (O1F2)(x) (02F2)(x) (O5F2)(x) ze™ cosy xe* |’

In particular for a = [0,0,2]" we have

arI=]5 1 o)

2See for instance Differential Geometry of Curves and Surfaces by Manfredo DoCarmo.
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Technically this does not show that F' is differentiable at a. In order to do that, our only
recourse at this time is to verify that the limit

o IF(@a+ ) = Fla) — dFy ()]
h—0 ||l

equals zero, which would be arduous at best. Our theory clearly needs further development. W

In Chapter 5 we defined a vector-valued function v : I C R — R” to be differentiable at
t € I if the limit

/ —
¥ (t) = lim 1Y) (18)
exists in R™. This is equivalent to requiring that there exists some +'(t) € R™ such that
_ A/

fim YR =) =7k _

h—0 h
or alternatively

t+h)—~((t) =~ (t)h
R 0 @Al o)

h—0 |h
(Note that it is not a requirement that ¢ be in the interior of the domain of v.) On the other hand,
by Definition we say < is differentiable at t € Int(/) if there exists a linear transformation
dv; : R — R"™ such that

() = () — dy ()]

h—0 ’h’

Comparing and , and assuming ¢ € Int(/), we see that v : I C R — R" is

differentiable at ¢ in the sense of if and only if it is differentiable at ¢ in the sense of
Definition [10.36] with the associated linear transformation (i.e. total derivative) being the
map dy; : R — R” given by dv;(h) = ~/(t)h for all h € R. In particular, if it is given that
~v: I CR — R" given by

~0. (20)

() = Z%(t)ei

is differentiable in the sense of Definition [10.36|at ¢ € Int(7), then Theorem [10.43 may be used

to calculate
n

dy(1) = Y (0rm)(t)es = Z%‘(t)ei =7'(®),

i=1

bearing in mind that {1} is the standard basis for R. Hence

dyi(h) = hdy(1) = hy/(t)

for any h € R. We summarize our findings with a proposition.

Proposition 10.46. Let v: I CR — R" be a vector-valued function, and let t € Int(I). Then
~ differentiable in the sense of Definition if and only if v/ (t) exists in R™, in which case
dy; : R — R" is given by dyi(h) = hvy'(t) for all h € R.
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In Proposition [10.46| and the foregoing remarks it is important to distinguish between the
transformation dvy, € L(R,R™) and the vector ~'(t) € R”H

Theorem 10.47. Suppose F': S C R™ — R™ is differentiable on a convex open set V C S, and
there exists some a € R such that ||dFx|| < « for allx € V. Then

[1F(x) = F(y)|l < alx -yl
forallx,y € V.

Proof. Fix x,y € V, and define v : R — R" by
Y(t) =tx + (1 —t)y.

Observe that v([0, 1]) is the segment [x,y] in R", and so ¥([0,1]) C V since V is convex. Indeed,
since 7y is continuous and V' is open, there exists an open interval I C R such that [0,1] C I
and y(I) C V. Since v : I — R” is differentiable at ¢t € I, v(I) C V, and F : V — R™ is
differentiable at (t), by the Chain Rule g = F' oy is differentiable at ¢ with

dgy = dF,) o dvys.

In particular we see that g is differentiable on I. Fix ¢ € [0,1]. Observing that B! = [~1,1] and
v (t) = x —y, by Theorem [10.33|(4) and Proposition [10.46],

[dge]l < ldFyplllldyll < a sup [ldy(h)]| = a sup [|Ay/ (B[] = ally (D]l = allx — .
he[—1,1] he[-1,1]

On the other hand, another application of Proposition gives

ldg]l = sup [[dgi(h)[| = sup [[hg'(t)[| = llg' ()],
hel—-1,1] he[—-1,1]

and hence
19’ @) < allx -y

for all t € [0, 1].

Now, ¢ is differentiable on (0,1) C I, and by Proposition [10.40| g is continuous on [0,1] C I.
Thus by Theorem 5.19 in [Rud] there is some 7 € (0,1) such that ||g(1) — g(0)|| < ||¢'(7)]|-
Therefore

I1Fx) = Fy)ll = 1F(v(1) = FQ )] = [lg(1) = gO)I] < llg' ()]l < allx =yl

as desired. ]

Proposition 10.48. Suppose F' : S C R®™ — R™ 1is differentiable on a connected open set
UCS. IfdFy =0 forallx € U, then F is constant on U.

3Many authors use the same symbol to represent both in introductory texts, which is unfortunate.
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Proof. Suppose dFy = 0 for all x € U. Assume U is convex. Since ||dFx|| = 0 for all x € U,
Theorem implies that ||F(x) — F(y)|| = 0 for all x,y € U, and thus F(x) = F(y) for all
x,y € U. Therefore F' is constant on U.

Now assume U is not convex. Since U is open, for each x € U we may choose some ¢, > 0
such that B, (x) C U, and thereby construct a collection of open balls

B={B.(x):xeU}

such that | JB = U. Open balls are convex sets, and so F is constant on each B € B. Fix a € U,
let V; be the union of all B € B on which F' = F(a):

%:U{BGB:FEF(a)onB}.

Also let
%:U{BGB:cmoanorsomec#F(a)}.

Clearly ViUV, =U and Vi NVy = @. Also V] # & since B, (a) C V. Since U is connected, it
follows that Vo, = @. Therefore U = Vi, which shows that every x € U lies in a ball on which
F = F(a), and therefore F' = F(a) on U. n

A transformation F': S C R" — R™ is differentiable on some open set U C S if and only if
the total derivative dFy is defined for each x € U. That is, for each x € U there exists some
dFyx € L(R™, R™), and so there is a mapping x — dFy defined on U. We denote this mapping
by dF, so in explicit terms dF' : U — L(R",R™) is given by dF'(x) = dFx.

Definition 10.49. A transformation F : S C R"™ — R™ is continuously differentiable on
an open set U C S if F is differentiable on U and the mapping dF : (U,d.) — (L(R™,R™), dsup)
15 continuous on U.

The collection of all transformations that are continuously differentiable on U is denoted by
C'(U), and any F € C'(U) is called a C'-mapping on U.

The following result extends the Mean Value Theorem to a multivariable setting, and will
be useful in proving the theorem that comes after.

Theorem 10.50 (Multivariable Mean Value Theorem). Let B = B,(a) C R", and
suppose f: B — R has continuous partial derivatives on B. Then for any x € B,.(a) there exist
Ci,...,C, € B such that

f(x)— f(a) = Z 8 f(ci)(x —a) - e;.

Proof. Fix x € B. Thus we havea= )" a;e; and x = > x;€;. For each 1 <i <n let

bi =a-+ Z(l’k — ak)ek.
k=1

Defining by = a, set S; = [b;_1, b;] and

Ai = {min{am xi}a maX{ai’ Il}}
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for each 1 < i < n. It is straightforward to verify that b, = x and S = U:.Lzl S; C B. Fix
1 <17 < n, and assume that a; # z;. Define g; : A; — R by

gz(t) = f(bz'—l + (t — ai)ei) = f(:(:l, “o ,Ii_l,t, Aiily - - - ,an).
Clearly g; is continuous on A;. For any ¢t € Int(A;), letting v;; = b;_1 + (t — a;)e;, we have
gi(t+h) —gi(t) . f(vithe)— f(vi) _
( ) flL h - ,lllir(l) h - azf(vzt)u
and so we see that ¢}(t) exists since v;; € B and the partial derivatives of f exist on B. Hence

g; is differentiable on Int(A;). By the Mean Value Theorem it follows that there exists some
t; € Int(4;) such that

gi\T;) — gi\Qy;
gt = 91— 94)

T; — a;
Setting ¢; = v;;,, we conclude that

37;f(Cz‘) =

for all 1 <1 < n for which a; # z;. If a; = x; simply choose ¢; = a;. Now,

J6e) = f(a) = 3 [f(bi) = [(bit)] = D 0uf (e) (s = ),

i=1

f(bi) — f(biy)

T; — a;

observing that for any ¢ for which a; = x; we have b;_; = b;, and hence
f(bi) = f(bim1) =0 =0 f(ai)(a; — a;) = 0 f(ci)(wi — a;).
This finishes the proof. |

The next theorem will at last provide a practical means of determining whether a transfor-
mation is differentiable at a given point in the interior of its domain. For the proof, recall that
the standard basis (€;)7, for R™ is orthonormal, so that €; - €; := € €; = ;.

Theorem 10.51. Let U C R™ be an open set, and let F': U — R™. Then F € C'(U) if and only
if the partial derivatives 0;F; exist and are continuous on U for all1 <i<m and 1 < j <n.

Proof. Suppose F' € C'(U). Fix x € U, and let € > 0. Since dF is continuous at x, there exists
some 0 > 0 such that Hng - deH < efor all £ € U with ||€ — x| <. Fix 1 <i < m and

1 <75 <n. By Theorem |1
Z@ Fk Ek GZ:a~E(X).

Let § € U with [|§ — x|[ <. Then
0;Fi(§) — 0;Fi(x) = [dFe(e;) — dFx(e;)] - € = [(dFg — dFx)(e))] - €,
and since ||¢;|| = ||ej|| = 1 (in particular e; € B"), we have

|0;F3(€) — 0;Fi(x)| < ||(dFe — dFx)(ey)lllleil] < [|dFe — dF|| <.
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Therefore 0, F; is continuous at x.

For the converse, suppose the partial derivatives 0;F; exist and are continuous on U for all
l1<i<mand1l<j<n FixxeUandlete>0. Let > 0 be such that B,(x) C U. For
each 1 <i <m and 1 < j < n there exists some 0 < §;; < r such that ||§ —x|| < J;; implies

€
0,7 (€) ~ 9 Fi(ll < 5

Choose § = min{d;; : 1 <i < m,1 < j < n}, and suppose ||h|| < J. Fix 1 < i < m. Since
x +h € Bs(x) C U, by Theorem [10.50| there exist c;1, ..., ¢, € Bs(x) such that

Fi(x+h) — Fi(x) = Z 0;F,(ci;)h - e;.

j=1
Now, noting that |h-e;| < ||h]|||e;|| = ||h]|, and also ||c;; — x| < d;; for each 1 < j < n,
Fi(x+h) - F(x) = Y7 0;Fi(x)h-e;| |37, (9;Fi(ciy) — 0;F;(x))h - ;]
[l N [l

1 n n
< Tl > 10;Fi(ciy) — O FE(X)|[h-e;] < |0;F (ciy) — 0;Fi(x)]
i=1 j=1

n
€ €
< -
- ; 2mn 2m

Defining L € L(R",R™) by

L(ej) = > OiF(x)e;
i=1
for each 1 < j < n, so that
Li(h) = ) 0;F,(x)h- e
j=1

for each 1 <i < m, we have

IF(x+h) = F(x) - Lb)|| _ 12

i

- (Fi(X+h)— i
— [l

(2

mo g \ 12
€ €
< Y = < €.
- (Z;Mn?) 2/m ¢

F@%JAMYI

1=

Therefore
L F(x +h) — F(x) — L(h)|
h—0 ||l

for the linear transformation L, and we conclude that F is differentiable at x. Since x € U is
arbitrary, it follows that F' is differentiable on U.

Finally, since 0;F; is a real continuous functions on U C R" for each 1 < i < m and
1 <j<n,and by the &,&,,-matrix of dFy is [(0,F})(x)], we conclude by Proposition
that the mapping dF : (U,d.) — (L(R",R™), dsyp) given by dF(x) = dFy is continuous on U.
Therefore F' € C'(U). |

=0
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10.6 — THE INVERSE FUNCTION THEOREM

Definition 10.52. Let (X, d) be a metric space. A mapping ¢ : X — X is a contraction of
X into X if there exists some ¢ < 1 such that

d(p(x), () < cd(z,y)
forall z,y € X.

Proposition 10.53 (Contraction Principle). If (X,d) is a complete metric space and
¢ : X — X is a contraction, then there exists a unique © € X such that p(z) = x.

For the following definition, recall that a transformation F': U — V is invertible if and only
if it is bijective, so that there exists a tranformation =1 : V — U such that F o F~! = I}, and
FloF =1I.

Definition 10.54. Let U,V C R"™ be open sets. Then F : U — V is a C'-diffeomorphism if
F is bijective, F € C'(U), and F~* € C'(V).

We henceforth adopt the following notation: the symbol dF_! indicates the inverse of the
total derivative of F' at x; that is, dF; ! := (dFy)~!. In contrast the symbol d(F~!), denotes
the total derivative of F'~! at y.

Theorem 10.55 (Inverse Function Theorem). Let U C R" be open, and suppose the
transformation F : U — R™ is such that F' € C'(U), dFy is invertible for some a € U, and
b = F(a). Then there exist open sets A C U, B C F(U) such that a € A, b € B, and
F: A— B is aC'-diffeomorphism. Moreover, for each y = F(x) € B,

d(F 1, =dF_". (21)

Proof. Since dF : U — L(R") is continuous at a, there exists some r > 0 such that A, =
B,(a) CU and
1

dFy —dFy|| < =——— =
” 1< 2jar T

A (22)

for all x € Aq.
For each y € R" define &y, : U — R" by

Oy (x) = x+dF; (y — F(x))
for all x € U. Since dF ! is a linear transformation by Proposition [10.28, we have
Cy(x) = (I — dF, " o F)(x) + dF, (y),

where [ is the identity tranformation on R". For any x € U the total derivative of ®,, exists,
with
A(@y)x =1 —dF; " 0 dF, = dF;" o (dFy — dF)
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by the Chain Rule, Proposition [10.39, and Proposition [10.30(2). Now, by Theorem [10.33((4)
and ,

_ 1
ld(@y )l < [dE ([ dFs — dEl < 5

for all x € Ag, and so
1
12y (e1) = Py (x2)]| < S llx1 — %o (23)

for all x;,xy € Ay by Theorem [10.47] This shows that ®,, is a contraction of Ay into Ay, and if
we define A = B, 5(a) C U, so that A C Ay, then dy is a contraction of the complete metric
space A into A. By the Contraction Principle ®,, has a unique fixed point in A, and so has at
most one fixed point in A. Thus there is at most one x € A for which

x+dF; (y — F(x)) = Dy (x) = x.
which yields
dF; Ny - F(x)) =0,

and hence F'(x) =y by Proposition since dF; ! € L(R") is invertible and hence a bijection.
Since y € R" is arbitrary, it follows that F is injective on A.

Let B = F(A) C F(U), so that F' : A — B is bijective, and of course b € B. We must
show that B is open. Fix yy € B. Then yy = F(x) for some xy € A. Let p > 0 be such that
K = Ep(xo) C A. Fixy € B),(yo). Then

- - _ p
1@y (x0) = ol = l4F; (y = F(xo))ll = l4F; " (y = yo)ll < [lAF; " [Ap = 3,
so by we have, for any x € K,

[y (%) = 0| < [[@y(x) = Dy (x0)[| + [Py (x0) — %ol < —\|x—x0|y+ <

5 <
and hence ®y(x) € Int(K). Since (23) holds on Ay O A, it holds on K; then, having shown
¢, (K) C Int(K), it follows that @, iS a contraction of K into K. By the Contraction Principle
there exists some x € K such that ¢, (x) = x, and so F/(x) =y. Hencey € F(K) C F(A) = B,
and since y € B),(yo) is arbitrary, we obtain B),(yo) € B. Therefore B is open.

Next we show that F~! is differentiable on B and verify . Fixy € B. Since F': A — B
is bijective, for any k such that y + k € B there exist x,x +h € A (with h # 0 being unique)
such that F(x) =y and F(x +h) =y + k. Moreover implies that

ldF = dF[[ldF < 1,
and so dFy is an invertible linear operator on R™ by Theorem [10.34(1). Now,
F(y +k) = F7l(y) —dF, (k) =h — dF ' (k)
= dF ' (dFx(h)) — dF ' (F(x +h) — F(x))
= —dF (F(x + h) = F(x) = dF(h)); (24)
and by ,

bl = ldF () < [Ih — dF7 (&)l = |[h+ dF (F(x) — F(x +h)) |
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— @y (x + h) — 2y ()] < 121,

whence ||[dF;!(k)|| > ||h||/2 obtains, yielding
K]

Ih]| < 2lldF ()l < 2fldF k]| = == (25)
by the remark following Theorem [10.33
Let € > 0. Since
L IFGcr ) - P — AR
h—0 ||h|

by the differentiability of F' at x, there exists some ¢y > 0 such that 0 < ||h|| < dy implies
|F(x+h) — F(x) — dFx(h)|| - €A
] [dEH

For o > 0 such that B,,(y) C B, choose § = min{rg, Adp}, and suppose 0 < | k|| < §. Then by
the unique h # 0 for which F(x 4+ h) =y + k is such that

0<|m <Xl 24

A
Now, recalling ,
I~y + k) = P (y) = dE ()] _ MBS (F(x+h) = F(x) = dFx(h))

K] = ]|
_NAF PG+ ) — F(x) — dFy(h)|
= ]
JdEY ex
A AR

Thus
i Ty k) = FHy) — dEC (K
im
k0 Ik ||

and so F'~! is differentiable at y with d(F~'), = dF_'. Since y € B is arbitrary, F~' is
differentiable on B, and is verified.

It is clear that F' € C’(A), and so it remains only to show that d(F'~1) : B — L(R") is
continuous. By Proposition , the bijection F~! : B — A is continuous. Also, for each
x € A we found that dFy is invertible, and so the continuous mapping dF : A — L(R") in
fact maps A into GL,(R). Finally, the map Inv : GLn(R) — GL,(R) given by Inv(L) = L™!
is continous by Theorem [10.34{(3). Hence Invo dF o F7': B — GL,(R) is continouous. Let
y € B, so there is a unique x € A such that F'(x) =y. By .,

=0,

(InvodF o F~')(y) = Inv (dF(x)) = Inv(de) =dF'=d(F )y, =d(F (),
so d(F7!') =InvodF o F~! and hence d(F~') is continuous. Therefore '~ € C'(B). |

In the statement of the Inverse Function Theorem it is clear that the open set B is in fact
F(A); that is, A and F'(A) are both open in R”. This leads to another important result.
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Theorem 10.56 (Open Mapping Theorem). Let U C R"™ be open, and suppose the trans-
formation F : U — R™ is such that F' € C'(U) and dFy is invertible for all x € U. Then F(W)
is open in R™ for all open W C U.

Proof. Let W C U be an open set. Fixy € F(W), so there exists some x € W such that
F(x) =y. Since the transformation F': W — R" is such that F' € C'(W), and dF} is invertible,
by the Inverse Function Theorem there exists an open set A C W such that x € A and F(A) is
open. Now, y = F(x) € F(A) C F(W), and so y is an interior point of F(W). Since 'y € F(W)
is arbitrary, we conclude that F'(W) is open in R". [

In general, given metric spaces (X, d) and (Y, p), a function f : (X,d) — (Y, p) is an open
mapping if f(U) is open in (Y, p) whenever U is open in (X, d). Recalling the definition of the
Jacobian of a transformation F': S C R" — R™ given by (17), and also recalling (see the remark
at the end of §5.2) that a linear operator L € L(V) is invertible if and only if det(L) # 0, the
Open Mapping Theorem immediately implies the following.

Corollary 10.57. Let U C R" be open, and suppose F' : U — R™ is such that F € C'(U). If
det(dFx) # 0 for all x € U, then F' is an open mapping.



39

10.7 — THE IMPLICIT FUNCTION THEOREM

We continue to regard the elements of any euclidean space to be column vectors, so that
they interact in a natural way with matrices and conform to the usual format of systems of
equations. If

T Y1
x=|:]1€R" and y=| : [ €R™
L YUm
then we define the vector o

Iy

<X7 y) = Tn € R
n
| Um

In general, whenever given that (x,y) € R"* we assume x € R” and y € R™.
For any L € L(R"™™ R"), define Lyg € L(R™) and Lge € L(R™,R") by

Leo(x) = L(x,0) and Lg.(y) = L(0,y)
for all x € R" and y € R™. Then, for any (x,y) € R"*"
L(x,y) = L((x,0) + (0,y)) = L(x,0) + L(0,y) = Lao(x) + Loa(y)- (26)
If Lo or Ly, are invertible, then the symbols L,y and Ly, will denote their inverses. That is,
Ly = (Leo)™" and Lo, := (Los) ™"

Proposition 10.58. Let L € L(R™™™ R™). If Lqg is invertible, then for each k € R™ there
exists a unique h € R™ such that L(h,k) = 0. Moreover,

h = —(Ly) o Lg.) (k). (27)
Proof. Suppose L4 is invertible, and fix k € R™. Applying ,
L(h,k) = L( — (Lg © Loo)(k), k) = Leo( — (Lgg © Loa)(k)) + Loa(k)
= —Lao(Lag (Los(k))) + Loa(k) = —Loa(k) + Los(k) = 0,

which proves existence and confirms ([27)).
Now suppose that h € R™ is such that L(h,k) = 0. Then Leo(h) + Los(k) = 0 by (26), and

Leo(h) + Los(k) =0 = Leg(h) = —Los(k) = h=—L (L.(k))

since Lqg is invertible. This gives (27), proving uniqueness. ]
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Proposition 10.59. Let U C R" be open, and let F : U — R™ and G : U — R? be such that
F,.G € C'(U). Suppose ® : U — R™* is given by

H(x) = (F(x),G(x))
forallx € U. Then H € C'(U), and for each a € U,
dHa(x) = (dFa(x),dGa(x))

for all x € R™.

Proof. By Theorem [10.51] the partial derivatives 0;F; and 0;G}, exist and are continuous on U
forall1<i<m,1<j<n,and 1 <k </. Since the components of ® are

q)l:Fl,...,q)mIFm,q)erl:Gl,...,q)erg:Gg,

we see that 0;®; exist and are continuous on U for all 1 <¢ <m+ ¢ and 1 < j < n. Therefore

® € C'(U) by Theorem [10.51}

Next, fix a € U. Let
H(a+h)— H(a) — (dFa(h), dGa(h)).

o = lim
h—0 |kl
Then
. (F(a+h)— F(a) — dFa(h),G(a+ h) — G(a) — dGa(h))
o = lim
h—0 ||h|
— lim <F(a +h) — F(a) — dFa(h) G(a+h)—G(a) — dGa(h)>
h—0 [h ’ [h
- (070)7
and therefore
L |H(a+ )~ H(a) — dH W)
h—0 ||l
for dH, = (dF,, dG,), as was to be shown. [ |

Theorem 10.60 (Implicit Function Theorem). Let Q@ C R™™™ be open, and let F' : Q — R™
be such that F € C'(?) and F(a,b) = 0 for some (a,b) € Q. If dFap)(-,0) € L(R™) is
invertible, then there exist open sets U C Q and W C R™, with (a,b) € U and b € W, such
that the following hold:

1. There is a unique function G : W — R™ with G(b) = a, and such that
(G(y),y)eU and F(G(y),y)=0

forally e W.
2.Gel(W) and

dGp = —dFap)(-,0) " 0 dFap)(0, -). (28)
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Proof. Suppose dF(ap)(-,0) is invertible. The transformation A : R*™™ — R™ given by
A(x,y) =y is a linear transformation, so A € C'(R™*™) by Proposition [10.39] which implies
that A : Q — R™ is a C’-mapping on . Define ® : Q — R"*™ by

d(x,y) = (F(x,y),Alx,y)) = (F(x,y),y)-

Then ® € C'(2) by Proposition [10.59, and in particular @ is differentiable at (a,b). By
Proposition [10.59 once more, d® p) : R*™*™ — R™*™ is given by

d(I)(a7b) (Xv Y) = (dF(a,b) (Xv Y)a y) )

where dA ) (%, y) = A(x,y) = y by Proposition Now, if d®(ap)(x,y) = (0,0), it follows
that dF(ap)(x,y) =0 and y = 0, and hence dF(,p)(x,0) = 0. Since dFiap)(-,0) is invertible,
Theorem and Proposition imply that Nul(dFap)(-,0)) = {0}, and so x = 0. Thus
Nul(d® 1)) = {(0,0)}, whereupon Proposition implies d®, p) is bijective and hence
invertible.

We now apply the Inverse Function Theorem to ® : Q — R"*™ to conclude that there exist
open sets U C Q, V C ®(U) such that (a,b) € U, (0,b) = ®(a,b) e V,and ®: U — V is a
C'-diffeomorphism. Let

W={yeR":(0,y) eV},

so W C R™ is an open set with b € W.

Fix y € W. Then (0,y) € V, and since ®(U) = V there exists some (x,y) € U such that
d(x,y) = (0,y), and therefore F'(x,y) = 0. If we suppose & € R" is such that (£,y) € U and
F(&,y) =0, then we obtain

(&, y) = (F(&y).y) = (F(x,y).y) = ®(x,y),

and thus £ = x since ® : U — V is injective. Therefore there is a unique function G : W — R”
for which (G(y),y) € U and F(G(y),y) = 0 for all y € W. Moreover, since for b € W we have
(a,b) € U and F(a,b) = 0, it is clear that G(a) = b.

Because ® : U — V is a C'-diffeomorphism, the transformation &~ : V — U is a bijection
such that ®~! € C'(V). Now, (G(y),y) € U with ®(G(y),y) = (0,y) for all y € W, and so

®71(0,y) = (G(y),y)

for all y € W. By Theorem all partial derivatives of ®1 : V — U are continuous on V,
which implies that all partial derivatives of ®~1(0,-) : W — U are continuous on W. Since
the components of G : W — R" are also components of ®71(0, -), it follows that the partial
derivatives of G must be continuous on W, and hence G € C'(W) by Theorem [10.51]

It remains to verify (28)). For brevity let H = ®~*(0, -), and note that H € C'(W). For any

y € W we have, by Proposition [10.59]
dHy (k) = (de(k):k) (29)

for all k € R™. Also, since H : W — U and F : U — R" are each differentiable, and F'o H = Oy,
on W, the Chain Rule gives

O =d(Ow)y =d(F o H)y = dFyy) o dHy
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for all y € W. In particular
dF(a,b) o de = O, (30)

since b € W with H(b) = (a,b). Now, for any k € R™ we have
(dFap)(+,0) 0 dGh + dF(ap)(0, -)) (k) = dFlap)(+, 0)(dGh(k)) + dFlap)(0, -) (k)
— dFlapy (dGu(K),K)
by , and then
(dFap)(+,0) 0 dGp + dF(ap)(0, -)) (k) = dFlap)(dHp(k)) =0

by and , respectively. Hence

dF(ap)(+,0) 0dGy + dFan (0, -) = O,
and since dF(a (-, 0) is invertible, we finally obtain ([28]). -

The following variant of the Implicit Function Theorem can be proven either in the same
fashion as Theorem [10.60, or by reordering variables and applying Theorem [10.60| directly.

Corollary 10.61. Let Q C R™™ be open, and let F : Q — R™ be such that F € C'(?) and
F(a,b) = 0 for some (a,b) € Q. If dFa1)(0,-) € L(R™) is invertible, then there exist open
sets U C Q and W C R"™, with (a,b) € U and a € W, such that the following hold:

1. There is a unique function G : W — R™ with G(a) = b, and such that
(x,G(x)) €U and F(x,G(x))=0

forallx e W.
2. GeC'(W) and

dGa = —dF(a,b)(O, -)_1 o dF(a7b)(-,0).

For the next example we make extensive use of the definition
T

(T1,...,mp) =

Tn
for x1,...,z, € R.

Example 10.62. Let f,g: R — R be continuously differentiable functions such that f(1) =
g(1) = 0. Find conditions on the functions f and g which will permit solving the system of

equations
{f(xy) + g(yz) =0
g(xy) + f(yz) =0

for y and z as functions of z in a neighborhood of the point (1,1, 1).
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Solution. Define ® : R* — R? by

(x,y,2) = (f(zy) + 9(yz), g(zy) + f(yz)).

The component functions
e1(z,y,2) = flay) +9(yz) and  @o(x,y, 2) = g(zy) + f(y2),

being continuously differentiable, have continuous first partials on R?® and therefore ® € C'(R?).
Also we have

®(1,1,1) = (f(1) +g(1),9(1) + f(1)) = (0,0).

Now, for any point a = (a,b,c) € R3, the linear transformation d®, : R® — R? has matrix
representation

dD,] {&U@l(a) Iyp1(a) 3z801(a)]

* Orp2(a) ay@z(a> 0.¢p2(a)
Next, define the linear transformation P : R*? — R3 by P(y,2) = (0,vy, z), which has matrix
representation

If L =d®, o P, then
L(y, z) = d®a(P(y, 2)) = d®a(0,y, 2)

and we see that L = d®,(0,-) € L(R?). By a proposition in §4.7 of [LAN] the matrix
representation for L is

1] = [d0[P] = [

0:01(a) Oy1(a) azm(a)] - :[aysol<a> @sol(a)}
Oupa(a) Oypa(a) O.pa(a) 0 1 Oypa(a) O.pa(a)]

In particular

[dP(1,1,1)(0, -)] [ay%(l,l,l) 8z<pl(17171)}

and since
Oyp1(w,y,2) = a% [f(zy) + g(y2)] = xf'(xy) + 29’ (y2),
0-01(2..2) = o [(ay) + 9(52)] = v/ (52)
Oypale,.2) = 5 [F(02) + alaw)] = =1'0) + 2/ (o).
and

9 :
it follows that

[d®11.1)(0, )]


http://faculty.bucks.edu/erickson/math260/260chap4.pdf
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The linear transformation d® ;,1)(0, -) is invertible if and only if

NSO FgQ) GO e 2
o f’(1)+g’(1) f’(l) _[f (1)] [g (1)] 7é07

that is, d®1,1)(0,-) is invertible if and only if f'(1) # £¢'(1). If f(1) # £¢'(1), then the
Implicit Function Theorem implies there are open sets U C R? and I C R, with (1,1,1) € U
and 1 € I, for which there is a (unique) function ¥ : I — R? with ¥(1) = (1,1) that satisfies

(x,¥(x)) €e U and &(z,¥(x))=(0,0)

det ([d@(m,l)(oa )])

for all x € I. Letting 11,19 : I — R be the components of ¥, we may write
D(z, Y1 (z),1ha(x)) = (0,0);
that is, for all x € I, we have y = ¢ (z) and z = ¥5(z) such that
(f(xy) + 9(y2), g(zy) + f(y2)) = (0,0),

and therefore

{f (w¢1(2)) + g(t1(2)a(x)) = 0
g1 (x)) + f (v ()ta(x)) =0

Note that (x,9;(x),9e(z)) € U for all x € I, where U is an open set containing (1,1,1) as
desired. n
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10.8 — THE RANK THEOREM

If V and W are vector spaces, and L € L(V, W), then the rank of L is defined to be
rank(L) = dim(Img(L)).

A bijective linear transformation is called an isomorphism. Theorem and Proposition
make it clear that every isomorphism has an inverse, and that inverse is also an isomorphism.

If V' is a vector space, then a linear operator P € L(V) is a projection in V if Po P = P.
Thus, for all v e V., P(P(v)) = P(v).

Proposition 10.63. Let V' be a vector space.

1. If P is a projection in V', then for every v € V there exist unique vectors u € Img(P) and
w € Nul(P) such that v=u+w.
2. If V is finite-dimensional and W is a subspace, then there exists a projection P in'V such

that Img(P) = W.

Proof.
Proof of Part (1). Suppose P is a projection in V', and let v € V. Now,

P(v)=P(P(v)) = P(v)—P(P(v))=0 = P(v—P(v)) =0,

and so v—P(v) € Nul(P). Let u = P(v) and w = v— P(v). Then u € Img(P) and w € Nul(P)
are such that u + w = v, which proves existence.

Next, suppose v = u’ + w’ for some u’ € Img(P) and w’ € Nul(P). Then P(w) = 0, and
there exists some z € V' such that P(z) = u’. Now,

P(z)=u" = P(P(z))=P(u) = P(z)=Pu) = u =P,
so that
u=u+0=P)+PW)=PUu+w)=PV)=u,
and then
w=v—-u=v-Pv)=w.

Thus u’ = u and w' = w, which proves uniqueness.

Proof of Part (2). Suppose V is finite-dimensional and W is a subspace. By Theorem |10.17(2)
m = dim(W) < dim(V) =n

for some m,n € W. If either m = 0 or n = 0, then we may let P = Oy and the proof is done.
Thus we may henceforth assume that m,n € N.

Let By = {v1,..., v} be a basis for W. The vectors vy, ..., v, are linearly independent
in V, and so by Theorem vectors Vo, 41, . . ., v, may be found such that B = {vy,...,v,}
is a basis for V. Define P € L(V) as follows:

Vi, 1§k5§m
P(v,) —
(Vi) LL m+1<k<n.
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Fix v € V| so that v = Zzzl ayvy for some aq,...,a, € R. Then by linearity and Theorem

[10.4]

P(v) =) aP(vi) =Y arvi €W,
k=1 k=1

which shows that Img(P) C W. Moreover,

P(P(v)) = P<Z ak"k) = aP(vi) =Y apvi = P(v),

which shows that Po P = P. Finally, if w € W so that w = > 7" | byvy, for some by, ..., b, € R,
we obtain P(w) = w, whence w € Img(P), and therefore Img(P) = W. [

Theorem 10.64 (Rank Theorem). Suppose m,n,r € W with m,n > r.



