The Wirtinger Presentation

Let K C R3 be a smooth or piecewise linear knot.
A\ D We examine the topology of the knot group R3— K
by focusing first on a deformation retraction of the
complement of one of the knot’s crossings. Start
first with a basic scaffolding, the space Z pictured
in Figure 1. The knot crossing under consideration
is depicted in the midst of Z, with the segment AB
being the crossing’s “overpass” and the segment
CD being the “underpass”. The space Z consists
of the shaded areas lying below these segments,
along with the six attached semicircular arcs that
pass over AB and CD.
In Figure 2 it can be clearly seen
/C’ B\ that m(Z,p) = (x,y,2,2',y,2"). Here we de-
fine z = agajcibiaras, © = a\bcial, y = ascoboas,
Y = ayabchbhaha,, z = agbs, and 2’ = ajbicial.
Now, 2-cells Ry, R, and R3 are attached to
Z to create a new space Y as follows: attach
R, via the homomorphism ¢ : S' — Z, where
©1 = ayb,d,cyd,¢,a,a; and in particular we keep Ry entirely beneath the overpass of segment
AB in Figure 1; attach Ry via ¢y = ahbldyby; and attach Rz via @3 = bydschay. Figure 3 gives
an illustration of Y.
Proposition 1.26 implies that m (Y, p) = m(Z,p)/N, where N is the normal subgroup of
m(Z, p) that is generated by the set {©1, aspaas, ps}. Now, letting

FIGURE 1. The space Z is a planar region
with attached 1-cells
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Since 71, 79 and r3 are nullhomotopic (in particular homotopic to the constant path at p),
it follows that ¢ ~ 2'Z, aspsas ~ 7'y and @3 ~ z2/, and thus as a result
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where N is now seen to be the normal closure of {2'Z, 3y, 2z'}. Thus we have 2’ZN = N =
2Nz = N = /N = Nx = 2/N = xN, and similarly YN = yN and z’N = zN. Hence
m(Y,p) = (xN,yN,zN) = (z,vy, z), where Figure 3 provides a depiction of the generators x, y
and z (we naturally identify N with z and so on).

Next, to the space Y we attach a 2-cell S; as shown in Figure 4: along the inward-
facing “short edges” of Ry and Rj3, and along two paths in R; that connect endpoints of the
aforementioned short edges. This process can be formalized by defining a homomorphism
P = Y1iatisthiy @ St — Y, where the paths v; are illustrated in Figure 4. It’s important
to see that S; should lie entirely above the overpass of segment AB in Figure 1. Comparing
Figures 3 and 4, it can be seen that © = hijh, y = aegféa and z = klmk. Moreover, note that
Y@ ~ hijh, aracd ~ aioba ~ alefge)a, deyisd ~ d(dhjihd)d ~ hjh, and dipy, ~ klmk.
Then

Y1 = g1 (aa)ra(cdde)iprs(dd)ipry
~ (Y11a)(aracd)(desd)(dipra)
~ (hijh)(alefge)a) (hih) (kimF)
= TYT=Z.

Let X be the space that results from attaching S; to Y. According to Proposition 1.26
the path xyzz is nullhomotopic in X, and so m (X, p) = m (Y, p)/M, where M is the normal
subgroup generated by {xyzz}; that is, m (X, p) = (x,y, z | xyzz). Since Zxyz is the inverse of
xyTz, it also generates M. So if we let 1 = x, x5 = y and x3 = 2, we find that

m (X, p) = (21, 29, 23 | xglxl%xl_l) = (11,9, 23 | mlexl_l = z3)
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We move on now to the simplest knot in R?, the trefoil knot K shown in Figure 5. As
before, we begin by constructing a particular subspace of R® — K which starts with the space
7" illustrated in Figure 6. We view Z’ as being an extension of the space Z in Figure 2 (note
the point p in both figures). It’s easily seen that m(Z',p) = m(Z,p) = (x,y, z, 2", ¢/, 2').

Now, as shown in Figure 7, we attach three 2-cells Ry, Ry and R3 to obtain a new space
Y’ with fundamental group 7 (Y’,p) = m(Y,p) = (x,y,2). A space X’ is then constructed
from Y’ by attaching the 2-cells Sy, S and S3. The cell S is the same one already shown in
Figure 4, and it’s attached as before by the path zyzz. In an entirely analogous fashion, S5 is
attached via yzgzr and Ss is attached via zZZzy (note how the roles of x, y and z interchange
at each knot crossing with respect to the orientation of the knot as indicated by the arrows in
Figure 6).

Applying Propositon 1.26 again, and once again letting 1 = x, x5 = y and z3 = z, we
obtain
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m (X', p) = (x,y, 2 | 2yT2,yzyr, 222Y)
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(x,y,2 | Zoyx, Tyzy, yzoZ)
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-1 _ -1 _ -1 _
(1, @2, 23 | 22927 = T3, To3Ty = Ty, T3TyT3 = Ty).

It can be seen that X’ is a deformation retraction of R®* — K, and therefore, dropping the
reference to p owing to the path-connectedness of the involved spaces, m (X') = m(R? — K).

We examine now the abelianization of 7;(R?® — K), the “knot group” of K. Identifying
elements of the abelianization of the group with elements of the group itself in the obvious
way, we find that the relation xlxgxl’l = x3 implies xy = w3, Z'QQZ'gCC;l =x, = xr3 = x1, and
x3x1x3_1 = 9 = T1 = X5. Hence
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Z.

Ab(m (R? — K)) & (21, 79, 3 | 12 = ¥3, T3 = 11, T1 = T) = (21)






