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1
Measure Spaces

1.1 – Sequences and Set Operations

The set of real numbers we denote by R or (−∞,∞), and the set of extended real numbers
we take to be the set

R = R ∪ {−∞,+∞} = [−∞,∞].

Often +∞ is denoted by ∞.
Given x1, x2 ∈ R , we define

x1 ∨ x2 = max{x1, x2} and x1 ∧ x2 = min{x1, x2}.

More generally if x1, . . . , xn ∈ R , then
n∨
k=1

xk = max{x1, . . . , xn} and
n∧
k=1

xk = min{x1, . . . , xn}.

Proposition 1.1. If (xn)n∈N is a sequence in R, then

supn xn = lim
n→∞

n∨
k=1

xk and infn xn = lim
n→∞

n∧
k=1

xk. (1.1)

Proof. Only the first limit in (1.1) will be proved, since the proof of the second limit is quite
similar.

Let (xn)n∈N be a sequence in R , and let L = limn→∞
∨n
k=1 xk. Either (xn) has an upper

bound in R or it doesn’t. If (xn) doesn’t have an upper bound in R, then it is easy to see that
L = supn xn = +∞.

Suppose (xn) has an upper bound in R, so that supn xn ∈ R by the Completeness Axiom.
The limit L exists in R since the sequence (

∨n
k=1 xk)n∈N is monotone increasing and bounded

above by the real number supn xn. Clearly L ≤ supn xn. Let ε > 0. Then there exists some
m ∈ N such that supn xn − ε < xm ≤ supn xn, so

supn xn − ε <
n∨
k=1

xk ≤ supn xn
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for all n ≥ m, and hence supn xn− ε ≤ L ≤ supn xn. This shows that L ≥ supn xn, and therefore
L = supn xn once again. �

Definition 1.2. Let (xn)n∈N be a sequence in R. We define the limit superior of (xn) to be

lim sup
n→∞

xn = lim
n→∞

(
sup
k≥n

xk

)
,

and the limit inferior to be

lim inf
n→∞

xn = lim
n→∞

(
inf
k≥n

xk

)
.

Alternative symbols for limit superior lim supn and lim sup, with similar alternatives for limit
inferior.

Given a sequence of functions (fn : X → R)n∈N, we define functions supn fn : X → R and
infn fn : X → R by

(supn fn)(x) = sup
n≥1

fn(x) and (infn fn)(x) = inf
n≥1

fn(x),

and we define lim supn fn : X → R and lim infn fn : X → R by

(lim supn fn)(x) = lim sup
n→∞

fn(x) and (lim infn fn)(x) = lim inf
n→∞

fn(x).

Let X be a metric space. The upper limit and lower limit of a function f : X → R is
defined to be

lim sup
x→a

f(x) = lim
ε→0

(
sup

{
f(x) : x ∈ Dom(f) ∩B′ε(a)

})
and

lim inf
x→a

f(x) = lim
ε→0

(
inf
{
f(x) : x ∈ Dom(f) ∩B′ε(a)

})
,

respectively.
We say a sequence of sets (An)n∈N (also written as (An)∞n=1) increases to A, and write

An ↑ A, if An ⊆ An+1 for all n ∈ N and

A =
∞⋃
n=1

An.

We say (An)∞n=1 decreases to A, and write An ↓ A, if An+1 ⊆ An for all n ∈ N and

A =
∞⋂
n=1

An.

We define the upper limit and lower limit of a sequence of sets (An)n∈N to be

lim sup
n

An =
∞⋂
n=1

∞⋃
k=n

Ak and lim inf
n

An =
∞⋃
n=1

∞⋂
k=n

Ak,

and if
lim sup

n
An = lim inf

n
An = A,

then we say A is the limit of (An)n∈N and write limnAn = A. The following proposition is
straightforward to verify.



3

Proposition 1.3. Given a sequence of sets (An)n∈N,

lim sup
n

An =
{
x : x ∈ An for infinitely many n

}
and

lim inf
n

An =
{
x : x ∈ An for all but finitely many n

}
Given a set X, the power set of X, denoted by P(X), is defined to be the collection of all

subsets of X; that is,

P(X) = {A : A ⊆ X}.

If A ∈ P(X), then we define Ac = X − A. In the following theorem the symbol t denotes the
union of disjoint sets.

Theorem 1.4. If (An)n∈N is a sequence in P(X), then

∞⋃
n=1

An =
∞⊔
n=1

(Ac1 ∩ · · · ∩ Acn−1 ∩ An).

If in addition (An)n∈N is an increasing sequence and A0 = ∅, then

∞⋃
n=1

An =
∞⊔
n=1

(An − An−1).

Example 1.5. Show that

(lim supnAn) ∪ (lim supnBn) = lim supn(An ∪Bn) (1.2)

and

(lim infnAn) ∩ (lim infnBn) = lim infn(An ∩Bn) (1.3)

Solution. Suppose x /∈ (lim supAn) ∪ (lim supBn), so that x /∈ lim supAn and x /∈ lim supBn.
Then there exists some n1, n2 ∈ N such that

x /∈
∞⋃

k=n1

Ak and x /∈
∞⋃

k=n2

Bk.

Letting m = max{n1, n2}, it follows that

x /∈

(
∞⋃
k=m

Ak

)
∪

(
∞⋃
k=m

Bk

)
=

∞⋃
k=m

(Ak ∪Bk),

and therefore

x /∈
∞⋂
n=1

∞⋃
k=n

(Ak ∪Bk) = lim sup(An ∪Bn).

This shows that

lim sup(An ∪Bn) ⊆ (lim supAn) ∪ (lim supBn).
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Now suppose that x ∈ (lim supAn) ∪ (lim supBn). In particular assume x ∈ lim supAn. For
any n ∈ N we have x ∈

⋃∞
k=nAk, which implies x ∈

⋃∞
k=n(Ak ∪Bk), and hence

x ∈
∞⋂
n=1

∞⋃
k=n

(Ak ∪Bk) = lim sup(An ∪Bn).

The same conclusion obtains if we assume x ∈ lim supBn, and therefore

(lim supAn) ∪ (lim supBn) ⊆ lim sup(An ∪Bn).

This verifies (1.2).
Next, suppose x ∈ (lim inf An) ∩ (lim inf Bn), so there exist n1, n2 ∈ N such that

x ∈
∞⋂

k=n1

Ak and x ∈
∞⋂

k=n2

Bk,

and so if m = max{n1, n2} we have

x ∈

(
∞⋂
k=m

Ak

)
∩

(
∞⋂
k=m

Bk

)
=

∞⋂
k=m

(Ak ∩Bk).

Hence

x ∈
∞⋃
n=1

∞⋂
k=n

(Ak ∩Bk),

and we’ve shown that

(lim inf An) ∩ (lim inf Bn) ⊆ lim inf(An ∩Bn).

Now suppose that x ∈ lim inf(An ∩Bn), so there exists some m ∈ N such that

x ∈
∞⋂
k=m

(Ak ∩Bk),

which implies that

x ∈
∞⋂
k=m

Ak and x ∈
∞⋂
k=m

Bk,

and hence

x ∈
∞⋃
n=1

∞⋂
k=n

Ak = lim inf An and x ∈
∞⋃
n=1

∞⋂
k=n

Bk = lim inf Bn.

Thus x ∈ (lim inf An) ∩ (lim inf Bn), giving

(lim inf An) ∩ (lim inf Bn) ⊇ lim inf(An ∩Bn),

which verifies (1.3). �
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1.2 – Algebras and Borel Sets

Definition 1.6. Let X be a set, and let A ⊆ P(X). Then A is an algebra on X if the
following properties hold.

1. X ∈ A.
2. If A ∈ A, then X \ A ∈ A.
3. For all m ∈ N, A1, . . . , Am ∈ A implies

⋃m
n=1An ∈ A.

If, in addition,
⋃∞
n=1An ∈ A for any countable collection {An : n ∈ N} ⊆ A, then A is a

σ-algebra on X.

It can be seen from Definition 1.6 that X =
⋃
A. Thus if a collection of sets A is simply

given to be an algebra, then the associated “universal set” X is understood to be
⋃
A, and so

A is specifically an algebra on
⋃

A. The symbol Ac may also be used to denote X \ A.

Proposition 1.7.

1. If A is an algebra, then A1, . . . , Am ∈ A implies
⋂m
n=1An ∈ A for all m ∈ N.

2. If S is a σ-algebra, then {Sn : n ∈ N} ⊆ S implies
⋂∞
n=1 Sn ∈ S.

Proof. Suppose S is a σ-algebra and {Sn : n ∈ N} ⊆ S. Then {Scn : n ∈ N} ⊆ S as well, and so⋃∞
n=1 S

c
n ∈ S. Now,

∞⋃
n=1

Scn ∈ S ⇒

(
∞⋂
n=1

Sn

)c
∈ S ⇒

∞⋂
n=1

Sn ∈ S,

which proves part (2). The proof of part (1) is similar. �

Definition 1.8. Let X be a set, and let E ⊆ P(X). Then E is an elementary family on X
if the following properties hold.

1. ∅ ∈ E.
2. If E,F ∈ E, then E ∩ F ∈ E.
3. If E ∈ E, then X \ E is a finite disjoint union of elements of E.

Proposition 1.9. Let E be an elementary family on X. If A is the collection of all finite
disjoint unions of elements of E, then A is an algebra on X.

Proof. Suppose A is the collection of all finite disjoint unions of elements of E. Since ∅ ∈ E

implies X = ∅c is a disjoint union of elements of E, we see that X ∈ A.
Suppose E,F ∈ E. For some m ∈ N there exist disjoint G1, . . . , Gn ∈ E such that Ec =⊔n

k=1 Gk, and thus

E ∪ F = E t (F \ E) = E t (F ∩ Ec) = E t

(
n⊔
k=1

(F ∩Gk)

)
∈ A
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since F ∩ Gk ∈ E for each 1 ≤ k ≤ n. By induction it follows that
⋃n
k=1Ek ∈ A whenever

E1, . . . , En ∈ E for some n ∈ N. Now let A1, . . . , An ∈ A, so for each 1 ≤ k ≤ n there exist
Ek

1 , . . . , E
k
mk
∈ E such that Ak =

⊔mk
j=1E

k
j . Then

⋃n
k=1Ak is a finite union of elements of E,

n⋃
k=1

Ak =
n⋃
k=1

(
mk⊔
j=1

Ek
j

)
,

and so
⋃n
k=1 Ak ∈ A.

Finally, if A ∈ A is such that A ∈ E as well, then Ac is a disjoint union of elements of E
and we have Ac ∈ A. That is, if A ∈ A is a disjoint union of one element of E, then Ac ∈ A.
For an arbitrary fixed n ∈ N, suppose Ac ∈ A for any A ∈ A that is a disjoint union of n
elements of E. Now suppose A ∈ A is a disjoint union of n+ 1 elements of E: A =

⊔n+1
k=1 Ek. Let

B =
⊔n
k=1Ek and C = En+1. Then Bc ∈ A by our inductive hypothesis, and Cc ∈ A by the

base case. It follows that Bc and Cc are finite disjoint unions of elements of E: Bc =
⊔`
i=1 Fi

and Cc =
⊔m
j=1 Gj. Now,

Ac = (B t C)c = Bc ∩ Cc =
⊔̀
i=1

(Fi ∩ Cc) =
⊔̀
i=1

m⊔
j=1

(Fi ∩Gj),

where Fi ∩Gj ∈ A for all i and j. Since Ac is a finite union of elements of E, we conclude that
Ac ∈ A. Therefore A is closed under complementation by the principle of induction, and the
proof that A is an algebra on X is done. �

Example 1.10. The collection R ⊆ P(R2) of all rectangles in R2,

R = {I × J : I, J ⊆ R are intervals},

is an elementary family. So long as we regard singletons {a} as also intervals, on purely
geometrical grounds it is clear that the intersection of two rectangles I1 × J1 and I2 × J2 is
either ∅ or another rectangle. Moreover,

(I × J)c = (Ic × J) t (I × J c) t (Ic × J c),

where Ic and J c are each either a single interval or a disjoint union of two intervals, and so
(I × J)c can be expressed as a disjoint union of rectangles. For instance,(

[a, b]× [c, d ]
)c

=
(
(−∞, a)× R

)
t
(
[a, b]× (−∞, c)

)
t
(
[a, b]× (d,∞)

)
t
(
(b,∞)× R

)
for any a, b, c, d ∈ R. �

For a set X let C ⊆ P(X). We define the σ-algebra on X generated by C to be

σX(C) =
⋂{

S ⊇ C : S is a σ-algebra on X
}
.

Thus σX(C) is the “smallest” σ-algebra on X containing the collection C. Often σX(C) is written
as σ(C) when C is given to be a subcollection of P(X), or when the context of a discussion
makes clear that X is the universal set.
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Definition 1.11. Let (X,T) be a topological space. The collection of Borel sets in X is

B(X) = σX(T).

That is, the Borel sets in X are the sets in the smallest σ-algebra on X containing all the open
subsets of X.

Example 1.12 (Borel Sets in R). The σ-algebra of Borel sets of R, denoted by B(R), is the
σ-algebra generated by the open subsets of R. Let

O = {(a, b) : a, b ∈ R},

which is a proper subset of the collection of open subsets of R. Since any open set in R can be
characterized as a countable union of bounded open intervals in R, we find that O (the collection
of all bounded open intervals) also generates the Borel sets of R: σ(O) = B(R).

A bounded h-interval in R is an interval of the form (a, b], where a, b ∈ R with a < b. Since

(a, b] =
∞⋂
n=1

(a, b+ 1/n),

we find with the help of Proposition 1.7 that the collection

H = {(a, b] : a, b ∈ R}

of all bounded h-intervals in R is such that σ(H) = B(R). Also the collection

C = {[a, b] : a, b ∈ R}

of all bounded closed intervals in R generate the Borel sets of R. Thus we have

B(R) = σ(O) = σ(H) = σ(C),

and there are other generating sets for B(R) besides. �

Example 1.13 (Borel Sets in R). By definition, B(R) = σ(TR ), where TR is the collection
of open subsets of R . The question naturally arises: what are the open subsets of R? The
customary choice for a topology on R may be most easily described as the topology generated
by the basis

U =
{

(a, b) : a, b ∈ R
}
∪
{

[−∞, b) : b ∈ R
}
∪
{

(a,∞] : a ∈ R
}
.

That is, the basis for the topology TR on R consists of the basis for the usual topology T on
R together with all intervals of the form [−∞, b) and (a,∞] for a, b ∈ R. From this it can be
shown that B(R) = σ(H), where

H = {(a, b] : a, b ∈ R}.
Now consider the collection

O = {(a,∞] : a ∈ R}.

Does σ(O) = B(R)? For any −∞ < a < b <∞ we have (a,∞], (b,∞] ∈ σ(O), and thus

(b,∞] ∈ σ(O) ⇒ [−∞, b] = (b,∞]c ∈ σ(O)
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⇒ (a, b
]

= [−∞, b] ∩ (a,∞] ∈ σ(O).

In addition, for each b ∈ R we have (−n, b] ∈ σ(O) for all n ∈ N, and hence

(−∞, b] =
∞⋃
n=1

(−n, b] ∈ σ(O).

This shows that σ(O) ⊇ H, and hence σ(O) ⊇ σ(H) = B(R) since σ(H) is by definition the
smallest σ-algebra containing H. On the other hand all the elements of O are open sets in R ,
implying that O ⊆ B(R) and hence σ(O) ⊆ B(R). Therefore σ(O) = B(R).

Since the complement (relative to R) of each element of O is of the form [−∞, a], where
a ∈ R, it is immediate that the collection {[−∞, a] : a ∈ R} also generates B(R), which
straightaway implies that the larger collection

C = {[a, b] : a, b ∈ R}
generates B(R). �

If C ⊆ P(X) and A ⊆ X, then we define

C ∩ A = {B ∩ A : B ∈ C}.

Thus C ∩ A ⊆ P(A), and so we may consider the σ-algebra on A generated by C ∩ A.

Proposition 1.14. If S is a σ-algebra on X and A ⊆ X, then S ∩ A is a σ-algebra on A.

Proof. Suppose S is a σ-algebra on X and A ⊆ X. Clearly A ∈ S ∩ A since X ∈ S. Let
E ∈ S ∩ A, so E = S ∩ A for some S ∈ S. Now, X \ S ∈ S, and so

A \ E = A ∩ (X \ E) = A ∩
[
(X \ S) ∪ (X \ A)

]
= (X \ S) ∩ A ∈ S ∩ A.

Finally, let {En : n ∈ N} ⊆ S ∩ A, so for each n there is some Sn ∈ S such that En = Sn ∩ A.
Since

⋃∞
n=1 Sn ∈ S, it follows that

∞⋃
n=1

En =

(
∞⋃
n=1

Sn

)
∩ A ∈ S ∩ A,

and we’re done. �

Proposition 1.15. If C ⊆ P(X) and A ⊆ X, then

σA(C ∩ A) = σX(C) ∩ A.

Proof. It is clear that C ∩A ⊆ σX(C) ∩A, and since σX(C) ∩A is a σ-algebra on A containing
C ∩ A, it follows that σA(C ∩ A) ⊆ σX(C) ∩ A.

Define S ⊆ σX(C) by

S = {B ∈ σX(C) : B ∩ A ∈ σA(C ∩ A)}.

We wish to show that C ⊆ S and S is a σ-algebra.
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Let B ∈ C. Then B ∈ σX(C) and also

B ∩ A ∈ C ∩ A ⊆ σA(C ∩ A),

which shows that B ∈ S and hence C ⊆ S.
Let (Bn)n∈N be a sequence of sets in S, so Bn ∈ σX(C) and Bn ∩ A ∈ σA(C ∩ A) for all n.

Since
∞⋃
n=1

Bn ∈ σX(C)

and (
∞⋃
n=1

Bn

)
∩ A =

∞⋃
n=1

(Bn ∩ A) ∈ σA(C ∩ A),

it follows that
⋃∞
n=1Bn ∈ S.

If B ∈ S, so that B ∈ σX(C) and B ∩ A ∈ σA(C ∩ A), then we have Bc ∈ σX(C) and
(B ∩ A)c ∈ σA(C ∩ A) also, with the latter implying that

Bc ∩ A = (Bc ∪ Ac) ∩ A = (B ∩ A)c ∩ A ∈ σA(C ∩ A),

and hence Bc ∈ S.
Finally, X ∈ σX(C) and X ∩A = A ∈ σA(C ∩A) shows that X ∈ S, and S is now verified to

be a σ-algebra.
Since C ⊆ S and S is a σ-algebra, we have σX(C) ⊆ S, and hence σX(C) = S. So B ∩ A ∈

σA(C ∩ A) for all B ∈ σX(C), and therefore σX(C) ∩ A ⊆ σA(C ∩ A). �

Example 1.16. Given a topological space (X,T) and a set A ⊆ X, the subspace topology
on A (relative to X) is the topological space (A,TA), where we define

TA = T ∩ A = {U ∩ A : U ∈ T}.

It then follows that the Borel sets in A is the collection

B(A) = σA(T ∩ A) = σX(T) ∩ A = B(X) ∩ A. (1.4)

by Proposition 1.15. �

Remark. Let (X, d) be a metric space. For each x0 ∈ X and r > 0 define the open ball with
center x0 and radius r to be the set

Br(x0) = {x ∈ X : d(x0, x) < r}.

As discussed in elementary analysis, the metric d induces a topology T on X as follows: U ∈ T

iff for each u ∈ U there exists some r > 0 such that Br(u) ⊆ U . Let A ⊆ X. A fact from
point-set topology states that the topology on the metric space (A, d) is precisely the same
as T ∩ A; that is, the topology the metric d induces on A equals the subspace topology on A
relative to X.
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Example 1.17. Recall the collection U in Example 1.13 that is defined to be the basis for the
topological space (R ,TR ). Is the subspace topology on R relative to R the same as the standard
topology TR on R? That is, do we have TR = TR ∩ R?

In general, if B is a basis for a topological space (X,T), and A ⊆ X, then B ∩ A is a basis
for the topological subspace (A,T ∩ A). Thus U ∩ R is a basis for (R,TR ∩ R), the subspace
topology on R relative to R . It is clear that U ∩ R contains the collection {(a, b) : a, b ∈ R},
which is a basis for TR, and so TR ⊆ TR ∩ R. On the other hand, any U ∈ TR is a union of
elements of U, whereupon it follows that U ∩ R is a union of open intervals in R and thus
U ∩ R ∈ TR. This shows that TR ∩ R ⊆ TR, and therefore TR = TR ∩ R.

Knowing that TR = TR ∩ R, we can now employ (1.4) in the previous example to conclude
that

B(R) = B(R) ∩ R,
which will be useful later on. �

Problem 1.18 (PMT 1.2.6). Let f : X → Y , and let C ⊆ P(Y ). Show that

σ(f−1(C)) = f−1(σ(C)),

where we define

f−1(C) = {f−1(A) : A ∈ C} and f−1
(
σ(C)

)
= {f−1(A) : A ∈ σ(C)}.

Solution. If B ∈ f−1(C), then B = f−1(A) for some A ∈ C ⊆ σ(C), which implies that
B ∈ f−1(σ(C)). Thus f−1(C) ⊆ f−1(σ(C)), and since f−1(σ(C)) is a σ-algebra, we conclude that
σ(f−1(C)) ⊆ f−1(σ(C)).

Define

S = {B ∈ σ(C) : f−1(B) ∈ σ(f−1(C))},

where of course S ⊆ σ(C). We wish to show that C ⊆ S and S is a σ-algebra, from which it
will follow that σ(C) ⊆ S, and therefore S = σ(C). This in turn will imply that f−1(σ(C)) ⊆
σ(f−1(C)), and the proof will be done.

Let B ∈ C. Then B ∈ σ(C), and also f−1(B) ∈ f−1(C) ⊆ σ(f−1(C)), so that B ∈ S and we
have C ⊆ S.

Let (Bn)n∈N be a sequence in S, so Bn ∈ σ(C) and f−1(Bn) ∈ σ(f−1(C)) for all n. Since
∞⋃
n=1

Bn ∈ σ(C)

and

f−1

(
∞⋃
n=1

Bn

)
=
∞⋃
n=1

f−1(Bn) ∈ σ(f−1(C)),

it follows that
⋃∞
n=1 Bn ∈ S and S is countably additive.

If B ∈ S, so that B ∈ σ(C) and f−1(B) ∈ σ(f−1(C)), then we have Bc ∈ σ(C) and f−1(Bc) =
[f−1(B)]c ∈ σ(f−1(C)) also, showing that Bc ∈ S and S is closed under complementation.

Finally, Y ∈ σ(C), and f−1(Y ) = X ∈ σ(f−1(C)) since f−1(C) is a collection of subsets of X.
The collection S is now verified to be a σ-algebra. �
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Problem 1.19 (PMT 1.2.7). Suppose A ∈ B(R). Let TR be the standard topology on R,
so that TR ∩ A is the usual subspace topology on A. Show that the smallest σ-algebra on A
containing the sets open in A is the collection C = {B ∈ B(R) : B ⊆ A}. Thus

B(A) = σA(TR ∩ A) = {B ∈ B(R) : B ⊆ A}.

Solution. If S ∈ C, then S ∈ B(R) and S = S ∩ A, and so S ∈ B(R) ∩ A. Conversely, if
S ∈ B(R) ∩ A, so that S = B ∩ A for some B ∈ B(R), then S ⊆ A, and also S ∈ B(R) since
A ∈ B(R), and we conclude that S ∈ C. Therefore

{B ∈ B(R) : B ⊆ A} = B(R) ∩ A.

Now, by definition B(A) is σA(TR ∩A), the smallest σ-algebra on A containing the sets open in
A, and so by Proposition 1.15 we have

B(A) = σA(TR ∩ A) = σR(T) ∩ A = B(R) ∩ A,

and hence B(A) = C as desired. �
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1.3 – Set Functions and Measures

A set function is any function µ : C→ R, where C ⊆ P(X). Usually C will be an algebra
or σ-algebra. We say µ is finitely additive if

µ

(
n⊔
k=1

Ak

)
=

n∑
k=1

µ(An)

for any finite collection {A1, . . . , An} ⊆ C of disjoint sets such that
⊔n
k=1 Ak ∈ C, and countably

additive if

µ

(
∞⊔
n=1

An

)
=
∞∑
n=1

µ(An)

for any countable subcollection {An : n ∈ N} ⊆ C of disjoint sets such that
⊔∞
n=1An ∈ C. We

say µ is finite if µ(A) ∈ R for all A ∈ C, and bounded if there exists some M ∈ R such that
|µ(A)| ≤ M for all A ∈ C. Finally, if µ is nonnegative and finitely additive, and there exists
a countable subcollection {An : n ∈ N} ⊆ C such that X =

⋃∞
n=1 An and µ(An) ∈ R for each

n ∈ N, then µ is said to be σ-finite.

Theorem 1.20. Let µ be a finitely additive set function on the algebra A, and let A,B ∈ A.

1. µ(∅) = 0.
2. µ(A ∪B) + µ(A ∩B) = µ(A) + µ(B).
3. If B ⊆ A, then

µ(A) = µ(B) + µ(A−B),

4. If B ⊆ A and µ(B) ∈ R, then

µ(A−B) = µ(A)− µ(B).

5. If B ⊆ A and µ(A−B) ≥ 0, then

µ(B) ≤ µ(A).

6. If µ is nonnegative, then

µ

(
m⋃
n=1

An

)
≤

m∑
n=1

µ(An)

for all m ∈ N and A1, . . . , Am ∈ A.

Theorem 1.21. Let µ be a countably additive set function on the σ-algebra S, and let (An)n∈N
be a sequence in S.

1. If An ↑ A, then limn→∞ µ(An) = µ(A).
2. If An ↓ A and µ(A1) ∈ R, then limn→∞ µ(An) = µ(A).

Proof.
Proof of (1). Suppose that An ↑ A. The case when µ(An) = ±∞ for some n ∈ N is handled
fine in [PMT],1 so assume µ(An) ∈ R for all n. Recalling Theorems 1.4 and 1.20(4), countable

1Probability and Measure Theory, by Ash and Doléans-Dade, 2nd Edition.
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additivity gives

µ(A) = µ

(
∞⊔
n=1

(An − An−1)

)
=
∞∑
n=1

µ(An − An−1)

=
∞∑
n=1

[
µ(An)− µ(An−1)

]
= lim

n→∞

n∑
k=1

µ(Ak − Ak−1) = lim
n→∞

µ(An),

as desired. �

Definition 1.22. Let µ be a set function on an algebra A, and let A ∈ A. We say µ is
continuous from below at A if limn→∞ µ(An) = µ(A) for every sequence (An)n∈N in A such
that An ↑ A. We say µ is continuous from above at A if limn→∞ µ(An) = µ(A) for every
sequence (An)n∈N in A such that An ↓ A.

We say µ is continuous from below on A if µ is continuous from below at every A ∈ A,
and we say µ is continuous from above on A if µ is continuous from above at every A ∈ A.

Theorem 1.23. Suppose µ is a finitely additive set function on an algebra A. If µ is continuous
from below on A, then µ is countably additive on A. If µ is continuous from above at ∅, then µ
is countably additive on A.

Problem 1.24 (PMT 1.2.4). Let A be the algebra of finite disjoint unions of right-semiclosed
intervals of R, and define the set function µ : A→ R as follows for a, b ∈ R:

µ(−∞, b] = b, µ(a, b] = b− a, µ(a,∞) = −a, µ(R) = 0,

and

µ

(
m⊔
n=1

In

)
=

m∑
n=1

µ(In) (1.5)

if I1, . . . , Im are disjoint right-semiclosed intervals.

(a) Show that µ is finitely additive but not countably additive on A.
(b) Show that µ is finite but unbounded on A.

Solution.
(a) Let J1, . . . , Jn ∈ A such that Jk ∩ J` = ∅ whenever k 6= `. Each Jk is a finite disjoint union
of right-semiclosed intervals,

Jk =

mk⊔
`=1

Ik,`,

and so

µ(Jk) =

mk∑
`=1

µ(Ik,`)

by (1.5). Now, again by (1.5),

µ

(
n⊔
k=1

Jk

)
= µ

(
n⊔
k=1

mk⊔
`=1

Ik,`

)
=

n∑
k=1

mk∑
`=1

µ(Ik,`) =
n∑
k=1

µ(Jk),

and we conclude that µ is finitely additive.
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Next, define the sequence (An)n∈N in A by A1 = (−∞, 1], and An = (n − 1, n] for n ≥ 2.
Then

⊔∞
n=1An = R, and so

µ

(
∞⊔
n=1

An

)
= µ(R) = 0.

On the other hand,
∞∑
n=1

µ(An) = lim
n→∞

n∑
k=1

µ(Ak) = lim
n→∞

(
µ(−∞, 1] + µ(1, 2] + · · ·+ µ(n− 1, n]

)
= lim

n→∞

[
1 + (2− 1) + (3− 2) + · · ·+

(
n− (n− 1)

)]
= lim

n→∞
n = +∞.

Thus we see that

µ

(
∞⊔
n=1

An

)
6=
∞∑
n=1

µ(An),

and so µ is not countably additive.

(b) It is clear that µ(A) ∈ R for any A ∈ A. However, µ(−∞, n] = n for each n ∈ N shows that
µ is unbounded. �

Problem 1.25 (PMT 1.2.5). Let µ be a nonnegative, finitely additive set function on the
algebra A. If (An)n∈N is a sequence of disjoint sets in A such that

⊔∞
n=1 An ∈ A, show that

µ

(
∞⊔
n=1

An

)
≥

∞∑
n=1

µ(An).

Solution. By finite additivity and Theorem 1.20(5),

n∑
k=1

µ(Ak) = µ

(
n⊔
k=1

Ak

)
≤ µ

(
∞⊔
n=1

An

)
for all n ∈ N. Therefore

∞∑
n=1

µ(An) = lim
n→∞

n∑
k=1

µ(Ak) ≤ µ

(
∞⊔
n=1

An

)
,

where the limit exists in [0,∞] since the sequence(
n∑
k=1

µ(Ak)

)
n∈N

is monotone increasing in [0,∞]. �

Problem 1.26 (PMT 1.2.10). Let µ be a finite measure on the σ-algebra S. If (An)n∈N is a
sequence in S and limn→∞An = A, show that

lim
n→∞

µ(An) = µ(A).
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Solution. Suppose (An)n∈N is a sequence in S and limn→∞An = A. Thus

A =
∞⋂
n=1

∞⋃
k=n

Ak =
∞⋃
n=1

∞⋂
k=n

Ak.

Let Bn =
⋂∞
k=nAk, so (Bn)n∈N is a sequence in S such that Bn ⊆ Bn+1 and

⋃∞
n=1Bn = A,

and so Bn ↑ A. Theorem 1.21(1) implies that limn→∞ µ(Bn) = µ(A). Indeed, observing that
Bn ⊆ An for all n ∈ N, so that µ(Bn) ≤ µ(An) by Theorem 1.20(5), it follows that

µ(A) = lim
n→∞

µ(Bn) ≤ lim
n→∞

µ(An).

Now let Cn =
⋃∞
k=nAk, so (Cn)n∈N is a sequence in S such that Cn ⊇ Cn+1 and

⋂∞
n=1Cn = A,

and so Cn ↓ A. Thus limn→∞ µ(Cn) = µ(A) by Theorem 1.21(2), and since Cn ⊇ An for all
n ∈ N, we obtain

µ(A) = lim
n→∞

µ(Cn) ≥ lim
n→∞

µ(An)

by Theorem 1.20(5). Therefore limn→∞ µ(An) = µ(A). �

Definition 1.27. A measurable space is a pair (X,M), where X is a set and M ⊆ P(X) is
a σ-algebra on X whose elements are called measurable sets. A set function µ : M→ R is a
measure on M if the following properties hold.

1. µ(A) ≥ 0 for all A ∈M.
2. µ(∅) = 0.
3. Countable Additivity: For every disjoint sequence (An)n∈N in M,

µ

(
∞⊔
n=1

An

)
=
∞∑
n=1

µ(An).

A measure space is a triple (X,M, µ); that is, a measurable space (X,M) together with a
measure µ on M.

A measure space (X,M, µ) is finite, bounded, or σ-finite if µ : M→ R is finite, bounded, or
σ-finite. If (X,T) is a topological space, then a Borel measure is a measure µ : B(X)→ R , and
(X,B(X), µ) is a Borel measure space. We say a measure space (X,M, µ) is a probability
measure space if µ(X) = 1.

Problem 1.28 (PMT 1.2.12). Show that if µ is a finite measure on a σ-algebra S, there
cannot be uncountably many disjoint sets A ∈ S such that µ(A) > 0.

Solution. Suppose there are uncountably many disjoint A ∈ S such that µ(A) > 0. Thus, if C
is the collection of all such sets in S, then we may write

C =
∞⊔
n=0

{
A ∈ S : µ(A) ∈

(
1

n+1
, 1
n

]}
,

where here we take
(

1
n+1

, 1
n

]
to be (1,∞) when n = 0. Since C is uncountable, at least one of

the collections
Cm :=

{
A ∈ S : µ(A) ∈

(
1

m+1
, 1
m

]}
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must be at least countably infinite (indeed at least one of the sets must be uncountable). Let
(An)n∈N be a sequence of disjoint sets in Cm, so

µ(An) ≥ 1

m+ 1

for all m, and A =
⊔∞
n=1An ∈ S. By the countable additivity of µ we have

µ(A) =
∞∑
n=1

µ(An) ≥
∞∑
n=1

1

m+ 1
= +∞,

and therefore µ is not a finite measure. �
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1.4 – Extension of Premeasures

The following definition slightly generalizes the notion of a measure µ : A→ R to the case
when A is an algebra, but not necessarily a σ-algebra. The substantive difference lies in the
statement of the third axiom.

Definition 1.29. If A is an algebra, a set function µ0 : A→ R is a premeasure on A if the
following properties hold.

1. µ0(A) ≥ 0 for all A ∈ A.
2. µ0(∅) = 0.
3. Countable Additivity: For every disjoint sequence (An)n∈N in A for which

⊔∞
n=1 An ∈ A,

µ0

(
∞⊔
n=1

An

)
=
∞∑
n=1

µ0(An).

For a set X, the triple (X,A, µ0) is a premeasure space.

Theorem 1.30. If (X,A, µ0) is a premeasure space, then

µ0

(
∞⋃
n=1

An

)
≤

∞∑
n=1

µ0(An)

for any sequence (An)n∈N in A such that
⋃∞
n=1An ∈ A.

The proof of the following proposition is much the same as the proof of Theorem 1.21. Recall
that we never allow both −∞ and +∞ to be in the range of a set function µ : C→ R .

Proposition 1.31. Let µ be a countably additive set function on the algebra A, and let (An)n∈N
be a sequence in A.

1. If An ↑ A and A ∈ A, then limn→∞ µ(An) = µ(A).
2. If An ↑ A and µ is nonnegative, then limn→∞ µ(An) exists in R.
3. If An ↓ A, µ(A1) ∈ R, and A ∈ A, then limn→∞ µ(An) = µ(A).
4. If An ↓ A, µ(A1) ∈ R, and µ is nonnegative, then limn→∞ µ(An) exists in R.

If a premeasure µ0 on an algebra A ⊆ P(X) is given to be finite, which is to say µ0(A) ∈ R
for all A ∈ A, then µ0 is bounded on A as well. In fact, since for any A ∈ A we have A ⊆ X, it
follows that

0 ≤ µ0(A) ≤ µ0(X) <∞

by the nonnegativity of µ0 and Theorem 1.20(5).

Lemma 1.32. Let A ⊆ P(Ω) be an algebra, let µ0 be a finite premeasure on A, and let (An)n∈N
and (A′n)n∈N be sequences in A such that An ↑ A and A′n ↑ A′. If A ⊆ A′, then

lim
n→∞

µ0(An) ≤ lim
n→∞

µ0(A′n).

Thus if A′ = A, then
lim
n→∞

µ0(An) = lim
n→∞

µ0(A′n).
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Remark. There is no question that the limits featured in the lemma exist as real numbers, since
the sequences (µ0(An))n∈N and (µ0(A′n))n∈N are both monotone increasing and bounded above
by µ0(Ω) ∈ R. More explicitly, the sequence (µ0(An))n∈N in particular converges to the least
upper bound of the set {µ0(An) : n ∈ N} ⊆ R, guaranteed to exist in R by the Completeness
Axiom.

Lemma 1.33. Let A ⊆ P(X) be an algebra, let µ0 : A → [0,∞) be a finite premeasure with
µ0(X) = r, and let

G =
{
A ∈ P(X) : ∃(An)n∈N ⊆ A(An ↑ A)

}
.

Define µ : G→ [0,∞) by
µ(A) = lim

n→∞
µ0(An),

where (An)n∈N is a sequence in A such that An ↑ A. Then the following hold.

1. A ⊆ G, and µ|A = µ0.
2. If A,B ∈ G, then A ∪B,A ∩B ∈ G, and

µ(A ∪B) + µ(A ∩B) = µ(A) + µ(B).

3. If A,B ∈ G with B ⊆ A, then µ(B) ≤ µ(A).
4. If (Gn)n∈N ⊆ G with Gn ↑ G, then G ∈ G and

lim
n→∞

µ(Gn) = µ(G).

Proof. Note that µ is well-defined on G by Lemma 1.32. Also, since µ0(A) ≤ µ0(X) <∞ for all
A ∈ A (see the comments after the proposition on the previous page), the function µ certainly
maps into [0,∞).

Proof of (1). For any A ∈ A consider the sequence (An)n∈N with An = A for all n. Then
(An)n∈N is a sequence in A such that An ↑ A, and so A ∈ G. Thus A ⊆ G, and since

µ(A) = lim
n→∞

µ0(An) = lim
n→∞

µ0(A) = µ0(A),

it is also clear that µ|A = µ0.

Proof of (2). Suppose A,B ∈ G, so there exist sequences (An)n∈N, (Bn)n∈N ⊆ A such that
An ↑ A and Bn ↑ B. Then it is clear that An ∪ Bn ↑ A ∪ B and An ∩ Bn ↑ A ∩ B, where
An ∪Bn, An ∩Bn ∈ A for all n since A is an algebra, and so A ∪B,A ∩B ∈ G. Moreover, by
Theorem 1.20(2),

µ(A ∪B) + µ(A ∩B) = lim
n→∞

µ0(An ∪Bn) + lim
n→∞

µ0(An ∩Bn)

= lim
n→∞

(
µ0(An ∪Bn) + µ0(An ∩Bn)

)
= lim

n→∞

(
µ0(An) + µ0(Bn)

)
= lim

n→∞
µ0(An) + lim

n→∞
µ0(Bn)

= µ(A) + µ(B).

where the usual limit laws apply by the remark following Lemma 1.32.
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Proof of (3). Suppose A,B ∈ G with B ⊆ A. Let (An)n∈N, (Bn)n∈N ⊆ A be such that An ↑ A
and Bn ↑ B. Then

µ(B) = lim
n→∞

µ0(Bn) ≤ lim
n→∞

µ0(An) = µ(A)

by Lemma 1.32.

Proof of (4). Suppose (Gn)n∈N ⊆ G with Gn ↑ G. For each m ∈ N where is a sequence
(Am,n)n∈N ⊆ A such that Am,n ↑n Gm. Define (Bn)n∈N ⊆ A by

Bn =
n⋃

m=1

Am,n,

where Bn ⊆ Bn+1 since Am,n ⊆ Am,n+1 for each m,n ∈ N.
Let x ∈ G. Since

G =
∞⋃
m=1

Gm =
∞⋃
m=1

∞⋃
n=1

Am,n,

x ∈ Ak,` for some k, ` ∈ N. If k ≤ `, then x ∈ B` since Ak,` ⊆ B`; and if k > `, then x ∈ Bk

since Ak,` ⊆ Ak,k ⊆ Bk. Thus x ∈
⋃∞
n=1Bn, and we see that G ⊆

⋃∞
n=1Bn. The reverse

containment is clear, so G =
⋃∞
n=1Bn and we conclude that Bn ↑ G. Therefore G ∈ G, and

moreover µ(G) = limn→∞ µ0(Bn).
Fix m ∈ N. For all n ≥ m we have Am,n ⊆ Bn ⊆ Gn, so that µ(Am,n) ≤ µ(Bn) ≤ µ(Gn) by

part (3), and then part (1) gives

µ0(Am,n) ≤ µ0(Bn) ≤ µ(Gn)

for all n ≥ m. From this it follows that

µ(Gm) = lim
n→∞

µ0(Am,n) ≤ lim
n→∞

µ0(Bn) ≤ lim
n→∞

µ(Gn),

and since m ∈ N is arbitrary we in turn obtain

lim
m→∞

µ(Gm) ≤ lim
n→∞

µ0(Bn) ≤ lim
n→∞

µ(Gn).

Therefore
lim
n→∞

µ(Gn) = lim
n→∞

µ0(Bn) = µ(G),

as was to be shown. �

Since µ(A) = µ0(A) for all A ∈ A and A ⊆ G, we see that µ is an extension of the premeasure
µ0 to a larger class of sets. Note that G is not necessarily an algebra, much less a σ-algebra.

Lemma 1.34. Let collection G ⊆ P(X) and set function µ : G → [0,∞) have the following
properties.

P1. ∅, X ∈ G, with µ(∅) = 0 and µ(X) = r.
P2. If G,H ∈ G, then G ∪H,G ∩H ∈ G, and

µ(G ∪H) + µ(G ∩H) = µ(G) + µ(H).

P3. If G,H ∈ G with H ⊆ G, then µ(H) ≤ µ(G).
P4. If (Gn)n∈N ⊆ G with Gn ↑ G, then G ∈ G and

lim
n→∞

µ(Gn) = µ(G).
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Define µ∗ : P(X)→ R by

µ∗(A) = inf
{
µ(G) : G ∈ G, G ⊇ A

}
for each A ⊆ X. Then:

Q1. µ∗|G = µ, with 0 ≤ µ∗(A) ≤ r for all A ∈ P(X).
Q2. For all A,B ∈ P(X),

µ∗(A ∪B) + µ∗(A ∩B) ≤ µ∗(A) + µ∗(B),

and in particular µ∗(A) + µ∗(Ac) ≥ r.
Q3. If A1, . . . , An ∈ P(X), then

µ∗

(
n⋃
k=1

Ak

)
≤

n∑
k=1

µ∗(Ak).

Q4. If A,B ∈ P(X) with B ⊆ A, then µ∗(B) ≤ µ∗(A).
Q5. If (An)n∈N ⊆ P(X) with An ↑ A, then

lim
n→∞

µ∗(An) = µ∗(A).

Proof.
Proof of Q1. If A ∈ G, then for all G ∈ G such that G ⊇ A we have µ(G) ≥ µ(A) by P3, which
shows µ(A) is a lower bound for the set S = {µ(G) : G ∈ G, G ⊇ A}. Moreover, if G′ ∈ G is
such that µ(G′) < µ(A), then P3 makes clear that G′ + A, and so µ(G′) /∈ S. Hence µ(A) is
the greatest lower bound for S; that is, µ∗(A) = µ(A), and we conclude that µ∗|G = µ. Finally,
since µ(X) = r and µ is nonnegative, by P3 it is clear that µ(G) ∈ [0, r] for all G ∈ G, and
hence 0 ≤ µ∗(A) ≤ r for all A ∈ P(X).

Proof of Q2. Let ε > 0. There exist G,H ∈ G such that G ⊇ A, H ⊇ B, and

µ∗(A) ≤ µ(G) < µ∗(A) +
ε

2
and µ∗(B) ≤ µ(H) < µ∗(B) +

ε

2
.

Now by P2, observing that G ∪H ⊇ A ∪B and G ∩H ⊇ A ∩B,

µ∗(A) + µ∗(B) + ε > µ(G) + µ(H) = µ(G ∪H) + µ(G ∩H) ≥ µ∗(A ∪B) + µ∗(A ∩B).

Since ε > 0 is arbitrary it follows that µ∗(A) + µ∗(B) ≥ µ∗(A ∪B) + µ∗(A ∩B). Finally,

µ∗(A) + µ∗(Ac) ≥ µ∗(A ∪ Ac) + µ∗(A ∩ Ac) = µ∗(X) + µ∗(∅) = µ(X) + µ(∅) = r

by Q1 and P1.

Proof of Q3. For any A,B ∈ P(X) we have µ∗(A ∩B) ≥ 0 by Q1, and so

µ∗(A ∪B) ≤ µ∗(A) + µ∗(B)

by Q2. The desired inequality now follows by induction.
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Proof of Q4. Suppose B ⊆ A. Let ε > 0. There exists some G ∈ G such that G ⊇ A
and µ∗(A) ≤ µ(G) < µ∗(A) + ε. Now, since G ⊇ B also, the definition of µ∗ implies that
µ(G) ≥ µ∗(B). Thus

µ∗(A) + ε > µ(G) ≥ µ∗(B),

and since ε > 0 is arbitrary it follows that µ∗(A) ≥ µ∗(B). �

Theorem 1.35. Let A ⊆ P(X) be an algebra, let µ0 : A→ [0,∞) be a finite premeasure with
µ0(X) = r, and let

G =
{
A ∈ P(X) : ∃(An)n∈N ⊆ A(An ↑ A)

}
.

Define µ : G→ R by
µ(A) = lim

n→∞
µ0(An),

where (An)n∈N is a sequence in A such that An ↑ A. Further define µ∗ : P(X)→ R by

µ∗(A) = inf
{
µ(G) : G ∈ G, G ⊇ A

}
,

and let
H = {H ⊆ X : µ∗(H) + µ∗(Hc) = r}.

Then H is a σ-algebra containing G, and µ∗ : H → [0, r] is a finite measure on H. Therefore
(X,H, µ∗) is a finite measure space.

Proof. The function µ and collection G given here are the same µ and G in the hypothesis of
Lemma 1.33, and thus they possess the properties (1)–(4) stated in that lemma’s conclusion.
These four properties easily imply the properties P1–P4 in the hypothesis of Lemma 1.34, and
therefore µ∗ possesses the properties Q1–Q5. In particular Q2 implies that

H = {H ⊆ X : µ∗(H) + µ∗(Hc) ≤ r}. (1.6)

Lemmas 1.33 and 1.34 also give µ∗|G = µ and µ|A = µ0, and thus µ0 = µ = µ∗ on A.
Let G ∈ G, so there exists a sequence (An)n∈N ⊆ A such that An ↑ G, implying Gc ⊆ Acn for

all n. Now, Acn ∈ G since A is an algebra and A ⊆ G, so that

µ0(An) + µ∗(Gc) ≤ µ0(An) + µ(Acn) = µ0(An) + µ0(Acn) = µ0(An t Acn) = µ0(X) = r,

recalling µ|A = µ0 and the countable (hence finite) additivity of the premeasure µ0. Since
µ∗(An) = µ0(An), we have

µ∗(An) + µ∗(Gc) ≤ r

for all n, so that by Q5

µ∗(G) + µ∗(Gc) = lim
n→∞

µ∗(An) + µ∗(Gc) ≤ r,

implying G ∈ H and therefore G ⊆ H.
If H ∈ H, then it is clear that Hc ∈ H as well. Also

µ∗(X) + µ∗(Xc) = µ∗(X) + µ∗(∅) = µ(X) + µ(∅) = r + 0 = r

by Q1 and P1, so X ∈ H.
Suppose H1, H2 ∈ H. By Q2,

µ∗(H1) + µ∗(H2) ≥ µ∗(H1 ∪H2) + µ∗(H1 ∩H2), (1.7)
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and also

µ∗(Hc
1) + µ∗(Hc

2) ≥ µ∗(Hc
1 ∪Hc

2) + µ∗(Hc
1 ∩Hc

2) = µ∗(H1 ∩H2)c + µ∗(H1 ∪H2)c, (1.8)

Adding (1.7) and (1.8) yields

2r =
[
µ∗(H1) + µ∗(Hc

1)
]

+
[
µ∗(H2) + µ∗(Hc

2)
]

≥
[
µ∗(H1 ∪H2) + µ∗(H1 ∪H2)c

]
+
[
µ∗(H1 ∩H2) + µ∗(H1 ∩H2)c

]
≥ 2r,

the second inequality owing to Q2. Thus[
µ∗(H1 ∪H2) + µ∗(H1 ∪H2)c

]
+
[
µ∗(H1 ∩H2) + µ∗(H1 ∩H2)c

]
= 2r,

implying that [
µ∗(H1 ∪H2) + µ∗(H1 ∪H2)c

]
≤ r,

whereupon Q2 leads to the conclusion that[
µ∗(H1 ∪H2) + µ∗(H1 ∪H2)c

]
= r,

Therefore H1 ∪H2 ∈ H, which implies that H is closed under finite unionization and so is an
algebra.

Next, let (Hn)n∈N be a sequence in H such that Hn ↑ H. Let ε > 0. Now, limn→∞ µ
∗(Hn) =

µ∗(H) by Q5, and so there exists some m ∈ N such that µ∗(H) ≤ µ∗(Hn) + ε for all n ≥ m.
Also, Hc ⊆ Hc

n for all n, and so µ∗(Hc) ≤ µ∗(Hc
n) for all n by Q4. Hence we have

µ∗(H) + µ∗(Hc) ≤ µ∗(Hn) + µ∗(Hc
n) + ε = r + ε

for all n ≥ m, and since ε > 0 is arbitrary, it follows that µ∗(H) + µ∗(Hc) ≤ r, and therefore
H ∈ H. Now, if (Hn)n∈N is an arbitrary sequence in H, observe that (

⋃n
k=1Hk)n∈N is also a

sequence in H since H is closed under finite unionization, and since
n⋃
k=1

Hk ↑
∞⋃
k=1

Hk,

we conclude that
⋃∞
k=1 Hk ∈ H. So H is closed under countable unionization, and therefore H

is a σ-algebra.
Finally, (1.7) must in fact be an equality, for otherwise adding (1.7) and (1.8) would yield

the contradiction 2r > 2r. Thus

µ∗(H1 ∪H2) + µ∗(H1 ∩H2) = µ∗(H1) + µ∗(H2)

for all H1, H2 ∈ H, and so if H1 and H2 are disjoint we obtain µ∗(H1 ∪H2) = µ∗(H1) + µ∗(H2).
This implies, by induction, that µ∗ is a finitely additive set function on the σ-algebra H. Moreover,
given any H ∈ H and sequence (Hn)n∈N ⊆ H such that Hn ↑ H, we have limn→∞ µ

∗(Hn) =
µ∗(H) by Q5. So µ∗ is continuous from below on H, and hence countably additive on H by
Theorem 1.23. Since µ∗(∅) = 0, and µ∗(H) ∈ [0, r] for all H ∈ H by Q1, we have now shown
that µ∗ : H→ [0, r] is a finite measure on H. �

Corollary 1.36. Any finite premeasure on an algebra A can be extended to a finite measure on
σ(A).
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Proof. If µ0 is a finite premeasure on an algebra A, then Theorem 1.35 shows that µ0 can be
extended to a finite measure µ∗ on a σ-algebra H containing A. Since A ⊆ σ(A) ⊆ H, it follows
immediately that µ∗ restricted to σ(A) is an extension of µ0 to a finite measure on σ(A). �

If µ is a measure on a σ-algebra S, then a µ-null set (or simply null set if there is no
chance of ambiguity) is a set A ∈ S such that µ(A) = 0. See denote by Nµ the collection of all
µ-null sets:

Nµ = {A ∈ S : µ(A) = 0}.
It will be convenient to define

P(Nµ) =
⋃

N∈Nµ

P(N),

which is the collection of all subsets of µ-null sets. Not all such sets are necessarily in S, but it
is often desirable that a measure space (X, S, µ) be such that P(Nµ) ⊆ S.

Definition 1.37. A measure space (X, S, µ) is complete if P(Nµ) ⊆ S, in which case we say
µ is complete on S.

Proposition 1.38. The measure space (X,H, µ∗) constructed in Theorem 1.35 is complete.

Proof. Let A ∈ H be such that µ∗(A) = 0, so r = µ∗(A) + µ∗(Ac) = µ∗(Ac). Let B ⊆ A. By
Q1 and Q4, 0 ≤ µ∗(B) ≤ µ∗(A) = 0, so µ∗(B) = 0. Since Bc ⊇ Ac, r = µ∗(Ac) ≤ µ∗(Bc) ≤ r
by Q1 and Q4 again, so µ∗(Bc) = r. Hence µ∗(B) + µ∗(Bc) = r, implying that B ∈ H and
therefore µ is complete on H. �

Remark. A quicker way to prove Proposition 1.38 is to note that

µ∗(B) + µ∗(Bc) ≤ µ∗(A) + µ∗(Bc) = µ∗(Bc) ≤ r

and then use (1.6).

Theorem 1.39. Let (X, S, µ) be a measure space, let

Sµ =
{
A ∪N : A ∈ S, N ∈ P(Nµ)

}
,

and define µ̄ : Sµ → R by

µ̄(A ∪N) = µ(A)

for all A ∪N ∈ Sµ. Then (X, Sµ, µ̄) is a complete measure space.

Proof. It is first necessary to verify that Sµ is a σ-algebra. Since ∅ ∈ Nµ ⊆ P(Nµ), it is clear
that S ⊆ Sµ, and hence X ∈ Sµ in particular. Also P(Nµ) ⊆ Sµ, since any N ∈ P(Nµ) can be
written as N = ∅ ∪N for ∅ ∈ S.

Let (Sn)n∈N be a sequence in Sµ, so Sn ∈ An ∪Nn for some An ∈ S and Nn ∈ P(Nµ). For
each n there is some Mn ∈ Nµ such that Nn ⊆Mn. Now,

µ

(
∞⋃
n=1

Mn

)
=
∞∑
n=1

µ(Mn) = 0
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by the countable additivity of µ on S, which implies that
⋃∞
n=1Mn ∈ Nµ, and since

⋃∞
n=1Nn ⊆⋃∞

n=1Mn we see that
⋃∞
n=1Nn ∈ P(Nµ). So

∞⋃
n=1

Sn =

(
∞⋃
n=1

An

)
∪

(
∞⋃
n=1

Nn

)
with

⋃∞
n=1An ∈ S and

⋃∞
n=1Nn ∈ P(Nµ), which shows that

⋃∞
n=1 Sn ∈ Sµ. Therefore Sµ is

closed under countable unionization.
Next, suppose S ∈ Sµ, so S = A ∪ N for some A ∈ S and N ∈ P(Nµ). There exists some

M ∈ Nµ such that N ⊆M , where

(A ∪N)c = Ac ∩N c = Ac ∩
(
(M \N) ∪M c

)
=
(
Ac ∩ (M \N)

)
∪ (Ac ∩M c).

Now, Ac ∩ (M \N) ⊆M implies Ac ∩ (M \N) ∈ P(Nµ) ⊆ Sµ, whereas Ac ∩M c ∈ S ⊆ Sµ; and
so, since Sµ is closed under finite unionization, it follows that (A ∪ N)c ∈ Sµ. That is, Sµ is
closed under complementation and is therefore a σ-algebra.

Next we verify that µ̄ is a measure on Sµ. Clearly µ̄(∅) = 0 and µ̄(S) ≥ 0 for all S ∈ Sµ. As
for countable additivity, referencing the sequence (Sn)n∈N ⊆ Sµ with Sn = An ∪Nn above, only
now assuming the sequence to be disjoint, we have

µ̄

(
∞⋃
n=1

Sn

)
= µ̄

((
∞⋃
n=1

An

)
∪

(
∞⋃
n=1

Nn

))
= µ

(
∞⋃
n=1

An

)

=
∞∑
n=1

µ(An) =
∞∑
n=1

µ̄(An ∪Nn) =
∞∑
n=1

µ̄(Sn),

the middle equality justified since the sequence (An)n∈N ⊆ S is also disjoint. Thus µ̄ : Sµ → R is
a measure, and (X, Sµ, µ̄) is a measure space.

Suppose S ∈ P(Nµ̄). Then S ⊆ M for some M ∈ Sµ such that µ̄(M) = 0. Now, M ∈ Sµ
implies M = A ∪N for some A ∈ S and N ∈ P(Nµ), which in turn implies there exists some
N ′ ∈ Nµ such that M ⊆ A ∪N ′ ∈ S. Since

0 = µ̄(M) = µ̄(A ∪N) = µ̄(A) + µ̄(N) ⇒ µ(A) = µ̄(A) = 0,

we see that µ(A ∪N ′) = µ(A) + µ(N ′) = 0, and hence A ∪N ′ ∈ Nµ. Since S ⊆ M ⊆ A ∪N ′,
it follows that S ∈ P(Nµ) ⊆ Sµ, and therefore P(Nµ̄) ⊆ Sµ. We conclude that (X, Sµ, µ̄) is a
complete measure space. �

Definition 1.40. The measure space (X, Sµ, µ̄) in Theorem 1.39 is the completion of (X, S, µ),
and we say Sµ is the completion of S relative to µ.

Proposition 1.41. The measure space (X,H, µ∗) constructed in Theorem 1.35 is the completion
of (X, σ(A), µ∗).

A class C ⊆ P(X) is monotone if whenever a sequence (An)n∈N ⊆ C is such that An ↑ A or
An ↓ A, then A ∈ C.

Theorem 1.42 (Monotone Class Theorem). Let A ⊆ P(X) be an algebra, and let C ⊆ P(X)
be monotone. If A ⊆ C, then σ(A) ⊆ C.
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Proof. Let M ⊆ P(X) be the smallest monotone class such that A ⊆M. We shall show that
M is in fact a σ-algebra.

Fix F ∈ A, and define

MF =
{
M ∈M : F ∩M,F ∩M c, F c ∩M ∈M

}
.

Let (Mn)n∈N ⊆MF be such that Mn ↑↓ A, which here we take to mean that either Mn ↑ A or
Mn ↓ A. Since (Mn)n∈N ⊆ M it is immediate that A ∈ M. Moreover, F ∩Mn, F ∩M c

n, and
F c ∩Mn are all elements of M for each n, and since M is a monotone class and

F ∩Mn ↑↓ F ∩ A, F ∩M c
n ↓↑ F ∩ Ac, F c ∩Mn ↑↓ F c ∩ A,

it follows that F ∩ A,F ∩ Ac, F c ∩ A ∈ M. Hence A ∈ MF , and we conclude that MF is a
monotone class. Clearly A ⊆MF ⊆M, and since M is the smallest monotone class containing
A, we see that MF = M for all F ∈ A.

Next let B ∈M be arbitrary. Then B ∈MF for any F ∈ A, which is to say F ∩B, F ∩Bc,
and F c ∩B are all elements of M for any F ∈ A, and thus

A ⊆
{
M ∈M : B ∩M,B ∩M c, Bc ∩M ∈M

}
= MB.

Now, A ⊆ MB ⊆ M, and since MB is a monotone class (by the same argument that showed
MF is a monotone class), it follows that MB = M for any B ∈M.

Let A,B ∈ M. Since M = MB, we have B ∩ A,B ∩ Ac, Bc ∩ A ∈ M. Since A ⊆ M we
clearly have X ∈M, and then Ac = X ∩Ac ∈M shows M is closed under complementation. So
Ac, Bc ∈M, and since M is also closed under finite intersection,

Ac, Bc ∈M ⇒ Ac ∩Bc ∈M ⇒ (A ∪B)c ∈M ⇒ A ∪B ∈M,

and we find that M is closed under finite unionization. Thus M is an algebra as well as a
monotone class, which easily implies that M is a σ-algebra; for if (Mn)n∈N ⊆ M, we have⋃n
k=1 Mk ∈M for each n with

n⋃
k=1

Mk ↑
∞⋃
k=1

Mk,

and therefore
⋃∞
n=1Mn ∈M.

Since M is a σ-algebra containing A, we have M ⊇ σ(A). But M is also the smallest
monotone class containing A, so that M ⊆ C. Therefore σ(A) ⊆ C and we are done. �

Theorem 1.43 (Carathéodory Extension Theorem). Let A ⊆ P(X) be an algebra. If µ
is a σ-finite premeasure on A, then µ has a unique extension to a measure µ∗ : σ(A)→ R.

Theorem 1.44 (Approximation Theorem). Let (X, S, µ) be a measure space, and let A ⊆
P(X) be an algebra such that σ(A) = S. Assume µ|A is a σ-finite premeasure, and let ε > 0. If
A ∈ S and µ(A) <∞, then there is some B ∈ A such that µ(A∆B) < ε.
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1.5 – Outer Measures

Definition 1.45. An outer measure on X is a set function µ∗ : P(X) → [0,∞] with the
following properties.

OM1. µ∗(∅) = 0.
OM2. Monotonicity: if A,B ∈ P(X) with B ⊆ A, then µ∗(B) ≤ µ∗(A).
OM3. Countable Subadditivity: if (An)n∈N ⊆ P(X), then

µ∗

(
∞⋃
n=1

An

)
≤

∞∑
n=1

µ∗(An).

A set E ⊆ X is µ∗-measurable if

µ∗(A) = µ∗(A ∩ E) + µ∗(A ∩ Ec)

for all A ⊆ X.

Proposition 1.46. The set function µ∗ in Lemma 1.34 (and hence also in Theorem 1.35) is
an outer measure on X.

Proof. Since µ maps into [0,∞), it is clear that µ∗ maps into [0,∞]. Property OM1 derives
from P1 together with Q1 in Lemma 1.34, and OM2 derives from Q4. Finally, if (An)n∈N ⊆ P(X)
then

⋃n
k=1Ak ↑

⋃∞
n=1An, so by Q5 followed by Q4 we have

µ∗

(
∞⋃
n=1

An

)
= lim

n→∞
µ∗

(
n⋃
k=1

Ak

)
≤ lim

n→∞

n∑
k=1

µ∗(Ak) =
∞∑
n=1

µ∗(An),

securing OM3. �

Theorem 1.47 (Carathéodory Restriction Theorem). Let ρ be an outer measure on X.
If M is the class of all ρ-measurable sets, then (X,M, ρ) is a complete measure space.

Proof. For all A ∈ P(X),

ρ(A ∩X) + ρ(A ∩Xc) = ρ(A) + ρ(∅) = ρ,

so X ∈M. It is also clear that E ∈M implies Ec ∈M. Let E,F ∈M, so

ρ(A) = ρ(A ∩ E) + ρ(A ∩ Ec) and ρ(A) = ρ(A ∩ F ) + ρ(A ∩ F c)

for all A ∈ P(X). Let E,F ∈ M. For any A ∈ P(X), by the subadditivity (OM3) and
monotonicity (OM2) properties of ρ,

ρ
(
A ∩ (E ∪ F )

)
+ ρ
(
A ∩ (E ∪ F )c

)
≤ ρ(A ∩ E) + ρ(A ∩ F ) + ρ

(
(A ∩ Ec) ∩ F c

)
=
[
ρ(A)− ρ(A ∩ Ec)

]
+
[
ρ(A)− ρ(A ∩ F c)

]
+
[
ρ(A ∩ Ec)− ρ(A ∩ Ec ∩ F )

]
= 2ρ(A)−

[
ρ(A ∩ F c) + ρ

(
(A ∩ Ec) ∩ F

)]
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≤ 2ρ(A)−
[
ρ
(
(A ∩ Ec) ∩ F c

)
+ ρ
(
(A ∩ Ec) ∩ F

)]
= 2ρ(A)− ρ(A) = ρ(A).

By subadditivity

ρ
(
A ∩ (E ∪ F )

)
+ ρ
(
A ∩ (E ∪ F )c

)
≥ ρ(A),

and so

ρ
(
A ∩ (E ∪ F )

)
+ ρ
(
A ∩ (E ∪ F )c

)
= ρ(A).

Thus E ∪ F ∈ M, and it follows by induction that M is closed under finite unionization.
Therefore M is an algebra, and moreover if E and F are disjoint we have

ρ
(
A ∩ (E ∪ F )

)
= ρ
((
A ∩ (E ∪ F )

)
∩ E

)
+ ρ
((
A ∩ (E ∪ F )

)
∩ Ec

)
= ρ(A ∩ E) + ρ(A ∩ F )

for any A ∈ P(X), and so by induction we obtain

ρ

(
A ∩

n⊔
k=1

Ek

)
=

n∑
k=1

ρ(A ∩ Ek) (1.9)

for any finite disjoint sequence (Ek)
n
k=1 ⊆M.

Let (En)n∈N ⊆M be a disjoint sequence, and let E =
⊔∞
n=1 En. Fix A ∈ P(X). For each n

we have Fn =
⋃n
k=1Ek ∈M, where

F c
n =

n⋂
k=1

Ec
k ⊇

∞⋂
k=1

Ec
k = Ec,

so that

ρ(A) = ρ(A ∩ Fn) + ρ(A ∩ F c
n) ≥ ρ(A ∩ Fn) + ρ(A ∩ Ec)

by OM2, and thus

ρ(A) ≥
n∑
k=1

ρ(A ∩ Ek) + ρ(A ∩ Ec)

by (1.9). Letting n→∞ then gives

ρ(A) ≥
∞∑
n=1

ρ(A ∩ En) + ρ(A ∩ Ec)

for all A ∈ P(X). By OM2,

ρ(A) ≥ ρ

(
∞⋃
n=1

(A ∩ En)

)
+ ρ(A ∩ Ec) = ρ(A ∩ E) + ρ(A ∩ Ec).

This, together with OM3, yields ρ(A) = ρ(A ∩ E) + ρ(A ∩ Ec), and thus E ∈ M. Now, if
(En)n∈N ⊆M is any arbitrary sequence (not necessarily disjoint), by Theorem 1.4 we find that

E :=
∞⋃
n=1

En =
∞⊔
n=1

(Ec
1 ∩ · · · ∩ Ec

n−1 ∩ En),
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where the disjoint sequence of sets Ec
1∩ · · ·∩Ec

n−1∩En is a sequence in M since M is an algebra,
and so we find that E ∈M once more. Therefore M is a σ-algebra.

For the next step, assume again that (En)n∈N ⊆ M is a disjoint sequence. Letting A =⊔∞
k=1 Ek in (1.9), we have

ρ

(
n⊔
k=1

Ek

)
=

n∑
k=1

ρ(Ek)

for all n, and so

lim
n→∞

ρ

(
n⊔
k=1

Ek

)
=
∞∑
k=1

ρ(Ek).

Now, by OM2 and OM3,

ρ

(
n⊔
k=1

Ek

)
≤ ρ

(
∞⊔
k=1

Ek

)
≤

∞∑
k=1

ρ(Ek)

for all n, implying that
∞∑
k=1

ρ(Ek) = lim
n→∞

ρ

(
n⊔
k=1

Ek

)
≤ ρ

(
∞⊔
k=1

Ek

)
≤

∞∑
k=1

ρ(Ek),

and hence

ρ

(
∞⊔
k=1

Ek

)
=
∞∑
k=1

ρ(Ek).

Therefore ρ is a measure on M, and so (X,M, ρ) is a measure space.
Finally, suppose E ∈ P(X) is such that ρ(E) = 0. Let A ∈ P(X) be arbitrary. From

0 ≤ ρ(A ∩ E) ≤ ρ(E) = 0

we have ρ(A ∩ E) = 0, and then

ρ(A) = ρ
(
(A ∩ E) ∪ (A ∩ Ec)

)
≤ ρ(A ∩ E) + ρ(A ∩ Ec) = ρ(A ∩ Ec) ≤ ρ(A)

implies that ρ(A ∩ E) + ρ(A ∩ Ec) = ρ(A). Thus E is ρ-measurable, and we conclude that
E ∈M for any E ⊆ X with ρ(E) = 0. Now, if A ⊆ E for some E ∈M with ρ(E) = 0, we find
that A ∈M since 0 ≤ ρ(A) ≤ ρ(E) = 0 implies ρ(A) = 0. Therefore (X,M, ρ) is complete. �

Proposition 1.48. Let µ be a premeasure on an algebra A ⊆ P(X). Define µ∗ : P(X)→ R by

µ∗(A) = inf

{∑
n

µ(En) : A ⊆
⋃
n

En for En ∈ A

}
.

Then µ∗ is an outer measure on X such that µ∗|A = µ.

Proof. Since µ : A→ [0,∞], it is clear that µ∗ : P(X)→ [0,∞]. Also it is clear that µ∗(∅) = 0,
satisfying OM1.

For each Ω ∈ P(X) define

SΩ =

{∑
n

µ(En) : Ω ⊆
⋃
n

En for En ∈ A

}
.
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Suppose A,B ∈ P(X) with B ⊆ A. Let s ∈ SA, so s =
∑

n µ(En) for some En ∈ A such
that A ⊆

⋃
nEn. Since B ⊆

⋃
nEn also, it follows that s ∈ SB, and so SA ⊆ SB. It follows

immediately that
µ∗(B) = inf(SB) ≤ inf(SA) = µ∗(A),

and so µ∗ satisfies OM2.
Next, let (An)n∈N ⊆ P(X). Fix ε > 0. For each n there exist (Enk)k∈N ⊆ A such that

An ⊆
∞⋃
k=1

Enk and
∞∑
k=1

µ(Enk) ≤
ε

2n
+ µ∗(An).

(Each sequence (Enk)k∈N may be assumed to be infinite by taking Enk = ∅ for all sufficiently
large k.) Now,

∞⋃
n=1

An ⊆
∞⋃
n=1

∞⋃
k=1

Enk,

and so by definition of µ∗ we have

µ∗

(
∞⋃
n=1

An

)
≤

∞∑
n=1

∞∑
k=1

µ(Enk) ≤
∞∑
n=1

[
µ∗(An) + ε2−n

]
≤

∞∑
n=1

µ∗(An) + ε.

Since ε > 0 is arbitrary we conclude that

µ∗

(
∞⋃
n=1

An

)
≤

∞∑
n=1

µ∗(An),

and so µ∗ satisfies OM3 and is therefore an outer measure on X. That µ∗|A = µ is easily
verified. �
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1.6 – Lebesgue-Stieltjes Measures and Distribution Functions

Given any metric space (Y, d), a function f : A ⊆ R→ Y is right-continuous at a ∈ A if
limx→a+ f(x) = f(a), and left-continuous at a ∈ A if limx→a− f(x) = f(a).

Definition 1.49. A Lebesgue-Stieltjes measure on R is a measure µ : B(R)→ [0,∞] such
that µ(I) < ∞ for every bounded interval I. A distribution function on R is a monotone
increasing right-continuous function F : R→ R.

Theorem 1.50. Let µ be a Lebesgue-Stieltjes measure on R. If F : R→ R is given by

F (b)− F (a) = µ(a, b] (1.10)

for all −∞ < a < b <∞, then F is a distribution function.

The equation (1.10) only determines F up to an arbitrary constant. One way to see this is
to note that

F (x) =


µ(x, 0] + F (0), x < 0

F (0), x = 0

µ(0, x] + F (0), x > 0,

which shows that F may be uniquely determined by choosing the value of F (0).
Given a distribution function F : R→ R, we can extend the definition of F to R by setting

F (∞) = lim
x→∞

F (x) and F (−∞) = lim
x→−∞

F (x),

where both limits exist as extended real numbers since F is monotone increasing. Now define
µ(a, b] = F (b)− F (a) for all a, b ∈ R , and in particular

µ[−∞, b] = F (b)− F (−∞) = µ(−∞, b].

This defines µ on the collection HR of all h-intervals of R , which by convention we take to
include intervals of the form [−∞, b]. If (Ik)

n
k=1 is a disjoint finite sequence in HR , define

µ

(
n⊔
k=1

Ik

)
=

n∑
k=1

µ(Ik).

This extends µ to the algebra A(R) of finite disjoint unions of h-intervals of R . Since R is
compact, it can be shown that µ is in fact countably additive on A(R). Thus, since µ(∅) = 0
by Theorem 1.20(1), it follows that (R,A(R), µ) is a premeasure space. It then can be shown
that (R,A(R), µ) is a premeasure space, where A(R) is the algebra of finite disjoint unions
of h-intervals of R, which by convention we take to include intervals of the form (a,∞). The
Carathéodory Extension Theorem then gives a unique extension of µ to a measure µ∗ to
σ(A(R)) = B(R). We state the theorem.

Theorem 1.51. Let F be a distribution function on R. If µ(a, b] = F (b) − F (a) for all
−∞ < a < b <∞, then there is a unique extension of µ to a Lebesgue-Stieltjes measure on R.
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Theorems 1.50 and 1.51 together demonstrate that there is a one-to-one correspondence
between Lebesgue-Stieltjes measure on R and distribution functions (up to an additive constant)
on R. The Lebesgue-Stieltjes measure corresponding to a distribution function F is called
the measure induced by F . The distribution function F (up to an additive constant)
corresponding to a Lebesgue-Stieltjes measure µ is called the distribution function of µ.

From the formulation µ(a, b] = F (b)− F (a) for −∞ < a < b <∞ given in Theorem 1.51 we
may express intervals that are not bounded h-intervals of R in terms of F . Defining

F (c−) = lim
x→c−

F (x)

for any c ∈ R, the following can be proved:

µ(a, b) = F (b−)− F (a), µ[a, b] = F (b)− F (a−), µ[a, b) = F (b−)− F (a−), (1.11)

µ(−∞, x] = F (x)− F (−∞), µ(−∞, x) = F (x−)− F (−∞), (1.12)

µ(x,∞) = F (∞)− F (x), µ[x,∞) = F (∞)− F (x−), (1.13)

and

µ(R) = F (∞)− F (−∞). (1.14)

A special case obtaining from µ[a, b] = F (b)− F (a−) is

µ{x} = F (x)− F (x−), (1.15)

which shows that a distribution function F corresponding to a measure µ is continuous at x ∈ R
if and only if µ{x} = 0.

Example 1.52. Recall the Riemann integral
´ b
a
f of a function f on a closed bounded interval

[a, b].2 Let f : R→ [0,∞) be such that f is Riemann integrable on any closed bounded interval,
and let F (0) ∈ R be arbitrary. Define

F (x)− F (0) =

ˆ x

0

f

for all x ∈ R \ {0}, where as usual ˆ x

0

f := −
ˆ 0

x

f

if x < 0. Then F : R→ R is a continuous distribution function, and by Theorem 1.51 the set
function given by

µ(a, b] = F (b)− F (a) =

ˆ b

0

f −
ˆ a

0

f =

ˆ b

a

f

for −∞ < a < b <∞ has a unique extension to a Lebesgue-Stieltjes measure µ∗ : B(R)→ [0,∞].
The case when f ≡ 1 and F (0) := 0 is special. We then find that F (x) = x for all x ∈ R,

so that µ(a, b] = b− a for −∞ < a < b <∞, which of course conforms to the usual notion of
the “length” of a bounded interval. The unique extension of µ in this case is denoted by λ1, or

2See also §2.4.
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simply λ if no ambiguity results,3 and we call λ1 : B(R)→ [0,∞] the Lebesgue measure on
B(R). Applying (1.11) through (1.15) to λ1, for which F is the identity function, we find that

λ1(a, b) = λ1[a, b) = λ1[a, b] = b− a
for all a, b ∈ R,

λ1(R) = λ1(−∞, x) = λ1(x,∞) = λ1(−∞, x] = λ1[x,∞) =∞

for all x ∈ R, and finally

λ1{x} = 0

for all x ∈ R.
The completion of B(R) relative to λ1 we denote by B(R) rather than B(R)λ1 , and the

complete measure λ1 : B(R)→ [0,∞] we will often denote again by λ1 (or simply λ) and also
call Lebesgue measure. We call B(R) the class of Lebesgue measurable sets in R. �

An element of Rn will be regarded as an n× 1 matrix (i.e. a column vector), so that

Rn =
{

[xi]n×1 : ∀1 ≤ i ≤ n
(
xi ∈ R

)}
,

where

[xi]n×1 :=

x1
...
xn

.
Usually [xi]n×1 will be written simply as [xi] or x.

Definition 1.53. Given a = [ai]n×1 and b = [bi]n×1 in Rn, we define the h-interval in Rn by

(a,b] =
n∏
i=1

(ai, bi] =
{

[xi] ∈ Rn : ∀1 ≤ i ≤ n
(
xi ∈ (ai, bi]

)}
,

where (a,b] = ∅ if ai ≥ bi for some i. Similarly we define open intervals and closed
intervals in Rn by

(a,b) =
n∏
i=1

(ai, bi) and [a,b] =
n∏
i=1

[ai, bi],

respectively, and also define

(−∞,b) =
n∏
i=1

(−∞, bi) and (a,∞) =
n∏
i=1

(ai,∞).

Other intervals such as (−∞,b] and [a,∞) are defined similarly.

Given a,b ∈ Rn, we write a < b if ai < bi for each 1 ≤ i ≤ n, and we write a ≤ b if ai ≤ bi
for each 1 ≤ i ≤ n. Thus (a,b] 6= ∅ if and only if a < b.

Letting

Hn =
{

(a,b] : a,b ∈ Rn
}

and Hn =
{

(a,b] : a,b ∈ Rn}
3See Example 1.56 for the definition of λn for any n ∈ N.
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it can be shown that the σ-algebra of Borel sets of Rn is generated by Hn: B(Rn) = σ(Hn).
Similarly for the Borel sets of Rn

= [−∞,∞]n we have B(Rn
) = σ(Hn).

A Lebesgue-Stieltjes measure on Rn is a measure µ : B(Rn)→ [0,∞] such that µ(I) <∞
for every bounded interval I ⊆ Rn. The notion of a distribution function on Rn does not carry
over as easily, however.

Let Φ : Rn → R be any function. For any 1 ≤ i ≤ n and a, b ∈ R define
a(i)
b,aΦ : Rn → R by

i(i)

b,a
Φ

x1
...
xn

= Φ





x1
...

xi−1

b
xi+1

...
xn




− Φ





x1
...

xi−1

a
xi+1

...
xn




:= Φ



x1
...

xi−1

b
xi+1

...
xn


− Φ



x1
...

xi−1

a
xi+1

...
xn


,

where the last expression is a notational convenience. We take the difference operator
a(i)
b,a

to have the additive linearity property
i(i)

b,a

[
Φ(x)± Φ(y)

]
=

i(i)

b,a
Φ(x)±

i(i)

b,a
Φ(y).

Now, for any a,b ∈ Rn the expression
i(1)

b1,a1
· · ·

i(n)

bn,an
Φ(x)

is shown in [PMT] to be independent of the choice for x, and so we define

Φ(a,b] =
i(1)

b1,a1
· · ·

i(n)

bn,an
Φ(0), (1.16)

where 0 denotes the origin in Rn. We say Φ : Rn → R is increasing if Φ(a,b] ≥ 0 whenever
a ≤ b.

Assume Rn to have the usual Euclidean metric. We say Φ : Rn → R is right-continuous
at a if

lim
x→a+

Φ(x) = Φ(a),

where x→ a+ is taken to mean that x→ a (i.e. x approaches a) and x ≥ a.
Finally, we define a function F : Rn → R to be a distribution function on Rn if it is

increasing and right-continuous on Rn. When n = 1 this definition agrees with the earlier
definition of a distribution function on R.

Proposition 1.54. Let µ be a finite measure on B(Rn) and define Φ : Rn → R by

Φ(x) = µ(−∞,x].

If a ≤ b, then

µ(a,b] = Φ(a,b] =
n∑
k=0

(−1)ksk,

where sk is the sum of all
(
n
k

)
terms of the form Φ([ci]), the vector [ci] having k entries for which

ci = ai, and n− k entries for which ci = bi.
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The following theorem becomes Theorem 1.51 when n = 1, and the general structure of the
proof is much the same.

Theorem 1.55. Let F be a distibution function on Rn. If a set function µ is given by
µ(a,b] = F (a,b] for all a,b ∈ Rn with a ≤ b, then µ has a unique extension to a Lebesgue-
Stieltjes measure on Rn.

Example 1.56. If F1, . . . , Fn are distribution functions on R, then F : Rn → R given by

F (x) =
n∏
i=1

Fi(xi)

for all x = [xi] ∈ Rn is a distribution function on Rn. Then for intervals (a,b] ⊆ Rn it can be
shown that

F (a,b] =
i(1)

b1,a1
· · ·

i(n)

bn,an
F (0) =

n∏
i=1

[
Fi(bi)− Fi(ai)

]
.

Consider the n = 2 case:

F (a,b] =
i(1)

b1,a1

i(2)

b2,a2
F

[
0
0

]
=

i(1)

b1,a1

(
F

[
0
b2

]
− F

[
0
a2

])
=

(
F

[
b1

b2

]
− F

[
a1

b2

])
−
(
F

[
b1

a2

]
− F

[
a1

a2

])
=
[
F1(b1)F2(b2)− F1(a1)F2(b2)

]
−
[
F1(b1)F2(a2)− F1(a1)F2(a2)

]
=
[
F1(b1)− F1(a1)

]
F2(b2)−

[
F1(b1)− F1(a1)

]
F2(a2)

=
[
F1(b1)− F1(a1)

][
F2(b2)− F2(a2)

]
If each Fi : R→ R is the identity map, then F (x) =

∏n
i=1 xi and we obtain

F (a,b] =
n∏
i=1

(bi − ai),

the customary volume of the interval (a,b] which is, after all, a rectangular box in Rn. The
Lebesgue-Stieltjes measure µ on Rn that is induced (via Theorem 1.55) by the distribution
function F (x) =

∏n
i=1 xi is the Lebesgue measure on B(Rn) and denoted by λn (or simply λ

if no ambiguity results). In particular we have

λn(a,b] = λn

(
n∏
i=1

(ai, bi]

)
=

n∏
i=1

(bi − ai) =
n∏
i=1

λ1(ai, bi],

and it is routine to verify that

λn(a,b] = λn[a,b] = λn[a,b) = λn(a,b).

The completion of B(Rn) relative to λn we will denote by B(Rn) rather than B(Rn)λn , and the
complete measure λn : B(Rn)→ [0,∞] we will often denote again by λn and also call Lebesgue
measure. We call B(Rn) the class of Lebesgue measurable sets on Rn. �
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Remark. Some results that are true for complete Lebesgue measure do not apply to noncomplete
Lebesgue measure, so there is risk associated with careless use of the symbol λn. If complete
Lebesgue measure is an essential hypothesis in a proposition, then either the symbol λn will be
employed, or else the measure space (Rn,B(Rn), λn) will be declared. Put plainly: whenever the
σ-algebra B(Rn) is under consideration, λn will be taken to denote complete Lebesgue measure.

Problem 1.57 (PMT 1.4.1). Let F : R→ R be the distribution function given by

F (x) =


0, x ∈ (−∞,−1)

1 + x, x ∈ [−1, 0)

2 + x2, x ∈ [0, 2)

9, x ∈ [2,∞),

and let µ be the Lebesgue-Stieltjes measure induced by F . Find the measure of each of following
sets:

{2},
[
−1

2
, 3
)
, (−1, 0] ∪ (1, 2), {x : |x|+ 2x2 > 1}.

Solution. By (1.15),

µ({2}) = F (2)− F (2−) = 9− (2 + 22) = 3,

and by (1.11),

µ
[
−1

2
, 3
)

= F (3−)− F
(
− 1

2

−)
= 9− 1

2
= 17

2

and

µ
(
(−1, 0] ∪ (1, 2)

)
= µ(−1, 0] + µ(1, 2) =

[
F (0)− F (−1)

]
+
[
F (2−)− F (1)

]
= 2 + 3 = 5.

Finally, we have

|x|+ 2x2 = 1 ⇒ x2 = (2x2 − 1)2 ⇒ 4x4 − 5x2 + 1 = 0

⇒ (4x2 − 1)(x2 − 1) = 0 ⇒ x = ±1
2
,±1.

Casting out extraneous solutions leaves x = ±1
2
. Now, the function h(x) = |x| + 2x2 − 1 is

continuous on R, so to find where h(x) > 0 we determine the sign of h(x) on the intevals
(−∞,−1

2
), (−1

2
, 1

2
), and (1

2
,∞), and apply the Intermediate Value Theorem. We find that

{x : |x|+ 2x2 > 1} = {x : h(x) > 0} =
(
−∞,−1

2

)
∪
(

1
2
,∞
)

Now, by (1.12) and (1.13),

µ
(
{x : |x|+ 2x2 > 1}

)
=
[
F
(
− 1

2

)
− F (−∞)

]
+
[
F (∞)− F

(
1
2

)]
=
(

1
2
− 0
)

+
(
9− 9

4

)
= 29

4
= 71

4
.

�

Problem 1.58 (PMT 1.4.2). Let µ be a Lebesgue-Stieltjes measure on R induced by a
continuous distribution function F .

(a) If A is a countable subset of R, show that µ(A) = 0.
(b) If µ(A) > 0, must A include an open interval?
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(c) If µ(A) > 0 and µ(R \ A) = 0, must A be dense in R?
(d) Do the answers to (b) or (c) change if µ is restricted to be Lebesgue measure?

Solution.
(a) Suppose A ⊆ R is countable, so A = {an : n ∈ N}. First observe that A ∈ B(R) since
A =

⋃∞
n=1{an}, where {an} ∈ B(R) for each n and B(R) is a σ-algebra. Now, by countable

additivity, (1.15), and the continuity of F ,

µ(A) = µ

(
∞⋃
n=1

{an}

)
=
∞∑
n=1

µ
(
{an}

)
=
∞∑
n=1

[
F (an)− F (a−n )

]
=
∞∑
n=1

(0) = 0.

(b) If F is a constant function then µ(A) = 0 for all A ∈ B(R), so suppose that F is not
constant. Since Q is countable we have Q ∈ B(R) with µ(Q) = 0. Now, R \Q ∈ B(R) with

µ(R \Q) = µ(R)− µ(Q) = µ(R) = F (∞)− F (−∞) > 0

by Theorem 1.20(4) and equation (1.14). Recalling that Q is dense in R, the set of irrational
numbers R \Q contains no open interval, and so we conclude that µ(A) > 0 does not necessarily
imply that A contains an open inteval.

(c) Suppose F : R→ R is given by

F (x) =


0, x ∈ (−∞, 0]

x, x ∈ (0, 1]

1, x ∈ (1,∞),

which is of course a continuous function. Let A = (0, 1]. Then µ(A) = F (1)− F (0) = 1, and

µ(R \ A) = µ(−∞, 0] + µ(1,∞) =
[
F (0)− F (−∞)

]
+
[
F (∞)− F (1)

]
= (0− 0) + (1− 1) = 0.

So µ(A) > 0 while µ(R \ A) = 0, and yet A is not dense in R.

(d) If λ is Lebesgue measure, so that F (x) = x for all x ∈ R (i.e. F is not constant), then the
conclusion of part (b) applies to λ.

The conclusion of part (c) does change, however. Suppose A ∈ B(R) is such that λ(A) > 0
and λ(R \ A) = 0. Suppose A is not dense in R. Then there exists some open interval I ⊆ R
such that A ∩ I = ∅. Thus I ⊆ R \ A, and Theorem 1.20(5) implies that λ(I) ≤ λ(R \ A) = 0.
Thus λ(I) = 0, which is impossible since I is an open interval. Therefore A is dense in R. �

Let V be a vector space. For any set S ⊆ V and v ∈ V we define sets

v + S = {v + x : x ∈ S} and − S = {−x : x ∈ S}.

Note in general that x ∈ −S if and only if −x ∈ S.

Problem 1.59 (PMT 1.4.3).

(a) Show that a +B ∈ B(Rn) for all a ∈ Rn and B ∈ B(Rn).
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(b) Show that −B ∈ B(Rn) for all B ∈ B(Rn).
(c) Show that λ(a +B) = λ(B) for all B ∈ B(Rn).

Solution.
(a) Let a ∈ Rn, and define

Sa = {B ∈ B(Rn) : a +B ∈ B(Rn)}.

Also let H = {(x,y] : x,y ∈ Rn}. For any x,y ∈ Rn we have (x,y] ∈ B(Rn), and it is easy to
verify that

a + (x,y] = (a + x, a + y] ∈ B(Rn),

and so H ⊆ Sa. Also, since a + Rn = Rn, it is clear that Rn ∈ Sa.
Let (Bn)n ⊆ Sa, so for all n we have Bn ∈ B(Rn) and a + Bn ∈ B(Rn). It follows that⋃

nBn ∈ B(Rn) and
⋃
n(a +Bn) ∈ B(Rn). Since⋃

n
(a +Bn) = a +

⋃
n
Bn,

it follows that a +
⋃
nBn ∈ B(Rn), and hence

⋃
nBn ∈ Sa.

Next, let B ∈ Sa, so B ∈ B(Rn) and a + B ∈ B(Rn), and subsequently Bc ∈ B(Rn) and
(a + B)c ∈ B(Rn). Now, since (a + B)c = a + Bc, it follows that a + Bc ∈ B(Rn), and hence
Bc ∈ Sa.

Thus Sa is a σ-algebra such that Sa ⊇ H, implying that B(Rn) = σ(H) ⊆ Sa. Clearly
Sa ⊆ B(Rn), and so we find that Sa = B(Rn). This shows that a + B is a Borel set for every
Borel set B.

(b) Define

S = {B ∈ B(Rn) : −B ∈ B(Rn)},

and let H = {(a,b] : a,b ∈ Rn}. Now, x ∈ −(a,b] implies x = −y for some y = [yi] ∈ (a,b],
where

y ∈ (a,b] ⇔ y ∈
n∏
i=1

(ai, bi] ⇔ ∀i(ai < yi ≤ bi) ⇔ ∀i
(
− yi ∈ [−bi,−ai)

)
⇔ −y ∈

n∏
i=1

[−bi,−ai) = [−b,−a),

so x ∈ [−b,−a) and we see that −(a,b] ⊆ [−b,−a). The reverse containment is similarly
verified, so that −(a,b] = [−b,−a) for any a,b ∈ Rn. Thus if (a,b] ∈ H then (a,b] ∈ B(Rn)
and −(a,b] = [−b,−a) ∈ B(Rn), so (a,b] ∈ S and we conclude that H ⊆ S. It remains to
show that S is a σ-algebra. Since −Rn = Rn, it is clear that Rn ∈ S.

Let (Bn)n ⊆ S, so Bn,−Bn ∈ B(Rn) for each n, and thus
⋃
nBn,

⋃
n(−Bn) ∈ B(Rn). Now,

x ∈
⋃

n
(−Bn) ⇔ ∃k

(
x ∈ −Bk

)
⇔ ∃k

(
− x ∈ Bk

)
⇔ −x ∈

⋃
n
Bn ⇔ x ∈ −

⋃
n
Bn

shows that −
⋃
nBn =

⋃
n(−Bn). From

⋃
nBn,−

⋃
nBn ∈ B(Rn) it follows that

⋃
nBn ∈ S,

and thus S is closed under countable unionization.
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Let B ∈ S, so B,−B ∈ B(Rn), and hence Bc, (−B)c ∈ B(Rn). Now,

x ∈ (−B)c ⇔ x /∈ −B ⇔ −x /∈ B ⇔ −x ∈ Bc ⇔ x ∈ −Bc

shows that (−B)c = −Bc. From Bc,−Bc ∈ B(Rn) it follows that Bc ∈ SS, and thus S is closed
under complementation.

Thus S is a σ-algebra such that S ⊇ H, implying that B(Rn) ⊆ S, and hence S = B(Rn).
Therefore −B is a Borel set for every Borel set B.

(c) Fix a = [ai] ∈ Rn. For m ∈ N define Cm ⊆ Rn by Cm =
∏n

i=1(−m,m], and again let
H = {(x,y] : x,y ∈ Rn}. By Proposition 1.15, Bm := B(Rn) ∩ Cm is a σ-algebra over Cm with

Bm = B(Rn) ∩ Cm = σ(H) ∩ Cm = σCm(H ∩ Cm).

(Since Cm is a Borel set we see that Bm is precisely the collection of Borel sets of Rn that are
subsets of Cm.) Define

Sm =
{
B ∈ Bm : λ(a +B) = λ(B)

}
,

so Sm ⊆ Bm ⊆ B(Rn). Let Am ⊆ P(Cm) be the algebra of finite disjoint unions of h-intervals in
Cm. We will show that Sm is a monotone class and Sm ⊇ Am. Once this is done, the Monotone
Class Theorem implies that Sm ⊇ σCm(Am), and then since H ∩ Cm ⊆ Am it follows that
Sm ⊇ σCm(H ∩ Cm) = Bm. That is, Sm = Bm, which is to say every Borel set B of Rn that is a
subset of Cm is such that λ(a +B) = λ(B), finishing the proof.

Note that (Cm,Bm, λ) is a finite measure space. Let (Ak) ⊆ Sm such that Ak ↑ A. Then
a + Ak ↑ a + A, and since a + Ak ∈ B(Rn) for each k by part (a), we have a + A ∈ B(Rn) as
well. Now,

lim
k→∞

λ(Ak) = λ(A) and lim
k→∞

λ(a + Ak) = λ(a + A)

by Theorem 1.21(1), and since λ(a + Ak) = λ(Ak) for all k, we obtain

λ(A) = lim
k→∞

λ(Ak) = lim
k→∞

λ(a + Ak) = λ(a + A),

and hence A ∈ Sm. If (Ak) ⊆ Sm is such that Ak ↓ A, then a similar argument using Theorem
1.21(2) will show that A ∈ Sm, where λ(A1) ∈ R holds since A1 ⊆ Cm. Therefore Sm is a
montone class.

Now, if A ∈ Am, so that A =
⊔k
j=1(pj,qj] ⊆ Cm, then clearly A ∈ Bm. Moreover,

a + A =
k⊔
j=1

(a + pj, a + qj] ∈ B(Rn)

with

λ(a + A) =
k∑
j=1

λ(a + pj, a + qj] =
k∑
j=1

λ(pj,qj] = λ(A),

and hence A ∈ Sm. Therefore Am ⊆ Sm. �

Problem 1.60 (PMT 1.4.4). Show that λ(a +B) = λ(B) for all B ∈ B(Rn) and a ∈ Rn.
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Solution. Fix a ∈ Rn. Let B ∈ B(Rn), so that B = A∪N for some B ∈ B(Rn) and N ∈ P(Nλ).
Now, there is some M ∈ B(Rn) with λ(M) = 0 such that N ⊆M , and λ(a +M) = λ(M) by
Problem 1.59(c). Since a+N ⊆ a+M and λ(a+M) = 0, it follows that a+N ∈ P(Nλ) ⊆ B(Rn)
and so λ(a +N) is defined in [0,∞]. Indeed,

0 ≤ λ(a +N) ≤ λ(a +M) = 0

shows that λ(a +N) = 0. Now, since

a +B = (a + A) ∪ (a +N),

we again apply Problem 1.59(c) to obtain

λ(A) = λ(a + A) ≤ λ(a +B) ≤ λ(a + A) + λ(a +N) = λ(a + A) = λ(A),

recalling Theorem 1.20(5) and 1.20(6). Therefore

λ(a +B) = λ(A) = λ(B),

the last equality being merely an outcome of the definition of a complete measure as given in
Theorem 1.39. �
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2
Integration

2.1 – Measurable Functions

Definition 2.1. Let (X,M) and (Y,N) be measurable spaces. A function f : X → Y is
(M,N)-measurable if f−1(A) ∈M for all A ∈ N, in which case we write

f : (X,M)→ (Y,N).

In particular, given a measurable space (X,M), a function f : X → Rn is Borel measurable
if f is (M,B(Rn))-measurable.4 The same applies if Rn is replaced by Rn

.

A function f : Rm → Rn is Lebesgue measurable if f−1(A) ∈ B(Rm) for all A ∈ B(Rn).
That is, a function Rm → Rn is Lebesgue measurable if the preimage of every Borel set of Rn is
a Lebesgue measurable set of Rm. Clearly a Borel measurable function Rm → Rn is necessarily
Lebesgue measurable, but Lebesgue measurability does not imply Borel measurability.

We come to our next bit of terminology. In the case when A ∈ B(Rm), to say a function
f : A→ Rn is Borel measurable means specifically that f : (A,B(A))→ (Rn,B(Rn)). The
same applies if every R is replaced by R .

Proposition 2.2. Let (X,M) be a measurable space. If f : X → R is (M,B(R))-measurable,
then it is also (M,B(R))-measurable.

Proof. Suppose f : X → R is (M,B(R))-measurable. Let B ∈ B(R). Since B(R) = B(R) ∩ R
by Example 1.17, we have B ∩ R ∈ B(R), and thus f−1(B ∩ R) ∈M. Now, f−1(R) = X since
f is real-valued, and so

f−1(B ∩ R) = f−1(B) ∩ f−1(R) = f−1(B) ∩X = f−1(B).

Therefore f−1(B) ∈M and we conclude that f is (M,B(R))-measurable. �

Proposition 2.3. Let (X,M) and (Y,N) be measurable spaces, and suppose N = σ(C). If
f : X → Y is such that f−1(A) ∈M for all A ∈ C, then f is (M,N)-measurable.

4More explicitly we may say f is Borel measurable on (X,M).
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Proof. Let

G = {A ∈ N : f−1(A) ∈M}.

Clearly G ⊇ C, and also Y ∈ G since f−1(Y ) = X ∈ M. If (An)n∈N is a sequence in G, then⋃∞
n=1An ∈ N and

f−1

(
∞⋃
n=1

An

)
=
∞⋃
n=1

f−1(An) ∈M

since f−1(An) ∈M for each n, and hence
⋃∞
n=1 An ∈ G. Finally, if A ∈ G, then Ac ∈ N and

f−1(Ac) =
[
f−1(A)

]c ∈M

since f−1(A) ∈ M, and so Ac ∈ G. Thus G is a σ-algebra containing C, implying G ⊇ σ(C) =
N, and therefore G = N. We conclude that f−1(A) ∈ M for all A ∈ N, so f is (M,N)-
measurable. �

Proposition 2.4. Let (X,TX) and (Y,TY ) be topological spaces. If f : X → Y is continuous,
then f is (B(X),B(Y ))-measurable.

Proof. Suppose f : X → Y is continuous. Let V ∈ TY , which is to say V is an open set in the
space Y . Then f−1(V ) is open in X by the definition of continuity, or equivalently f−1(V ) ∈ TX .
Since B(X) = σ(TX), it follows that f−1(V ) ∈ B(X). So f−1(V ) ∈ B(X) for all V ∈ TY , and
since B(Y ) = σ(TY ), Proposition 2.3 implies that f is (B(X),B(Y ))-measurable. �

It is natural to think of a constant function f : X → {c} ⊆ Y as being continuous, but if
either X or Y has not been given a topological structure there is no possibility (in the present
context) of meaningfully discussing continuity. Nevertheless we have the following result.

Proposition 2.5. Let (X,M) and (Y,N) be measurable spaces. If f : X → Y is a constant
function, then f is (M,N)-measurable.

Proof. Suppose f : X → Y is a constant function, so there exists some c ∈ Y such that
f(x) = c for all x ∈ X. Let A ∈ N. Then

f−1(A) = {x ∈ X : f(x) ∈ A} =

{
X, c ∈ A
∅, c /∈ A.

Since X,∅ ∈M, it follows that f is (M,N)-measurable. �

Proposition 2.6. Suppose (X,M) is a measurable space and f : X → R. The following are
equivalent.

1. f is Borel measurable.
2. f−1((a,∞)) ∈M for all a ∈ R.
3. f−1([a,∞)) ∈M for all a ∈ R.
4. f−1((−∞, a)) ∈M for all a ∈ R.
5. f−1((−∞, a]) ∈M for all a ∈ R.



42

Proof.
(1) → (2). Suppose f is Borel measurable. Since B(R) contains all the open sets in R, we have
f−1(U) ∈M for every open U ⊆ R, and hence f−1((a,∞)) ∈M for every a ∈ R.

(2) → (3). Suppose f−1((a,∞)) ∈ M for all a ∈ R. Fix a ∈ R. For all n ∈ N we have
f−1(a− 1/n,∞)) ∈M, and thus by Proposition 1.7 it follows that

f−1([a,∞)) = f−1

(
∞⋂
n=1

(a− 1/n,∞)

)
=
∞⋂
n=1

f−1((a− 1/n,∞)) ∈M.

(3) → (4). Suppose f−1([a,∞)) ∈M for all a ∈ R. Fix a ∈ R. From f−1([a,∞)) ∈M we have

f−1((−∞, a)) = f−1([a,∞)c) =
[
f−1([a,∞))

]c ∈M.

(4) → (5). Suppose f−1((−∞, a)) ∈ M for all a ∈ R. Fix a ∈ R. For all n ∈ N we have
f−1(−∞, a+ 1/n)) ∈M, and thus by Proposition 1.7 it follows that

f−1((−∞, a]) = f−1

(
∞⋂
n=1

(−∞, a+ 1/n)

)
=
∞⋂
n=1

f−1((−∞, a+ 1/n)) ∈M.

(5) → (1). Suppose f−1((−∞, a]) ∈M for all a ∈ R. The collection C = {(−∞, a] : a ∈ R} is
such that σ(C) = B(R), and so it follows by Proposition 2.3 that f is Borel measurable. �

Proposition 2.7. Let (X,M) be a measurable space, let (fn : X → R)n∈N be a sequence of
Borel measurable functions, and suppose limn→∞ fn(x) exists in R for each x ∈ X. Then the
function f : X → R given by

f(x) = lim
n→∞

fn(x)

is Borel measurable.

Proof. In Example 1.13 it was shown that O = {(a,∞] : a ∈ R} generates B(R), and so by
Proposition 2.3 it is enough to show that f−1((a,∞]) ∈M for all a ∈ R. By Proposition 1.3,
for arbitrary a ∈ R,

f−1((a,∞]) =
{
x ∈ X : f(x) ∈ (a,∞]

}
=
{
x : lim

n→∞
fn(x) > a

}
=
{
x : ∃ ` ∈ N ∃m ∈ N ∀n ≥ m

(
fn(x) > a+ `−1

)}
=
∞⋃
`=1

{
x : ∃m ∈ N ∀n ≥ m

(
fn(x) > a+ `−1

)}
=
∞⋃
`=1

{
x : x ∈ f−1

n ((a+ `−1,∞]) for all but finitely many n
}

=
∞⋃
`=1

lim inf
n

f−1
n ((a+ `−1,∞]) =

∞⋃
`=1

∞⋃
n=1

∞⋂
k=n

f−1
k ((a+ `−1,∞]),

and since f−1
k ((a+ `−1,∞]) ∈M for each `, k ∈ N, it follows that f−1((a,∞]) ∈M and we’re

done. �
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Proposition 2.8. Let (X,M) be a measurable space. If f1, . . . , fn : X → R are Borel measurable
functions, then the functions

n∨
k=1

fk and
n∧
k=1

fk

are Borel measurable.

Proof. The statement of the proposition is clearly true when n = 1. Suppose f1, f2 : X → R
are Borel measurable, and let a ∈ R. Then

(f1 ∨ f2)−1((a,∞]) = {x : f1(x) ∨ f2(x) > a}

= {x : f1(x) > a or f2(x) > a}

= {x : f1(x) > a} ∪ {x : f2(x) > a}

= f−1
1 ((a,∞]) ∪ f−1

2 ((a,∞]) ∈M

since f−1
1 ((a,∞]) ∈ M and f−1

2 ((a,∞]) ∈ M. Example 1.13 showed O = {(a,∞] : a ∈ R}
generates B(R), and so Proposition 2.3 implies that f1 ∨ f2 is Borel measurable. Similarly,

(f1 ∧ f2)−1((a,∞]) = {x : f1(x) ∧ f2(x) > a}

= {x : f1(x) > a and f2(x) > a}

= {x : f1(x) > a} ∩ {x : f2(x) > a}

= f−1
1 ((a,∞]) ∩ f−1

2 ((a,∞]) ∈M

implies f1 ∧ f2 is Borel measurable. Thus the statement of the proposition is true when n = 2.
Suppose the statement of the proposition is true for some arbitrary n ∈ N. Suppose

(fk : X → R)n+1
k=1 are Borel measurable. Let g =

∨n
k=1 fk and h =

∧n
k=1 fk. Then g and h are

Borel measurable by hypothesis, and since the proposition holds when n = 2 we find that

n+1∨
k=1

fk = g ∨ fn+1 and
n+1∧
k=1

fk = h ∧ fn+1

are Borel measurable. �

Proposition 2.9. Let (X,M) be a measurable space, and let (fn : X → R)n∈N be a sequence of
Borel measurable functions. Then the functions

supn fn, infn fn, lim supn fn, lim infn fn

are Borel measurable.

Proof. The sequence (
∨n
k=1 fk)n∈N is a sequence of Borel measurable functions X → R by

Proposition 2.8, and so we may conclude by Proposition 2.7 that g : X → R given by

g(x) = lim
n→∞

n∨
k=1

fk(x)



44

is Borel measurable provided that the limit exists in R for each x ∈ X. Indeed, by Proposition
1.1 we have

lim
n→∞

n∨
k=1

fk(x) = supn fn(x) ∈ R

for each x ∈ X, so g is Borel measurable, and moreover g = supn fn. The proof that infn fn is
Borel measurable is similar.

Next, for each x ∈ X we have

lim sup
n→∞

fn(x) = lim
n→∞

(
sup
k≥n

fk(x)

)
∈ R ,

where (
sup
k≥n

fk

)
n∈N

is a sequence of Borel measurable functions X → R , and therefore lim supn fn : X → R is Borel
measurable by Proposition 2.7. The proof that lim infn fn is Borel measurable is similar. �

Proposition 2.10. If f : (X1,M1)→ (X2,M2) and g : (X2,M2)→ (X3,M3), then

g ◦ f : (X1,M1)→ (X3,M3).

Proof. Let A ∈M3. Then g−1(A) ∈M2, and so (g ◦ f)−1(B) = f−1(g−1(A)) ∈M1. �

Note that if f : R` → Rm and g : Rm → Rn are Lebesgue measurable functions, then it does
not follow that g ◦ f : R` → Rn is Lebesgue measurable.

Let n ∈ N, and let X1, . . . , Xn be nonempty sets. For each 1 ≤ k ≤ n the kth projection
map Πk :

∏n
j=1 Xj → Xk is given by

Πk

x1
...
xn

 = xk for each

x1
...
xn

∈ n∏
j=1

Xj. (2.1)

Letting [x]k denote the kth component of x ∈
∏n

j=1Xj, we may write simply Πk(x) = [x]k.

Projection maps are continuous functions whenever each Xk represents a metric space (Xk, dk)
and

∏n
k=1 Xk is given the usual product topology. This is the case when Xk = R for each k,

where R is equipped with the Euclidean metric. Also each Πk : Rn → R is continuous if R has
the topology defined in Example 1.13 and Rn

has the product topology that arises therefrom.

Theorem 2.11. Let (X,M) be a measurable space, let f : X → Rn
, and define fi = Πi ◦ f

for each 1 ≤ i ≤ n. Then f is Borel measurable if and only if fi is Borel measurable for all
1 ≤ i ≤ n.

Proof. Suppose f is Borel measurable, and fix 1 ≤ i ≤ n. Let ai, bi ∈ R with ai < bi. We have

Π−1
i

(
[ai, bi]

)
=
{
x ∈ Rn

: xi ∈ [ai, bi] and ∀j 6= i(xj ∈ R)
}

=
n∏
j=1

[aj, bj],
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where [aj, bj] = [−∞,∞] for all j 6= i, and so Π−1
i ([ai, bi]) ∈ B(Rn

). Since the collection

C =
{

[a, b] : a, b ∈ R
}

generates B(R) by Example 1.13, Proposition 2.3 implies that Πi is Borel measurable, and
therefore fi is Borel measurable by Proposition 2.10.

For the proof of the converse, which is short, see [PMT]. �

With Theorem 2.11 we easily obtain a generalization of Proposition 2.7 to functions with
codomain Rn

for any n ∈ N.

Theorem 2.12. Let (X,M) be a measurable space, let (fi : X → Rn
)i∈N be a sequence of Borel

measurable functions, and suppose limi→∞ fi(x) exists in Rn
for each x ∈ X. Then the function

f : X → Rn
given by

f(x) = lim
i→∞

fi(x)

is Borel measurable.

Proof. For each i ∈ N and 1 ≤ j ≤ n define fij : X → R by fij = Πj ◦ fi, which is Borel
measurable by Theorem 2.11. Since limi→∞ fij(x) exists in R for each x ∈ X, Proposition 2.7
implies that the function fj : X → R given by

gj(x) = lim
i→∞

fij(x)

is Borel measurable. Now, by the continuity of the projection map Πj we have

lim
i→∞

fij(x) = lim
i→∞

Πj(fi(x)) = Πj

(
lim
i→∞

fi(x)
)

= Πj(f(x))

for all x ∈ X, so that Πj ◦ f = gj, and hence Πj ◦ f is Borel measurable for all 1 ≤ j ≤ n.
Therefore f is Borel measurable by Theorem 2.11. �

Problem 2.13 (PMT 1.5.2). Suppose f, g : (X,M) → (R ,B(R)), let A ∈ M, and define
h : X → R by

h(x) =

{
f(x), x ∈ A
g(x), x ∈ Ac.

Show that h is Borel measurable.

Solution. Let O = {(a, b) : a, b ∈ R}, which generates B(R). For any (a, b) ∈ O,

h−1((a, b)) = {x : h(x) ∈ (a, b)}

= {x ∈ A : h(x) ∈ (a, b)} ∪ {x ∈ Ac : h(x) ∈ (a, b)}

= {x ∈ A : f(x) ∈ (a, b)} ∪ {x ∈ Ac : g(x) ∈ (a, b)}

=
[
{x : f(x) ∈ (a, b)} ∩ A

]
∪
[
{x : g(x) ∈ (a, b)} ∩ Ac

]
=
[
f−1((a, b)) ∩ A

]
∪
[
g−1((a, b)) ∩ Ac

]
,

where f−1((a, b)), g−1((a, b)) ∈M since (a, b) ∈ B(R). Thus h−1((a, b)) ∈M, and therefore h is
Borel measurable by Proposition 2.3. �
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Problem 2.14 (PMT 1.5.4). Let (X,M, µ) be a complete measure space, and let A ∈ M

with µ(A) = 0. If f : (X,M) → (Y,N), g : X → Y , and g|Ac = f |Ac , show that g is
(M,N)-measurable.

Solution. Suppose f : (X,M) → (Y,N), g : X → Y , and g|Ac = f |Ac . Fix B ∈ N. Since
g−1(B) ∩ A ⊆ A and (X,M, µ) is complete, we have g−1(B) ∩ A ∈M. Also, since f(x) = g(x)
for all x ∈ Ac,

g−1(B) ∩ Ac = {x ∈ Ac : g(x) ∈ B} = {x ∈ Ac : f(x) ∈ B} = f−1(B) ∩ Ac,

and so g−1(B) ∩ Ac ∈M since f is (M,N)-measurable. Now,

g−1(B) =
(
g−1(B) ∩ A

)
∪
(
g−1(B) ∩ Ac

)
∈M,

and therefore g is (M,N)-measurable. �
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2.2 – Lebesgue Integral Definitions and Properties

Henceforth the following arithmetic conventions will be observed in R , where +∞ may be
denoted by ∞: for all a ∈ R,

a±∞ = ±∞, a/±∞ = 0, and a · (±∞) =

{
±∞, a > 0

∓∞, a < 0.

Also ∞+∞ =∞, −∞−∞ = −∞, and finally

0 · (±∞) = 0. (2.2)

All addition and multiplication operations are commutative. The following are undefined in R
and called indeterminate forms:

∞−∞, −∞+∞, ±∞
±∞

,
∓∞
±∞

,
±∞

0
,

0

0
.

Of course, (2.2) is not usual in other areas of analysis, but it will result in a nicer theory for our
purposes.

Let X be a set and let A ∈ P(X). The indicator of A is the function χA : X → R (or R)
given by

χA(x) =

{
1, x ∈ A
0, x /∈ A.

Note that for any B ⊆ R (or R) we have

χ−1(B) =


X, 0, 1 ∈ B
A, 0 /∈ B and 1 ∈ B
Ac, 0 ∈ B and 1 /∈ B
∅, 0, 1 /∈ B.

This immediately implies the following.

Proposition 2.15. If (X,M) is a measurable space, then χA is Borel measurable on (X,M) if
and only if A ∈M.

Definition 2.16. Let (X,M) be a measurable space. A function ϕ : X → R is simple if ϕ is
Borel measurable on (X,M) and ϕ(X) is a finite set.

Proposition 2.17. Let (X,M) be a measurable space, and let ϕ : X → R. Then ϕ is simple if
and only if ϕ is expressible as a finite linear combination of Borel measurable indicators.

Proof. Let ϕ : X → R be a simple function, so that for some m ∈ N there exist distinct values
a1, . . . , am ∈ R such that ϕ(X) = {a1, . . . , am}. Since ϕ is Borel measurable and {ai} ∈ B(R)
for each 1 ≤ i ≤ m, we find that the sets Ai = ϕ−1({ai}) are disjoint elements of M that form a
partition of X. Clearly

ϕ =
m∑
i=1

aiχAi , (2.3)
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where χAi is a Borel measurable indicator by Proposition 2.15.
For the converse, suppose that ϕ =

∑m
i=1 aiχAi such that each indicator χAi is Borel

measurable. Then A1, . . . , Am ∈M by Proposition 2.15. Fix a ∈ R. If (a,∞] contains none of
the values a1, . . . , am, then ϕ−1((a,∞]) = ∅ ∈M. Suppose

(a,∞] ∩ {a1, . . . , am} = {ai1 , . . . , air} 6= ∅.

Then

ϕ−1
(
(a,∞]

)
= ϕ−1

(
{ai1 , . . . , air}

)
=

r⋃
k=1

ϕ−1
(
{aik}

)
=

r⋃
k=1

Aik ∈M,

and we see that ϕ−1(I) ∈ M for every interval I in the collection O = {(a,∞] : a ∈ R}. In
Example 1.13 it was established that σ(O) = B(R , and so Proposition 2.3 implies that ϕ is
Borel measurable. Therefore ϕ is a simple function. �

Any finite linear combination of Borel measurable indicators that equals a simple function
ϕ, such as that given in (2.3), is called a representation of ϕ. Other representations may
be possible: for each 1 ≤ i ≤ m there may exist disjoint sets Ai1, . . . , Aini ∈ M such that⋃ni
j=1Aij = Ai, in which case

ϕ =
m∑
i=1

ni∑
j=1

aiχAij

is another representation. Thus there may be representations of the form

ϕ =
n∑
j=1

bjχBj

in which the coefficients b1, . . . , bn ∈ ϕ(X) are not distinct. The canonical representation of
a simple function ϕ : X → R is

ϕ =

p∑
k=1

ckχCk ,

where c1, . . . , cp are the distinct elements of ϕ(X) \ {0} (i.e. the nonzero values in the range of
ϕ) and Ck = ϕ−1({ck}).

Proposition 2.18. Let (X,M, µ) be a measure space, and let ϕ : X → R be a simple function.
If

m∑
i=1

aiχAi and
n∑
j=1

bjχBj (2.4)

are representations of ϕ, then

m∑
i=1

aiµ(Ai) =
n∑
j=1

bjµ(Bj), (2.5)

provided the sums exist in R.
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Proof. Suppose the sums in (2.4) are two representations for ϕ, and suppose the sums in (2.5)
exist in R . Another representation for ϕ is

m∑
i=1

n∑
j=1

tijχAi∩Bj ,

where tij = ai = bj . Noting that the sets Ai ∩Bj are disjoint and
⋃m
i=1Ai =

⋃n
j=1Bj , we obtain

m∑
i=1

n∑
j=1

tijµ(Ai ∩Bj) =
m∑
i=1

ai

n∑
j=1

µ(Ai ∩Bj) =
m∑
i=1

aiµ

(
n⋃
j=1

(Ai ∩Bj)

)

=
m∑
i=1

aiµ

(
Ai ∩

n⋃
j=1

Bj

)
=

m∑
i=1

aiµ(Ai),

and
m∑
i=1

n∑
j=1

tijµ(Ai ∩Bj) =
n∑
j=1

m∑
i=1

tijµ(Ai ∩Bj) =
n∑
j=1

bj

m∑
i=1

µ(Ai ∩Bj)

=
n∑
j=1

bjµ

(
m⋃
i=1

(Ai ∩Bj)

)
=

n∑
j=1

bjµ

(
Bj ∩

m⋃
i=1

Ai

)
=

n∑
j=1

bjµ(Bj),

and therefore
m∑
i=1

aiµ(Ai) =
m∑
i=1

n∑
j=1

tijµ(Ai ∩Bj) =
n∑
j=1

bjµ(Bj).

�

Definition 2.19. Let (X,M, µ) be a measure space, and let ϕ : X → R be a simple function
with representation

∑m
i=1 aiχAi. The Lebesgue integral of ϕ with respect to µ is

ˆ
X

ϕdµ =
m∑
i=1

aiµ(Ai), (2.6)

provided that the sum exists in R.

Proposition 2.18 ensures that the Lebesgue integral of a simple function is well-defined; that
is, the value of the Lebesgue integral of a simple function ϕ is independent of the choice of
representation for ϕ. If the sum in (2.6) does not exist as an extended real number, then we say
the Lebesgue integral does not exist. Note, however, that if the simple function ϕ is nonnegative
then (2.6) must exist in [0,∞].

Definition 2.20. Let (X,M, µ) be a measure space, and let f : X → R be a nonnegative Borel
measurable function. The Lebesgue integral of f with respect to µ isˆ

X

f dµ = sup

{ˆ
X

ϕdµ : ϕ is simple and 0 ≤ ϕ ≤ f

}
.
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Unlike the Lebesgue integral of a simple function, the Lebesgue integral of a nonnegative
Borel measurable function always exists in R .

For f : X → R define f+, f− : X → [0,∞] by f+ = f ∨ 0 and f− = (−f) ∨ 0. Thus

f+(x) = max{f(x), 0} and f−(x) = max{−f(x), 0}

for all x ∈ X. It is straightforward to check that

f = f+ − f− and |f | = f+ + f−.

We call f+ the positive part of f , and f− the negative part of f .

Proposition 2.21. Let (X,M) be a measurable space. If f : X → R is Borel measurable, then
so are f+ and f−.

Proof. Suppose f : X → R is Borel measurable. The zero function 0 : X → {0} is Borel
measurable by Proposition 2.5, and so f+ and f− are Borel measurable by Proposition 2.8. �

We may now easily extend the definition of the Lebesgue integral to include nearly every
kind of Borel measurable function.

Definition 2.22. Let (X,M, µ) be a measure space, and let f : X → R be a Borel measurable
function. The Lebesgue integral of f with respect to µ isˆ

X

f dµ =

ˆ
X

f+ dµ−
ˆ
X

f− dµ, (2.7)

provided the expression at right exists in R. If the expression at right exists in R, we say f is
µ-integrable.5

The only way the Lebesgue integral in Definition 2.22 can fail to exist is if the expression at
right in (2.7) assumes the indeterminate form ∞−∞.

Definition 2.23. Let (X,M, µ) be a measure space, let A ∈M, and let f : X → R be a Borel
measurable function. The Lebesgue integral of f on A (with respect to µ) isˆ

A

f dµ =

ˆ
X

fχA dµ.

Remark. Note that for any Borel measurable function f : X → R we have, by Definitions 2.23
and 2.19, ˆ

∅
f dµ =

ˆ
X

fχ∅ dµ =

ˆ
X

0 dµ = 0µ(∅) = 0.

In particular fχ∅ = 0f ≡ 0 must be the case owing to our definition 0 · (±∞) = 0 given in (2.2).

Theorem 2.24. Let (X,M) be a measurable space.

5More explicitly we may say f is µ-integrable on (X,M, µ).
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1. If f : X → [0,∞] is a nonnegative Borel measurable function, then there is a sequence of
nonnegative finite simple functions (ϕn : X → [0,∞))n∈N such that

∀n ∈ N
(
0 ≤ ϕn ≤ ϕn+1 ≤ f

)
and ∀x ∈ X

(
lim
n→∞

ϕn(x) = f(x)
)
.

Moreover, if f is bounded then (ϕn)n∈N converges uniformly to f .
2. If f : X → R is an arbitrary Borel measurable function, then there is a sequence of finite

simple functions (ϕn : X → R)n∈N such that

∀n ∈ N
(
|ϕn| ≤ |f |

)
and ∀x ∈ X

(
lim
n→∞

ϕn(x) = f(x)
)
.

Proof.
Proof of Part (1). Let f : X → [0,∞] be a nonnegative Borel measurable function. Fix n ∈ N,
and define

Ik =

[
k − 1

2n
,
k

2n

)
for each k ∈ {1, 2, . . . , n2n}. Now define ϕn : X → [0,∞) by

ϕn(x) =

{
2−n(k − 1), x ∈ f−1(Ik) for k = 1, . . . , n2n

n, x ∈ f−1
(
[n,∞]

)
.

Setting In2n+1 = [n,∞], we express ϕn in terms of indicators:

ϕn =
n2n+1∑
k=1

k − 1

2n
χf−1(Ik).

The Borel measurability of f ensures that f−1(Ik) ∈M for all k, so that each indicator χf−1(Ik)

is Borel measurable by Proposition 2.15, and hence ϕn is a simple function by Proposition 2.17.
Fix x ∈ X, and fix n ∈ N. Suppose f(x) ∈ Ik for some k ∈ {1, 2, . . . , n2n}, so that

ϕn(x) = 2−n(k − 1). Then

f(x) ∈
[

2(k − 1)

2n+1
,

2k

2n+1

)
,

and so either

f(x) ∈
[

2k − 2

2n+1
,
2k − 1

2n+1

)
or f(x) ∈

[
2k − 1

2n+1
,

2k

2n+1

)
.

If the former is the case, then

f(x) ≥ ϕn+1(x) =
2k − 2

2n+1
=
k − 1

2n
= ϕn(x);

and if the latter, then

f(x) ≥ ϕn+1(x) =
2k − 1

2n+1
>

2k − 2

2n+1
=
k − 1

2n
= ϕn(x).

Hence
ϕn(x) ≤ ϕn+1(x) ≤ f(x) (2.8)

if x ∈ f−1([0, n)). Another possibility is that x ∈ [n+ 1,∞], in which case

ϕn(x) = n < n+ 1 = ϕn+1(x) ≤ f(x),
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and so (2.8) again holds if x ∈ f−1([n+ 1,∞]). The remaining possibility is that x ∈ [n, n+ 1),
but it is easy to check that the same conclusion (2.8) holds once more. Hence 0 ≤ ϕn ≤ ϕn+1 ≤ f
holds for all n ∈ N.

Again fix x ∈ X. Let ε > 0, and choose n0 ∈ N such that 2−n0 < ε and f(x) ∈ [0, n0). Thus
there exists some 1 ≤ k ≤ n02n0 such that

x ∈ f−1

([
k − 1

2n0
,
k

2n0

))
,

so that

0 ≤ ϕn0(x) =
k − 1

2n0
≤ f(x) <

k

2n0
⇒

∣∣ϕn0(x)− f(x)
∣∣ < 1

2n0
< ε.

Since ϕn0(x) ≤ ϕn(x) ≤ f(x) for all n ≥ n0, it follows that∣∣ϕn(x)− f(x)
∣∣ < ε

for all n ≥ n0, and therefore limn→∞ ϕn(x) = f(x) for each x ∈ X.
Finally, suppose that f is bounded, so there exists some M ∈ [0,∞) such that f ≤ M .

Again let ε > 0, and this time choose n0 ∈ N such that 2−n0 < ε and n0 > M . Note that
f−1([m,∞]) = ∅. It is easy to check that |ϕn(x)− f(x)| < 2−n < ε for all n ≥ n0 and x ∈ X,
and therefore (ϕn)n∈N converges uniformly to f .

Proof of Part (2). The proof obtains easily through use of Part (1), and is done in [PMT]. �

Theorem 2.25. Let (X,M) be a measurable space.

1. If f, g : X → Rn
are Borel measurable, then so is f + g provided Πi(f(x)) + Πi(g(x)) is not

an indeterminant form for any 1 ≤ i ≤ n and x ∈ X.
2. If f, g : X → Rn

are Borel measurable, then so is f − g provided Πi(f(x))− Πi(g(x)) is not
an indeterminant form for any 1 ≤ i ≤ n and x ∈ X.

3. f, g : X → R are Borel measurable, then so is fg provided f(x)g(x) is not an indeterminant
form for any x ∈ X.

4. f, g : X → R are Borel measurable, then so is f/g provided f(x)/g(x) is not an indeterminant
form for any x ∈ X.

Proposition 2.26. Let (X,M) be a measurable space. If f : X → R is Borel measurable, then
so is |f |.

Proof. Suppose f : X → R is Borel measurable. Proposition 2.21 implies that f+ and f− are
Borel measurable, and since |f | = f+ + f−, which never takes an indeterminant form, it follows
by Theorem 2.25(1) that |f | is Borel measurable. �

Theorem 2.27. Let (X,M, µ) be a measure space, and suppose f, g : X → R are Borel
measurable functions such that

´
X
f dµ and

´
X
g dµ exist in R. The following properties hold.

1. If c ∈ R then
´
X
cf dµ exists, withˆ

X

cf dµ = c

ˆ
X

f dµ.
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2. If f ≤ g then ˆ
X

f dµ ≤
ˆ
X

g dµ.

3. The integral
´
X
|f | dµ exists, with∣∣∣∣ˆ

X

f dµ

∣∣∣∣ ≤ ˆ
X

|f | dµ.

4. If f ≥ 0 and A ∈M, thenˆ
A

f dµ = sup

{ˆ
A

ϕdµ : ϕ is simple and 0 ≤ ϕ ≤ f

}
.

5. The integral
´
A
f dµ exists for each A ∈M, and moreover

´
A
f dµ is finite for each A ∈M

if
´
X
f dµ is finite.

Proposition 2.28. If (X,M, µ) is a finite measure space and f : X → R is a bounded Borel
measurable function, then

´
X
f dµ exists in R.

Proof. Suppose (X,M, µ) is a finite measure space and f : X → R is a bounded Borel
measurable function. Using Proposition 2.21, we find f+ and f− to be nonnegative bounded
Borel measurable functions. Let c ∈ R be such that f+, f− ≤ c on X. Certainly

´
X
f+ dµ and´

X
f− dµ exist in R , and since by Theorem 2.27(2) and Definition 2.19 we haveˆ

X

f+ dµ ≤
ˆ
X

c dµ = cµ(X) <∞ and

ˆ
X

f− dµ ≤
ˆ
X

c dµ = cµ(X) <∞,

it must be that both integrals are real-valued. The desired conclusion now follows directly from
Definition 2.22. �
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2.3 – Basic Integration Theorems

Theorem 2.29. Let (X,M, µ) be a measure space, and let f : X → R be a Borel measurable
function such that

´
X
f dµ exists. If (Sn)n∈N is a disjoint sequence in M, then

ˆ
⊔∞
n=1 Sn

f dµ =
∞∑
n=1

ˆ
Sn

f dµ. (2.9)

Proof. Let S =
⊔∞
n=1 Sn. First suppose that f is a nonnegative simple function. Then f is

expressible as a finite linear combination of Borel measurable indicators by Proposition 2.17,

f =
m∑
i=1

aiχAi ,

where Ai ∈M and ai ∈ (0,∞) for each 1 ≤ i ≤ m, andˆ
X

f dµ =
m∑
i=1

aiµ(Ai)

must exist in [0,∞] since f ≥ 0. Then by Definitions 2.23 and 2.19, and the countable additivity
of µ, ˆ

⊔∞
n=1 Sn

f dµ =

ˆ
X

fχS dµ =

ˆ
X

m∑
i=1

aiχAiχS dµ =

ˆ
X

m∑
i=1

aiχAi∩S dµ

=
m∑
i=1

aiµ(Ai ∩ S) =
m∑
i=1

(
ai

∞∑
n=1

µ(Ai ∩ Sn)

)
=
∞∑
n=1

m∑
i=1

aiµ(Ai ∩ Sn)

=
∞∑
n=1

(ˆ
X

m∑
i=1

aiχAi∩Sn dµ

)
=
∞∑
n=1

(ˆ
X

m∑
i=1

aiχAiχSn dµ

)

=
∞∑
n=1

(ˆ
X

fχSn dµ

)
=
∞∑
n=1

ˆ
Sn

f dµ,

and so (2.9) holds if f is a nonnegative simple function.
Now suppose that f is a nonnegative Borel measurable function such that

´
X
f dµ exists.

Let ϕ be a simple function such that 0 ≤ ϕ ≤ f . Then by Theorem 2.27(2),ˆ
S

ϕdµ =
∞∑
n=1

ˆ
Sn

ϕdµ ≤
∞∑
n=1

ˆ
Sn

f dµ,

and so ˆ
S

f dµ = sup

{ˆ
S

ϕdµ : ϕ is simple and 0 ≤ ϕ ≤ f

}
≤

∞∑
n=1

ˆ
Sn

f dµ

by Theorem 2.27(4).
If
´
Sk
f dµ =∞ for some k ∈ N, then since χS ≥ χSk it follows by Theorem 2.27(2) thatˆ

S

f dµ =

ˆ
X

fχS dµ ≥
ˆ
X

fχSk dµ =

ˆ
Sk

f dµ =∞,
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and so ˆ
S

f dµ =
∞∑
n=1

ˆ
Sn

f dµ =∞

Thus we may assume that
´
Sn
f dµ ∈ [0,∞) for all n. Let ε > 0. Fix n ∈ N. Applying Theorem

2.27(4), for each 1 ≤ k ≤ n there exists a simple function 0 ≤ ϕk ≤ f such thatˆ
Sk

f dµ− ε

n
≤
ˆ
Sk

ϕk dµ ≤
ˆ
Sk

f dµ.

Let ϕ =
∨n
k=1 ϕk. Then ϕ is Borel measurable by Proposition 2.8, and since ϕ(X) ⊆

⋃n
k=1 ϕk(X)

it is clear that ϕ is a nonnegative simple function. Moreover, by Theorem 2.27(2) we haveˆ
Sk

f dµ− ε

n
≤
ˆ
Sk

ϕdµ ≤
ˆ
Sk

f dµ

for all 1 ≤ k ≤ n. Equation (2.9) applies to ϕ and finite disjoint sequences, so that
ˆ
⊔n
k=1 Sk

f dµ ≥
ˆ
⊔n
k=1 Sk

ϕdµ =
n∑
k=1

ˆ
Sk

ϕdµ

≥
n∑
k=1

(ˆ
Sk

f dµ− ε

n

)
=

n∑
k=1

ˆ
Sk

f dµ− ε,

whereas ˆ
S

f dµ =

ˆ
X

fχS dµ ≥
ˆ
X

fχ⊔n
k=1

Sk
dµ =

ˆ
⊔n
k=1 Sk

f dµ.

Thus
n∑
k=1

ˆ
Sk

f dµ− ε ≤ ν(S),

which implies
∞∑
k=1

ˆ
Sk

f dµ− ε− ε ≤ ν(S)

since n ∈ N is arbitrary, and therefore
∞∑
k=1

ˆ
Sk

f dµ ≤
ˆ
S

f dµ

since ε > 0 is arbitrary. Hence (2.9) holds if f is a nonnegative Borel measurable function.
Finally, let f be an arbitrary Borel measurable function such that

´
X
f dµ exists. Then´

A
f dµ exists for all A ∈M by Theorem 2.27(5), which by Definition 2.22 implies the existence

of
´
A
f+ dµ and

´
A
f− dµ in R such thatˆ

A

f+ dµ−
ˆ
A

f− dµ

is well-defined in R as well (i.e. the two integrals in the difference cannot both equal ∞
simultaneously). Now, by Proposition 2.21 both f+ and f− are nonnegative Borel measurable
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functions, and soˆ
⊔∞
n=1 Sn

f dµ =

ˆ
⊔∞
n=1 Sn

f+ dµ−
ˆ
⊔∞
n=1 Sn

f− dµ =
∞∑
n=1

ˆ
Sn

f+ dµ−
∞∑
n=1

ˆ
Sn

f− dµ

=
∞∑
n=1

(ˆ
Sn

f+ dµ−
ˆ
Sn

f− dµ

)
=
∞∑
n=1

ˆ
Sn

f dµ

as desired. �

Corollary 2.30. Let (X,M, µ) be a measure space, and let f : X → R be a Borel measurable
function such that

´
X
f dµ exists. Define ν : M→ R by

ν(A) =

ˆ
A

f dµ

for all A ∈M. Then the following hold.

1. The set function ν is countably additive on M.
2. (X,M, ν) is a measure space if f ≥ 0.
3. If ν+, ν− : M→ R are given by

ν+(A) =

ˆ
A

f+ dµ and ν−(A) =

ˆ
A

f− dµ

for all A ∈M, then ν+ and ν− are measures such that ν = ν+ − ν−.

Proof. Only the third statement requires comment. Clearly ν+ and ν− are nonnegative set
functions, and also ν+(∅) = ν−(∅) = 0 is clear by the remark following Definition 2.23. In
addition, the countable additivity of ν+ and ν− follows from Part (1), so both (X,M, ν+) and
(X,M, ν−) are measure spaces by Part (2). Now, for any A ∈M,

ν(A) =

ˆ
A

f dµ =

ˆ
A

f+ dµ−
ˆ
A

f− dµ = ν+(A)− ν−(A) = (ν+ − ν−)(A)

by Definition 2.22, where the existence of all integrals is assured by Theorem 2.27(5). �

Theorem 2.31 (Monotone Convergence Theorem). Let (X,M, µ) be a measure space,
and let (fn)n∈N be a monotone increasing sequence of nonnegative Borel measurable functions
on (X,M). If fn ↑ f pointwise on X, then

lim
n→∞

ˆ
X

fn dµ =

ˆ
X

f dµ.

Theorem 2.32 (Additivity Theorem). Let (X,M, µ) be a measure space, and let f1, . . . , fn
be Borel measurable functions on (X,M) such that

∑n
k=1 fk is well-defined. If

´
X
fk dµ exists

for each k and
∑n

k=1

´
X
fk dµ is well-defined, then

ˆ
X

n∑
k=1

fk dµ =
n∑
k=1

ˆ
X

fk dµ.

Thus if f1, . . . , fn are µ-integrable, then so too is
∑n

k=1 fk.
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Corollary 2.33. Let (X,M, µ) be a measure space.

1. If (fn)n∈N is a sequence of nonnegative Borel measurable functions on (X,M), then

ˆ
X

(
∞∑
n=1

fn

)
dµ =

∞∑
n=1

ˆ
X

fn dµ.

2. If f is Borel measurable, then f is µ-integrable if and only if |f | is µ-integrable.
3. Suppose f and g are Borel measurable with |f | ≤ g. If g is µ-integrable, then f is µ-integrable.

Definition 2.34. In a measure space (X,M, µ), a property is said to hold almost everywhere
with respect to µ (written as µ-a.e.) if there exists a set A ∈M of µ-measure 0 such that the
property holds on X \ A and fails on A.

Proposition 2.35. Let (X,M, µ) be a measure space, and let f, g : X → R be Borel measur-
able.

1. If f = 0 µ-a.e., then
´
X
f dµ = 0.

2. If f = g µ-a.e. and
´
X
f dµ exists, then

´
X
g dµ also exists with

´
X
f dµ =

´
X
g dµ.

3. If f is µ-integrable, then f is finite µ-a.e.
4. If f ≥ 0 and

´
X
f dµ = 0, then f = 0 µ-a.e.

Theorem 2.36 (Extended Monotone Convergence Theorem). Let (X,M, µ) be a measure
space, and let (fn)n∈N be a sequence of Borel measurable functions on (X,M), and let f, g : X →
R be Borel measurable.

1. Suppose
´
X
g dµ > −∞. If fn ≥ g for all n and fn ↑ f pointwise on X, then

´
X
fn dµ exists

for all n with ˆ
X

fn dµ ↑
ˆ
X

f dµ.

2. Suppose
´
X
g dµ < +∞. If fn ≤ g for all n and fn ↓ f pointwise on X, then

´
X
fn dµ exists

for all n with ˆ
X

fn dµ ↓
ˆ
X

f dµ.

Theorem 2.37 (Fatou’s Lemma). Let (X,M, µ) be a measure space, and let (fn)n∈N be a
sequence of Borel measurable functions on (X,M).

1. Suppose
´
X
f dµ > −∞. If fn ≥ f for all n, then

lim inf
n→∞

ˆ
X

fn dµ ≥
ˆ
X

(
lim inf
n→∞

fn

)
dµ.

2. Suppose
´
X
f dµ < +∞. If fn ≤ f for all n, then

lim sup
n→∞

ˆ
X

fn dµ ≤
ˆ
X

(
lim sup
n→∞

fn

)
dµ.
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Theorem 2.38 (Dominated Convergence Theorem). Let (X,M, µ) be a measure space,
and let (fn)n∈N be a sequence of Borel measurable functions on (X,M). If f, g : X → R are
Borel measurable with g µ-integrable, |fn| ≤ g for all n, and fn → f pointwise µ-a.e., then f is
µ-integrable and

lim
n→∞

ˆ
X

fn dµ =

ˆ
X

f dµ.

Corollary 2.39. Let (X,M, µ) be a measure space, let (fn)n∈N be a sequence of Borel measurable
functions on (X,M), and fix p ∈ (0,∞). If f, g : X → R are Borel measurable with |g|p µ-
integrable, |fn| ≤ g for all n, and fn → f pointwise µ-a.e., then |f |p is µ-integrable and

lim
n→∞

ˆ
X

|fn − f |p dµ = 0.

Proposition 2.40. Let (X,M, µ) be a σ-finite measure space, let f, g : X → R be Borel
measurable, and suppose

´
X
f dµ and

´
X
g dµ exist. Ifˆ

A

f dµ ≤
ˆ
A

g dµ

for all A ∈M, then f ≤ g µ-a.e.

Proposition 2.41. Suppose (X,M, µ) is a measure space and (Y,N) is a measurable space.
Let T : X → Y be a (M,N)-measurable mapping. Define a measure ν on (Y,N) by ν(B) =
µ(T−1(B)) for all B ∈ N. If f : (Y,N)→ (R ,B(R)) and B ∈ N, thenˆ

T−1(B)

f ◦ T dµ =

ˆ
B

f dν

(i.e. if one of the integrals exists then so does the other, and they must be equal).

Problem 2.42 (PMT 1.6.1). Let f : (c, d)× (a, b) ⊆ R2 → R be such that f(x, ·) : (a, b)→ R
is Borel measurable6 for each x ∈ (c, d). Assume g : (a, b) → R is Borel measurable with
|f(x, y)| ≤ g(y) for all x, y, and

´
(a,b)

g dλ ∈ R (where λ is the Lebesgue measure on R). If

x0 ∈ (c, d) and limx→x0 f(x, y) exists for all y ∈ (a, b), show that

lim
x→x0

ˆ
(a,b)

f(x, ·) dλ =

ˆ
(a,b)

[
lim
x→x0

f(x, ·)
]
dλ.

Solution. Set I = (a, b), J = (c, d). Since limx→x0 f(x, y) exists for all y ∈ I, we may define
ϕ : I → R by

ϕ(y) = lim
x→x0

f(x, y),

for each y ∈ I. Let (xn)n∈N be an arbitrary sequence in J such that xn → x0. For each n define
fn : I → R by fn = f(xn, ·), so that (fn)n∈N is a sequence of Borel measurable functions on
(I,B(I)). Clearly

ϕ(y) = lim
n→∞

fn(y)

6That is, f(x, ·) : ((a, b),B((a, b)))→ (R,B(R)).
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for each y ∈ I, and so ϕ is Borel measurable on (I,B(I)) by Proposition 2.7. In addition, g is
Borel measurable on (I,B(I)) as well as λ-integrable on the measure space (I,B(I), λ), and we
have |fn| ≤ g for all n and fn → ϕ pointwise λ-a.e. Therefore, by the Dominated Convergence
Theorem, ϕ is λ-integrable on (I,B(I), λ), and

lim
n→∞

ˆ
I

f(xn, ·) dλ = lim
n→∞

ˆ
I

fn dλ =

ˆ
I

ϕdλ =

ˆ
I

[
lim
x→x0

f(x, ·)
]
dλ.

Since (xn)n∈N is an arbitrary sequence converging to x0, it follows that

lim
x→x0

ˆ
I

f(x, ·) dλ =

ˆ
I

[
lim
x→x0

f(x, ·)
]
dλ,

as desired. �

Problem 2.43 (PMT 1.6.2). Let (fn)n∈N be a sequence of Borel measurable functions on the
measure space (X,M, µ) such that

∑∞
n=1 fn(x) exists in R for all x ∈ X. If

∞∑
n=1

ˆ
X

|fn| dµ ∈ R,

show that
∑∞

n=1 fn(x) converges in R µ-a.e. on X, and

ˆ
X

(
∞∑
n=1

fn

)
dµ =

∞∑
n=1

ˆ
X

fn dµ.

Solution. By Proposition 2.26, (|fn|)n∈N is a sequence of nonnegative Borel measurable functions.
Let

gn =
n∑
k=1

|fk|

for each n, where each gn is Borel measurable by Theorem 2.25. Note that g : X → R given by
g =

∑∞
n=1 |fn| is Borel measurable by Proposition 2.7 since

g(x) =
∞∑
n=1

gn(x) = lim
n→∞

n∑
k=1

|fk| = lim
n→∞

gn(x).

By Corollary 2.30(1),
ˆ
X

g dµ =

ˆ
X

(
∞∑
n=1

|fn|

)
dµ =

∞∑
n=1

ˆ
X

|fn| dµ ∈ R,

so g is µ-integrable and Proposition 2.35(3) implies that g is finite µ-a.e. Thus the series∑∞
n=1 fn(x) is absolutely convergent in R µ-a.e., and hence converges in R µ-a.e.
The hypothesis that

∑∞
n=1 fn(x) exists in R for all x ∈ X implies that

∑n
k=1 fk(x) does not

feature both +∞ and −∞ among its terms for any n ∈ N and x ∈ X, so that ϕn =
∑n

k=1 fk is
Borel measurable for each n by Proposition 2.17(1), and moreover ϕ : X → R given by

ϕ(x) =
∞∑
n=1

fn(x) = lim
n→∞

ϕn(x)
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is Borel measurable by Proposition 2.7. We now see that (ϕn)n∈N is a sequence of Borel
measurable functions, ϕ, g : X → R are Borel measurable with g µ-integrable, and

|ϕn| =

∣∣∣∣∣
n∑
k=1

fn

∣∣∣∣∣ ≤
n∑
k=1

|fk| ≤
∞∑
n=1

|fn| = g

for all n, and ϕn → ϕ pointwise µ-a.e. By the Additivity Theorem and Dominated Convergence
Theorem we conclude that

∞∑
n=1

ˆ
X

fn dµ = lim
n→∞

n∑
k=1

ˆ
X

fk dµ = lim
n→∞

ˆ
X

(
n∑
k=1

fk

)
dµ

= lim
n→∞

ˆ
X

ϕn dµ =

ˆ
X

ϕdµ =

ˆ
X

(
∞∑
n=1

fn

)
dµ

as desired. �

For the following problem, given a function F : S ⊆ R2 → R, we let both Fx and ∂F/∂x
denote the partial derivative of F with respect to its first argument.

Problem 2.44 (PMT 1.6.3). Let I, J ⊆ R be open intervals. Let f : J × I ⊆ R2 → R be
such that f(x, ·) : I → R is Borel measurable and

´
I
f(x, ·) dλ ∈ R for each x ∈ J . Suppose

that fx exists on J × I, and there exists Borel measurable g : I → R with
´
I
g dλ ∈ R such that

|fx(x, y)| ≤ g(y) for all (x, y) ∈ J × I. Show that d
dx

´
I
f(x, ·) dλ exists in R for each x ∈ J , with

d

dx

ˆ
I

f(x, ·) dλ =

ˆ
I

∂f

∂x
(x, ·) dλ.

Solution. Fix x ∈ J . By definition

fx(x, y) = lim
h→0

f(x+ h, y)− f(x, y)

h

for each y ∈ I. Let (hn)n∈N be a sequence in R \ {0} such that hn → 0 and x+ hn ∈ J for all n.
For each n define Fn : I → R by

Fn(y) =
f(x+ hn, y)− f(x, y)

hn

for all y ∈ I. Since f(x+ hn, ·), f(x, ·) : (I,B(I))→ (R,B(R)), Theorem 2.25(2) implies that
f(x + hn, ·) − f(x, ·) is Borel measurable. Also the constant function I → {1/hn} is Borel
measurable by Proposition 2.5, so that Fn is Borel measurable by Theorem 2.25(3). Thus
(Fn)n∈N is a sequence of Borel measurable functions such that

lim
n→∞

Fn(y) = fx(x, y) ∈ R

for all y ∈ I, and by Theorem 2.12 we conclude that fx(x, ·) is Borel measurable as well.
For each n ∈ N we have |Fn| ≤ g. Indeed, if there were to exist some n0 ∈ N and y0 ∈ I

such that

|Fn0(y0)| =
∣∣∣∣f(x+ hn0 , y0)− f(x, y)

hn0

∣∣∣∣ > g(y0),
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then by the Mean Value Theorem there must be some x0 between x and x+ hn0 such that

fx(x0, y0) =
f(x+ hn0 , y0)− f(x, y)

hn0

,

leading to the contradiction |fx(x0, y0)| > g(y0).
Now, by the Dominated Convergence Theorem it follows that fx(x, ·) is λ-integrable with

lim
n→∞

ˆ
I

f(x+ hn, ·)− f(x, ·)
hn

dλ = lim
n→∞

ˆ
I

Fn dλ =

ˆ
I

fx(x, ·) dλ.

By the arbitrariness of the sequence (hn)n∈N it follows that

lim
h→0

ˆ
I

f(x+ h, ·)− f(x, ·)
h

dλ =

ˆ
I

fx(x, ·) dλ ∈ R.

On the other hand, by Theorems 2.27(1) and 2.32, along with the hypothesis that
´
I
f(ξ, ·) dλ

exists in R for all ξ ∈ J , we have

lim
h→0

ˆ
I

f(x+ h, ·)− f(x, ·)
h

dλ = lim
h→0

´
I
f(x+ h, ·)− f(x, ·) dλ

h

= lim
h→0

´
I
f(x+ h, ·) dλ−

´
I
f(x, ·) dλ

h

=
d

dx

ˆ
I

f(x, ·) dλ.

Since x ∈ J is arbitrary, we are done. �

The intervals I and J in Problem 2.44 could just as well be closed instead of open. The
proof would be little altered: if x ∈ J is an endpoint of J , then fx(x, y) would be understood to
be the appropriate one-sided limit.
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2.4 – The Riemann Integral

A partition of an interval [a, b] ⊆ R is a finite set of points P = {xi}ni=0 ⊆ [a, b] such that

a = x0 < x1 < · · · < xn = b.

For each 1 ≤ i ≤ n we call Ii = [xi−1, xi] the ith subinterval of the partition P , and the length
of the i subinterval is

∆xi = xi − xi−1.

The mesh of P is

‖P‖ = max
1≤i≤n

∆xi.

The collection of all possible partitions of [a, b] we denote by P([a, b]) or P [a, b].7 Next, given a
function f : [a, b]→ R we define

ui = sup
x∈Ii

f(x) and `i = inf
x∈Ii

f(x),

and also

U(P, f) =
n∑
i=1

ui∆xi and L(P, f) =
n∑
i=1

`i∆xi.

We call U(P, f) the upper sum of f with respect to P and L(P, f) the lower sum of f
with respect to P . Now we define

ˆ b

a

f = inf
{
U(P, f) : P ∈ P [a, b]

}
and

ˆ b

a

f = sup
{
L(P, f) : P ∈ P [a, b]

}
,

the upper Riemann integral of f over [a, b] and lower Riemann integral of f over [a, b],
respectively. Note that if f : [a, b]→ R is a bounded function (i.e. f([a, b]) is a bounded set),
then both the upper and lower Riemann integrals of f over [a, b] will exist in R. They are not
always equal, however.

Definition 2.45. If f : [a, b]→ R is such that

ˆ b

a

f =

ˆ b

a

f,

then the Riemann integral of f over [a, b] is defined to be

ˆ b

a

f =

ˆ b

a

f.

If
´ b
a
f ∈ R, we say f is Riemann-integrable on [a, b]. The collection of all Riemann-

integrable functions on an interval [a, b] is denoted by R([a, b]) or R[a, b].

7Recall that P([a, b]) denotes the power set of [a, b], which is the collection of all subsets of [a, b].
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Remark. The Lebesgue integral of a function f over an interval [a, b] with respect to a measure
µ will be denoted by ˆ

[a,b]

f dµ or

ˆ
[a,b]

f(x) dµ(x),

whereas the Riemann integral of f over [a, b] will be denoted byˆ b

a

f or

ˆ b

a

f(x) dx.

Some authors may use one or the other of the last two symbols to denote a Lebesgue integral
with respect to Lebesgue measure, which is ungladsome to the utmost.

Given a partition P ∈ P[a, b], we say P ∗ ∈ P[a, b] is a refinement of P if P ∗ ⊇ P . The
following proposition, and the one after it, are established in elementary analysis.

Proposition 2.46. Let f : [a, b]→ R. If P ∗ ∈ P [a, b] is a refinement of P ∈ P [a, b], then

L(P, f) ≤ L(P ∗, f) and U(P ∗, f) ≤ U(P, f).

Given a partition P = {xi}ni=0 ∈ P[a, b], a sample point from [xi−1, xi] is any point
x∗i ∈ [xi−1, xi], so that xi−1 ≤ x∗i ≤ xi for each 1 ≤ i ≤ n.

Definition 2.47. Given a function f : [a, b] → R, a partition P = {xi}ni=0 ∈ P[a, b], and
sample points x∗1, . . . , x

∗
n, we call

S(P, f) =
n∑
i=1

f(x∗i )∆xi

a Riemann sum of f with respect to P on [a, b].

Definition 2.48. Let r ∈ R. Then we define

lim
‖P‖→0

S(P, f) = r

to mean the following: for every ε > 0 there exists some δ > 0 such that if P = {xi}ni=0 ∈ P [a, b]
with ‖P‖ < δ, then

|S(P, f)− r| < ε

for all choice of sample points x∗i ∈ [xi−1, xi].

Proposition 2.49. Let f : [a, b]→ R be a bounded function. Then f ∈ R[a, b] if and only if
lim‖P‖→0 S(P, f) ∈ R, in which case ˆ b

a

f = lim
‖P‖→0

S(P, f).

The upper function α : [a, b]→ R corresponding to a partition P = {xi}ni=0 ∈ P [a, b] and
function f : [a, b]→ R is given by

α(x) =

{
u1, if x ∈ [x0, x1]

ui, if x ∈ (xi−1, xi] for 2 ≤ i ≤ n,
(2.10)
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and the lower function β : [a, b]→ R is given by

β(x) =

{
`1, if x ∈ [x0, x1]

`i, if x ∈ (xi−1, xi] for 2 ≤ i ≤ n.
(2.11)

Let λ : B(R) → R be Lebesgue measure. The σ-algebra B([a, b]), known as the collection
of Borel sets in [a, b], is in fact equal to B(R) ∩ [a, b], and so we obtain the real-valued
measure λ : B([a, b])→ R. Define B([a, b]) = B([a, b])λ, the completion of B([a, b]) relative to
λ : B([a, b])→ R.8 Consider the measure space ([a, b],B([a, b]), λ). The functions α and β are
both (B([a, b]),B(R))-measurable, which is to say Borel measurable on ([a, b],B([a, b])), and so
both are simple functions. Moreover,ˆ

[a,b]

α dλ = u1λ[x0, x1] +
n∑
i=2

uiλ(xi−1, xi] = u1∆x1 +
n∑
i=2

ui∆xi =
n∑
i=1

ui∆xi = U(P, f),

and similarly ˆ
[a,b]

β dλ = L(P, f).

Let (Pk)k∈N be a sequence in P [a, b] such that Pk+1 is a refinement of Pk and limk→∞ ‖Pk‖ = 0.
Let αk and βk be the upper and lower function corresponding to Pk and f : [a, b]→ R. Since

β1 ≤ βk ≤ βk+1 ≤ f ≤ αk+1 ≤ αk ≤ α1

for all k ∈ N, there exist functions α, β : [a, b] → R such that (αk)k∈N converges pointwise
on [a, b] to α and (βk)k∈N converges pointwise on [a, b] to β. Each αk and βk, being a simple
function, is Borel measurable on ([a, b],B([a, b])), and so α and β are also Borel measurable
by Proposition 2.7. Suppose f is a bounded function, so there exists some M ∈ R such that
|f | ≤M . As a constant function, M is both Borel measurable and λ-integrable,ˆ

[a,b]

M dλ = Mλ[a, b] = M(b− a) ∈ R,

and since |αk|, |βk| ≤M for all k, the Dominated Convergence Theorem implies that α and β
are λ-integrable with

lim
k→∞

ˆ
[a,b]

αk dλ =

ˆ
[a,b]

α dλ and lim
k→∞

ˆ
[a,b]

βk dλ =

ˆ
[a,b]

β dλ,

or equivalently

lim
k→∞

U(Pk, f) =

ˆ
[a,b]

α dλ and lim
k→∞

L(Pk, f) =

ˆ
[a,b]

β dλ.

Lemma 2.50. Let f : [a, b]→ R be a bounded function. Let (Pk)k∈N ⊆ P[a, b] with Pk ⊆ Pk+1

and ‖Pk‖ → 0, and let α, β : [a, b]→ R be as defined by (2.10) and (2.11). If x /∈
⋃∞
k=1 Pk, then

f is continuous at x if and only if α(x) = f(x) = β(x).

The results above, in addition to the following proposition, will be needed to prove Theorem
2.52 below.

8See Example 1.52. We call B([a, b]) the collection of Lebesgue measurable sets in [a, b].
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Proposition 2.51. Let f : [a, b]→ R be a bounded function. Then f ∈ R[a, b] if and only if
there exists some r ∈ R such that

lim
k→∞

U(Pk, f) = lim
k→∞

L(Pk, f) = r (2.12)

for all (Pk)k∈N ⊆ P [a, b] with Pk ⊆ Pk+1 and ‖Pk‖ → 0.

Proof. Suppose that f ∈ R[a, b], so
´ b
a
f = r for some r ∈ R. Let (Pk)k∈N ⊆ P[a, b] with

Pk ⊆ Pk+1 and ‖Pk‖ → 0. Let ε > 0. By Proposition 2.49 there exists some δ > 0 such that, for
all P ∈ P [a, b] with ‖P‖ < δ, we have

|S(P, f)− r| =
∣∣∣∣S(P, f)−

ˆ b

a

f

∣∣∣∣ < ε

2

for all possible choices of sample points. Let k0 ∈ N be such that ‖Pk‖ < δ for all k ≥ k0. We
have Pk0 = {xi}ni=0 for some n ∈ N. For each 1 ≤ i ≤ n choose x∗i ∈ [xi−1, xi] such that

0 ≤ ui − f(x∗i ) <
ε

2(b− a)
.

Now,

|U(Pk0 , f)− S(Pk0 , f)| =

∣∣∣∣∣
n∑
i=1

(
ui − f(x∗i )

)
∆xi

∣∣∣∣∣ ≤
n∑
i=1

∣∣ui − f(x∗i )
∣∣∆xi

<
n∑
i=1

ε

2(b− a)
∆xi =

ε

2(b− a)

n∑
i=1

∆xi =
ε

2
,

and so

|U(Pk0 , f)− r| ≤ |U(Pk0 , f)− S(Pk0 , f)|+ |S(Pk0 , f)− r| < ε

2
+
ε

2
= ε.

By Proposition 2.46, Definition 2.45, and the definition of the upper Riemann integral we have

r ≤ U(Pk, f) ≤ U(Pk0 , f)

for all k ≥ k0, implying that |U(Pk, f)− r| < ε for all k ≥ k0. Hence limk→∞ U(Pk, f) = r. The
proof that limk→∞ L(Pk, f) = r is similar.

For the converse, suppose there exists r ∈ R such that (2.12) holds for all (Pk)k∈N ⊆ P [a, b]
with Pk ⊆ Pk+1 and ‖Pk‖ → 0. Suppose

ρ :=

ˆ b

a

f < r.

Now, for each k ∈ N there exists Qk ∈ P[a, b] such that ρ ≤ U(Qk, f) < ρ + 1/k. We may
assume ‖Qk‖ < 1/k since it is always possible, if necessary, to include the additional points

xi = a+
i

k
(b− a), 1 ≤ i ≤ k − 1

in the partition. For each k ∈ N define

Pk =
k⋃
j=1

Qj.
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Then (Pk)k∈N is a sequence in P [a, b] such that ‖Pk‖ → 0, and since ρ ≤ U(Pk, f) < ρ+ 1/k by
Proposition 2.46 it is clear that limk→∞ U(Pk, f) = ρ < r, which is a contradiction. If ρ > r,
then upon constructing a sequence (Pk)k∈N with Pk ⊆ Pk+1 and ‖Pk‖ → 0, we find immediately
that limk→∞ U(Pk, f) ≥ ρ > r, again a contradiction. Hence ρ = r, and a similar argument
shows that ˆ b

a

f = r.

Thus
´ b
a
f = r ∈ R, and therefore f ∈ R[a, b]. �

Theorem 2.52. Let f : [a, b]→ R be a bounded function.

1. f ∈ R[a, b] if and only if f is continuous λ-a.e. on [a, b].
2. If f ∈ R[a, b], then f is λ-integrable on [a, b] andˆ b

a

f =

ˆ
[a,b]

f dλ.

We now give a brief summary of a few kinds of improper Riemann integrals, a topic
covered in greater detail in elementary analysis. If f ∈ R[a, t] for all t ≥ a, then we defineˆ ∞

a

f = lim
t→∞

ˆ t

a

f

and say
´∞
a
f converges if

´∞
a
f = α for some α ∈ R. If f ∈ R[t, b] for all t ≤ b, then we define

ˆ b

−∞
f = lim

t→−∞

ˆ b

t

f

and say
´ b
−∞ f converges if

´ b
−∞ f = β for some β ∈ R. Finally, if f ∈ R[s, t] for all

−∞ < s < t <∞, and
´ c
−∞ f and

´∞
c
f both converge for some c ∈ R, then we defineˆ ∞

−∞
f =

ˆ c

−∞
f +

ˆ ∞
c

f.

and say
´∞
−∞ f converges. The value of

´∞
−∞ f , of course, does not depend on the choice for c.

Any improper Riemann integral that does not converge to a real number is said to diverge.

Theorem 2.53. Let f : R→ R be such that
´∞
−∞ f converges. Then the following hold.

1. The function f is continuous λ-a.e. on R.
2. If f is nonnegative, then f is λ-integrable on (R,B(R), λ) withˆ

R
f dλ =

ˆ ∞
−∞

f.

Proposition 2.54. If f : R → R is such that
´∞
−∞ f

+ and
´∞
−∞ f

− both converge, then f is
λ-integrable on (R,B(R), λ) with ˆ

R
f dλ =

ˆ ∞
−∞

f.
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Proof. Suppose f : R → R is such that
´∞
−∞ f

+ and
´∞
−∞ f

− converge. Since f+ and f− are
nonnegative, by Theorem 2.53 it follows that both functions are λ-integrable (and hence Borel
measurable) on the measure space (R,B(R), λ) withˆ

R
f+ dλ =

ˆ ∞
−∞

f+ ∈ R and

ˆ
R
f− dλ =

ˆ ∞
−∞

f− ∈ R.

Now, f = f+ − f−, so f is Borel measurable by Theorem 2.25, and then by Definition 2.22 and
a limit law we haveˆ

R
f dλ =

ˆ
R
f+ dλ−

ˆ
R
f− dλ =

ˆ ∞
−∞

f+ −
ˆ ∞
−∞

f− =

ˆ ∞
−∞

(f+ − f−) =

ˆ ∞
−∞

f.

This makes clear that
´∞
−∞ f is real-valued, and so f is λ-integrable on (R,B(R), λ). �
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2.5 – Integration of Complex-Valued Functions

We now consider complex-valued functions on a measurable space (X,M). If f : X → C, it
is convenient to write

f(x) = u(x) + iv(x),

where u : X → R and v : X → R are the real and imaginary parts of f , respectively. We
define Re f = u and Im f = v, so that

(Re f)(x) = u(x) = Re[f(x)] and (Im f)(x) = v(x) = Im[f(x)] (2.13)

The symbols Re f(x) and Im f(x) may be used instead of (Re f)(x) and (Im f)(x).

Definition 2.55. Let (X,M) be a measurable space. We say f : X → C is Borel measurable
if Re f : X → R and Im f : X → R are both Borel measurable. If µ is a measure on M, and
both Re f and Im f are µ-integrable, then we defineˆ

X

f dµ =

ˆ
X

Re f dµ+ i

ˆ
X

Im f dµ

and say that f is µ-integrable.

If f is a complex-valued function we do not entertain the integral
´
X
f dµ when either´

X
Re f dµ or

´
X

Im f dµ is not real-valued.
The Riemann integral constructed in the previous section also has a natural extension to

complex-valued functions. The Riemann integral of f : [a, b]→ C is defined to beˆ b

a

f =

ˆ b

a

Re f + i

ˆ b

a

Im f, (2.14)

provided the integrals on the right-hand side exist in R, in which case we say ϕ is Riemann
integrable on [a, b]. By letting a = −∞ or b = ∞, we may extend the definition (2.14) to
include some improper Riemann integrals. In particular, given f : R→ C, we defineˆ ∞

−∞
f =

ˆ ∞
−∞

Re f + i

ˆ ∞
−∞

Im f (2.15)

provided
´∞
−∞Re f ∈ R and

´∞
−∞ Im f ∈ R.

Proposition 2.56. If f : R → C is such that
´∞
−∞ |f | converges, then f is λ-integrable on

(R,B(R), λ) with ˆ
R
f dλ =

ˆ ∞
−∞

f.

Proof. Suppose f : R→ C is such that
´∞
−∞ |f | ∈ R. Let u = Re f and v = Im f . Since

|f | =
√
u2 + v2, |u| = u+ + u−, and |v| = v+ + v−,

we have

0 ≤ u−, u+ ≤ |u| ≤ |f | and 0 ≤ v−, v+ ≤ |v| ≤ |f |,
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and so by the Comparison Test for Integrals from calculus it follows thatˆ ∞
−∞

u+,

ˆ ∞
−∞

u−,

ˆ ∞
−∞

v+, and

ˆ ∞
−∞

v−

all converge, and thereforeˆ ∞
−∞

u =

ˆ
R
u dλ ∈ R and

ˆ ∞
−∞

v =

ˆ
R
v dλ ∈ R

by Proposition 2.54. Nowˆ
R
f dλ =

ˆ
R
u dλ+ i

ˆ
R
v dλ =

ˆ ∞
−∞

u+ i

ˆ ∞
−∞

v =

ˆ ∞
−∞

f

by Definition 2.55 and (2.15). �
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3
Product Spaces

3.1 – Product σ-Algebras

Definition 3.1. Let (X1,M1), . . . , (Xn,Mn) be measurable spaces, and set X = X1 × · · · ×Xn.
The set of measurable rectangles in X is the collection R(X) ⊆ P(X) given by

R(X) =
{
A1 × · · · × An : ∀1 ≤ k ≤ n(Ak ∈Mk)

}
,

and the product σ-algebra on X is

M1 ⊗ · · · ⊗Mn = σX(R(X)) =
⋂
{S ⊇ R(X) : S is a σ-algebra on X}.

We may also denote M1 ⊗ · · · ⊗Mn by
⊗n

k=1 Mk. If Mk = M for all 1 ≤ k ≤ n, then we
define M⊗n = M1 ⊗ · · · ⊗Mn.

The following lemma gives some properties of projection maps Πk : X1 × · · · ×Xn → Xk,
first defined by (2.1), which are routine to verify.

Lemma 3.2. Let X1, . . . , Xn be nonempty sets, and let Πk : X1 × · · · ×Xn → Xk be the kth
projection map: Πk(x) = [x]k.

1. For any 1 ≤ k ≤ n and S ⊆ Xk,

Π−1
k (S) = X1 × · · · ×Xk−1 × S ×Xk+1 × · · · ×Xn

and
(X1 × · · · ×Xn) \ Π−1

k (S) = Π−1
k (Xk \ S).

2. If Sk ⊆ Xk for each 1 ≤ k ≤ n, then
n⋂
k=1

Π−1
k (Sk) =

n∏
k=1

Sk.

Proposition 3.3. For each 1 ≤ k ≤ n let (Xk,Mk) be a measurable space, and let {Xk} ⊆
Ek ⊆ P(Xk) be such that σXk(Ek) = Mk. Set X = X1 × · · · ×Xn. If

E =
{
E1 × · · · × En : ∀1 ≤ k ≤ n(Ek ∈ Ek)

}
,

then σX(E) =
⊗n

k=1 Mk.
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Proof. Since Ek ⊆ Mk for each 1 ≤ k ≤ n, it is clear that E ⊆ R(X), and hence σX(E) ⊆⊗n
k=1 Mk.
For each 1 ≤ k ≤ n define

Fk =
{
F ⊆ Xk : Π−1

k (F ) ∈ σX(E)
}
.

Since Xj ∈ Ej for each 1 ≤ j ≤ n, for any E ∈ Ek we have

Π−1
k (E) = X1 × · · · ×Xk−1 × E ×Xk+1 × · · · ×Xn ∈ E ⊆ σX(E),

and so Ek ⊆ Fk. In particular Xk ∈ Fk. If (Fj)j∈N is a sequence in Fk, so that Π−1
k (Fj) ∈ σX(E)

for each j, then

Π−1
k

(
n⋃
j=1

Fj

)
=

n⋃
j=1

Π−1
k (Fj) ∈ σX(E)

shows that
⋃n
j=1 Fj ∈ Fk as well, and so Fk is closed under countable unions. By Lemma 3.2(1),

F ∈ Fk ⇔ Π−1
k (F ) ∈ σX(E) ⇔ Π−1

k (Xk \ F ) = X \ Π−1
k (F ) ∈ σX(E) ⇔ Xk \ F ∈ Fk,

and so Fk is closed under complementation. Thus Fk is a σ-algebra containing Ek, and therefore
Mk = σXk(Ek) ⊆ Fk.

Finally, let Ak ∈Mk for each k. Applying Lemma 3.2(2),

∀k
(
Ak ∈Mk

)
⇒ ∀k

(
Ak ∈ Fk

)
⇒ ∀k

(
Π−1
k (Ak) ∈ σX(E)

)
⇒

n∏
k=1

Ak =
n⋂
k=1

Π−1
k (Ak) ∈ σX(E),

which shows that R(X) ⊆ σX(E), and thus
⊗n

k=1 Mk ⊆ σX(E). �

Corollary 3.4. For all n ∈ N, B(Rn) =
⊗n

k=1 B(R).

Proof. For each 1 ≤ k ≤ n let (Xk,Mk) = (R,B(R)) and let Ek = O, where {R} ⊆ O ⊆ P(R) is
the collection of all open intervals in R. In Example 1.12 we found that σR(O) = B(R). Setting

E =
{
I1 × · · · × In : ∀1 ≤ k ≤ n(Ik ∈ O)

}
,

by Proposition 3.3 it follows that σRn(E) =
⊗n

k=1 B(R). However it is also known that
σRn(E) = B(Rn) since E is a basis for the standard topology on Rn, and so the proof is done. �

Proposition 3.5. Let (X,M) and (Y,N) be measurable spaces. If A ∈M and B ∈ N, then

(M ∩ A)⊗ (N ∩B) = (M⊗N) ∩ (A×B).

Proof. Noting that (A,M ∩ A) and (B,N ∩B) are measurable spaces, we set

R(A×B) =
{
E × F : E ∈M ∩ A and F ∈ N ∩B

}
so that by Definition 3.1 we have

(M ∩ A)⊗ (N ∩B) = σA×B(R(A×B)).



72

Now, Ω ∈ R(A×B) implies Ω = (M ∩A)× (N ∩B) for some M ∈M and N ∈ N, and since

(M ∩ A)× (N ∩B) = (M ×N) ∩ (A×B) ∈ R(X × Y ) ∩ (A×B),

we see that R(A×B) ⊆ R(X×Y )∩ (A×B). Reversing the argument reverses the containment,
and so

R(A×B) = R(X × Y ) ∩ (A×B).

Applying Proposition 1.15, we thus obtain

(M ∩ A)⊗ (N ∩B) = σA×B(R(A×B)) = σA×B
(
R(X × Y ) ∩ (A×B)

)
= σX×Y

(
R(X × Y )

)
∩ (A×B) = (M⊗N) ∩ (A×B)

as desired. �

For nonempty sets X and Y let S ⊆ X × Y . For x ∈ X and y ∈ Y , define the x -section
Sx ⊆ Y and y-section Sy ⊆ X of S to be the sets

Sx = {y ∈ Y : (x, y) ∈ S} and Sy = {x ∈ X : (x, y) ∈ S}.

Proposition 3.6. Let (X,M) and (Y,N) be measurable spaces. If S ∈ M ⊗ N, then Sx ∈ N

for all x ∈ X and Sy ∈M for all y ∈ Y .

Proof. Define the collection

S =
{
S ∈M⊗N : ∀x ∈ X (Sx ∈ N) and ∀y ∈ Y (Sy ∈M)

}
.

If A ∈M and B ∈ N, then

(A×B)x =

{
B, x ∈ A
∅ x /∈ A

shows that (A× B)x ∈ N for all x ∈ X. Similarly (A× B)y ∈ {A,∅} ⊆M for all y ∈ Y , and
so A×B ∈ S. That is, R(X × Y ) ⊆ S, which also makes clear that X × Y ∈ S.

Suppose S ∈ S. Fix x ∈ X. We have

(Sc)x = {y ∈ Y : (x, y) ∈ Sc} = {y ∈ Y : (x, y) /∈ S} = (Sx)
c ∈ N

since Sx ∈ N. Similarly (Sc)y = (Sy)c ∈M for all y ∈ Y , and we conclude that Sc ∈ S.
Next, let (Sn)n∈N be a sequence in S. Thus Sn ∈ M ⊗ N for each n, with (Sn)x ∈ N and

(Sn)y ∈M for each x ∈ X and y ∈ Y . Fix x ∈ X. Now,

y ∈

(
∞⋃
n=1

Sn

)
x

⇔ (x, y) ∈
∞⋃
n=1

Sn ⇔ ∃k ∈ N
[
(x, y) ∈ Sk

]
⇔ ∃k ∈ N

[
y ∈ (Sk)x

]
⇔ y ∈

∞⋃
n=1

(Sn)x,

and so
(⋃∞

n=1 Sn
)
x

=
⋃∞
n=1(Sn)x ∈ N. Similarly

(⋃∞
n=1 Sn

)y
=
⋃∞
n=1(Sn)y ∈M for any y ∈ Y .

Since
⋃∞
n=1 Sn ∈M⊗N, it follows that

⋃∞
n=1 Sn ∈ S.

Therefore S is a σ-algebra containing R(X × Y ), which implies that S contains M⊗N =
σX×Y (R(X × Y )). The conclusion of the proposition follows. �
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Proposition 3.7. Let (X,M, µ) and (Y,N, ν) be σ-finite measure spaces. For each S ∈M⊗N,
the functions fS : X → R and gS : Y → R given by fS(x) = ν(Sx) and gS(y) = µ(Sy) are Borel
measurable.

Proof. First we note that, for any S ∈ M ⊗ N, the function fS is well-defined on X since
Sx ∈ N for all x ∈ X by Proposition 3.6. Assume (Y,N, ν) is a finite measure space, let

S =
{
S ∈M⊗N : fS is Borel measurable

}
,

and let (Sn)n∈N be a sequence in S such that Sn ↑ S. Then each fn := fSn is a (real-valued)
Borel measurable function. Define f : X → R by

f(x) = lim
n→∞

fn(x) = lim
n→∞

ν((Sn)x), (3.1)

which exists in R for each x ∈ X since (Sn)x ⊆ (Sn+1)x ⊆ Sx for all n implies

fn(x) ≤ fn+1(x) ≤ ν(Sx) <∞,

and so f is Borel measurable by Proposition 2.7. On the other hand, ((Sn)x)n∈N is a sequence
in N such that (Sn)x ↑ Sx, so by Theorem 1.21(1),

f(x) = lim
n→∞

ν((Sn)x) = ν(Sx) = fS(x),

and hence fS is Borel measurable. This shows that S ∈ S whenever S is the limit of an increasing
sequence in S.

Next suppose (Sn)n∈N ⊆ S is such that Sn ↓ S. Again defining f by (3.1), only now
noting that fn(x) ≥ fn+1(x) for all x and n, Proposition 2.7 once more implies that f is Borel
measurable. But fS = f by Theorem 1.21(2), our assumption that ν is finite ensuring that
ν(S1) ∈ R, and so fS is Borel measurable. This shows that S ∈ S whenever S is the limit of a
decreasing sequence in S, and therefore S is a monotone class.

The collection R := R(X×Y ) is clearly an elementary family on X×Y , and so the collection
A of all finite disjoint unions of elements of R is an algebra on X × Y by Proposition 1.9. Let
A ∈ A, so there exist E1, . . . , En ∈M and F1, . . . , Fn ∈ N such that A =

⊔n
k=1(Ek × Fk). Now,

Ax =
{
y ∈ Y : (x, y) ∈ A

}
=

n⊔
k=1

{
y ∈ Y : (x, y) ∈ Ek × Fk

}
=

n⊔
k=1

(Ek × Fk)x,

where (Ek × Fk)x = Fk if x ∈ Ek, and (Ek × Fk)x = ∅ if x /∈ Ek. Thus fA : X → R is given by

fA(x) = ν(Ax) =
n∑
k=1

ν
(
(Ek × Fk)x

)
=

n∑
k=1

ν(Fk)χEk(x).

Since Ek ∈M, Proposition 2.15 implies χEk : X → R is Borel measurable, and hence fA is Borel
measurable by Proposition 2.5 and Theorem 2.25(1,3). It follows that A ∈ S, so A ⊆ S and by
the Monotone Class Theorem we have σ(A) ⊆ S. Finally, R ⊆ A implies M⊗N = σ(R) ⊆ S,
and therefore fS : X → R is Borel measurable for all S ∈M⊗N if ν is a finite measure.

Now suppose that (Y,N, ν) is σ-finite. Let (Yn)n∈N ⊆ N be such that Y =
⋃∞
n=1 Yn and

ν(Yn) <∞ for each n. Let S ∈ M⊗N, and for each k ≥ 1 define Sk = S ∩ (X × Bk), where

Bk :=
⋃k
n=1 Yn ∈ N. Proposition 3.5 implies Sk ∈M⊗ (N ∩Bk), and since (Bk,N ∩Bk, ν) is a
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finite measure space, it follows by our earlier argument that fSk : X → R is Borel measurable.
For each x ∈ X define

f(x) = lim
k→∞

fsk(x) = lim
k→∞

ν
(
(Sk)x

)
.

The sequence (ν
(
(Sk)x))k∈N is monotone increasing in [0,∞) for each x, so that the limit exists

in R and thus f : X → R is Borel measurable by Proposition 2.7. Finally, (Sk)x → Sx as
k → ∞, so by Theorem 1.21(1) we have f(x) = ν(Sx) = fS(x), and therefore fS is Borel
measurable. The proof that gS is Borel measurable for each S ∈M⊗N is similar. �
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3.2 – Product Measure Theorem

A bit of new notation is in order to help ensure that the statements of upcoming results are
as clear as can be. If (X,M, µ) is a measure space and f : X → R is Borel measurable, then we
define ˆ

X

f(x)µ(dx) =

ˆ
X

f dµ.

Theorem 3.8 (Product Measure Theorem). Let (X,M, µ) be a σ-finite measure space,
(Y,N) a measurable space, and

F =
{
ν(x, ·) : N→ R

∣∣ x ∈ X} (3.2)

a family of set functions with the following properties:

P1. ν(x, ·) is a measure on N for each x ∈ X.
P2. ν(·, B) : X → R is Borel measurable for each B ∈ N.
P3. F is uniformly σ-finite: There exist sequences (Bn)n∈N ⊆ N and (cn)n∈N ⊆ R+ such that

Y =
⋃∞
n=1Bn and ν(·, Bn) ≤ cn for each n.

Then the function x 7→ ν(x, Sx) is Borel measurable for each S ∈M⊗N, and π : M⊗N→ R
given by

π(S) =

ˆ
X

ν(x, Sx)µ(dx)

is the unique measure for which

π(A×B) =

ˆ
A

ν(x,B)µ(dx)

for all A ∈M and B ∈ N.

The set function π : M⊗N→ R defined in Theorem 3.8 is a product measure on M⊗N,
and (X × Y,M⊗N, π) is a product space.

Corollary 3.9 (Classical Product Measure Theorem). If (X,M, µ) and (Y,N, ν) are
σ-finite measure spaces, then the set function µ× ν : M⊗N→ R given by

(µ× ν)(S) =

ˆ
X

ν(Sx)µ(dx) =

ˆ
Y

µ(Sy) ν(dy)

is the unique measure on M⊗N for which

(µ× ν)(A×B) = µ(A)ν(B)

for all A ∈M and B ∈ N.

Proof. For each x ∈ X let ν(x, ·) = ν, so the family of set functions (3.2) is simply F = {ν},
which clearly satisfies property P1 in Theorem 3.8. For any B ∈ N we have ν(x,B) = ν(B)
for all x ∈ X, a constant function and hence Borel measurable, showing property P2 to be
satisfied. Finally, the σ-finiteness of (Y,N, ν) ensures that F = {ν} possesses property P3. By
the Product Measure Theorem it follows that the set function π : M⊗N→ R given by

π(S) =

ˆ
X

ν(Sx)µ(dx)
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is the unique measure for which

π(A×B) =

ˆ
A

ν(x,B)µ(dx) =

ˆ
A

ν(B) dµ = µ(A)ν(B)

for all A ∈M and B ∈ N.
Now, by a symmetrical argument that reverses the roles of (X,M, µ) and (Y,N, ν), the

Product Measure Theorem implies the set function π̂ : M⊗N→ R given by

π̂(S) =

ˆ
Y

µ(Sy) ν(dy)

is the unique measure for which

π̂(A×B) =

ˆ
B

µ(A, y) ν(dy) =

ˆ
B

µ(A) dν = µ(A)ν(B)

for all A ∈M and B ∈ N. By uniqueness it follows that π = π̂ on M⊗N, and the conclusion
of the corollary is obtained by setting µ× ν = π = π̂. �

Theorem 3.10 (General Product Measure Theorem). Let (X1,M1, µ) be a σ-finite mea-
sure space, and let (X2,M2), . . . , (Xn,Mn) be measurable spaces, and for each 1 ≤ k ≤ n − 1
let

Fk =
{
µ(x1, . . . , xk, ·) : Mk+1 → R

∣∣ (x1, . . . , xk) ∈ X1 × · · · ×Xk

}
be a family of set functions with the following properties:

P1. µ(x1, . . . , xk, ·) is a measure on Mk+1 for each (x1, . . . , xk) ∈ X1 × · · · ×Xk.
P2. For each B ∈Mk+1 we have

µ(·, B) : (X1 × · · · ×Xk,M1 ⊗ · · · ⊗Mk)→ (R ,B(R)).

P3. Fk is uniformly σ-finite: There exist sequences (Bk+1,n)n∈N ⊆Mk+1 and (ck+1,n)n∈N ⊆ R+

such that Xk+1 =
⋃∞
n=1 Bk+1,n and µ(·, Bk+1,n) ≤ ck+1,n for each n.

Then there is a unique measure π on
⊗n

k=1 Mk such that

π

(
n∏
k=1

Ak

)
=

ˆ
A1

ˆ
A2

· · ·
ˆ
An−1

µ(x1, . . . , xn−1, An)µ(x1, . . . , xn−2, dxn−1) · · ·µ(x1, dx2)µ(dx1)

for each
∏n

k=1Ak ∈ R(
∏n

k=1Xk), and moreover the measure space (
∏n

k=1Xk,
⊗n

k=1 Mk, π) is
σ-finite.

In the case when n = 3 the conclusion of the General Product Measure Theorem states that
π : M1 ⊗M2 ⊗M3 → R is the unique measure such that

π(A1 × A2 × A3) =

ˆ
A1

(ˆ
A2

µ(x1, x2, A3)µ(x1, dx2)

)
µ(dx1)

:=

ˆ
A1

ˆ
A2

µ(x1, x2, A3)µ(x1, dx2)µ(dx1)

for each A1 × A2 × A3 ∈ R(X1 ×X2 ×X3). By definition,ˆ
A2

µ(x1, x2, A3)µ(x1, dx2) :=

ˆ
A2

µ(x1, · , A3)dµ(x1, ·),

where x1 ∈ X1 is taken to be fixed in the integration process.
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Corollary 3.11 (General Classical Product Measure Theorem). If (Xk,Mk, µk) is a
σ-finite measure space for each 1 ≤ k ≤ n, then there is a unique measure µ1 × · · · × µn on⊗n

k=1 Mk such that

(µ1 × · · · × µn)(A1 × · · · × An) =
n∏
k=1

µk(Ak)

for all A1 × · · · × An ∈ R(X1 × · · · ×Xn).

Given measures µ1, . . . , µn on a single σ-algebra M, the symbol
∏n

k=1 µk we take to represent
the usual product of functions:

∏n
k=1 µk = µ1 · · ·µn. In contrast, given σ-finite measure spaces

(Xk,Mk, µk) for 1 ≤ k ≤ n, we define
n×
k=1

µk = µ1 × · · · × µn,

which is the product measure on
⊗n

k=1 Mk whose existence and uniqueness is assured by the
General Classical Product Measure Theorem.

Proposition 3.12. For any n ∈ N, if λn : B(Rn)→ R is the Lebesgue measure on B(Rn), then

×n

k=1
λ1 = λn on B(Rn).

Proof. Let λ = λ1. By Corollary 3.4, B(Rn) =
⊗n

k=1 B(R), so certainly λn and×n

k=1
λ have

the same domain. Define F : Rn → R by F (x) =
∏n

k=1[x]k, which is a distribution function. By
definition, λn : B(Rn)→ R is the unique (by Theorem 1.55) Lebesgue-Stieltjes measure such
that λn(a,b] = F (a,b] for all a,b ∈ Rn with a ≤ b. Suppose I ⊆ Rn is a bounded interval,
so I =

∏n
k=1 Ik with Ik ⊆ R a bounded interval for each k. Since Ik ∈ B(R) for each k, by

Corollary 3.11 and Example 1.56 we have(
n×
k=1

λ

)
(I) =

n∏
k=1

λ(Ik) = λn(I) <∞,

and so×n

k=1
λ is a Lebesgue-Stieltjes measure on Rn. In particular(

n×
k=1

λ

)
(a,b] = λn(a,b] = F (a,b],

for all a,b ∈ Rn with a ≤ b, and so by the uniqueness provision of Theorem 1.55 we conclude
that×n

k=1
λ = λn on B(Rn). �
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3.3 – Fubini’s Theorem

The hypotheses stipulated in Fubini’s Theorem and the General Fubini Theorem are identical
to those in the Product Measure Theorem and General Product Measure Theorem, respectively.

Theorem 3.13 (Fubini’s Theorem). Let (X,M, µ) be a σ-finite measure space, (Y,N) a
measurable space, and

F =
{
ν(x, ·) : N→ R

∣∣ x ∈ X}
a family of set functions with the following properties:

P1. ν(x, ·) is a measure on N for each x ∈ X.
P2. ν(·, B) : X → R is Borel measurable for each B ∈ N.
P3. F is uniformly σ-finite.

Given f : (X × Y,M⊗N)→ (R ,B(R)), define

F (x) =

ˆ
Y

f(x, y) ν(x, dy).

Let µ× ν denote the unique measure π defined in Theorem 3.8.

1. If f ≥ 0, then F : X → R is an (M,B(R))-measurable function, and alsoˆ
X×Y

f d(µ× ν) =

ˆ
X

F dµ =

ˆ
X

(ˆ
Y

f(x, y) ν(x, dy)

)
µ(dx).

2. Suppose
´
X×Y f d(µ × ν) exists in R (resp. R), S is the set of all x ∈ X for which F (x)

does not exist in R (resp. R), and G : X → R is any (M,B(R))-measurable function. Then

µ(S) = 0, the function F̂ : X → R given by

F̂ (x) =

{
F (x), x ∈ X \ S
G(x), x ∈ S

is (M,B(R))-measurable, and ˆ
X×Y

f d(µ× ν) =

ˆ
X

F̂ dµ. (3.3)

In the second part of the Fubini’sTheorem it is common to set G ≡ 0 and write equation
(3.3) as ˆ

X×Y
f d(µ× ν) =

ˆ
X

(ˆ
Y

f(x, y) ν(x, dy)

)
µ(dx),

with the understanding that the value of the inner integral is to be taken to be 0 at all x ∈ X
where the integral fails to return a value in R (resp. R).

Corollary 3.14 (Tonelli’s Theorem). Suppose the hypotheses of the Fubini’s Theorem hold.
If ˆ

X

(ˆ
Y

|f(x, y)| ν(x, dy)

)
µ(dx) ∈ R,

then
´
X×Y f d(µ× ν) ∈ R as well.
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Corollary 3.15 (Classical Fubini Theorem). Let (X,M, µ) and (Y,N, ν) be σ-finite measure
spaces. If f : (X × Y,M⊗N)→ (R ,B(R)), thenˆ

X×Y
f d(µ× ν) =

ˆ
X

(ˆ
Y

f(x, y) ν(dy)

)
µ(dx) =

ˆ
Y

(ˆ
X

f(x, y)µ(dx)

)
ν(dy) (3.4)

provided the integral at left exists.

Equation (3.4) may be written more simply asˆ
X×Y

f d(µ× ν) =

ˆ
X

ˆ
Y

f dν dµ =

ˆ
Y

ˆ
X

f dµ dν.

Theorem 3.16 (General Fubini Theorem). Let (X1,M1, µ) be a σ-finite measure space,
and let (X2,M2), . . . , (Xn,Mn) be measurable spaces, and for each 1 ≤ k ≤ n− 1 let

Fk =
{
µ(x1, . . . , xk, ·) : Mk+1 → R

∣∣ (x1, . . . , xk) ∈ X1 × · · · ×Xk

}
be a family of set functions with the following properties:

P1. µ(x1, . . . , xk, ·) is a measure on Mk+1 for each (x1, . . . , xk) ∈ X1 × · · · ×Xk.
P2. For each B ∈Mk+1 we have

µ(·, B) : (X1 × · · · ×Xk,M1 ⊗ · · · ⊗Mk)→ (R ,B(R)).

P3. Fk is uniformly σ-finite.

Given f : (
∏n

k=1Xk,
⊗n

k=1 Mk)→ (R ,B(R)), define

Fk(x1, . . . , xk) =

ˆ
Xk+1

· · ·
ˆ
Xn

f(x1, . . . , xn)µ(x1, . . . , xn−1, dxn) · · ·µ(x1, . . . , xk, dxk+1)

for each 1 ≤ k ≤ n − 1. Finally, for each 1 ≤ k ≤ n let πk denote the unique measure on⊗k
j=1 Mj considered in Theorem 3.10.

1. If f ≥ 0, then each Fk :
∏k

j=1Xj → R is a (
⊗k

j=1 Mj,B(R))-measurable function, and also
ˆ
∏n
k=1Xk

f dπn =

ˆ
X1

ˆ
X2

· · ·
ˆ
Xn

f(x1, . . . , xn)µ(x1, . . . , xn−1, dxn) · · ·µ(x1, dx2)µ(dx1). (3.5)

2. Suppose the integral at left in (3.5) exists in R (resp. R), Sk is the set of all x ∈
∏k

j=1 Xj for

which Fk(x) does not exist in R (resp. R), and Gk :
∏k

j=1 Xj → R is any (
⊗k

j=1 Mj,B(R))-

measurable function. Then πk(Sk) = 0, the function F̂k :
∏k

j=1Xj → R given by

F̂k(x) =

{
Fk(x), x ∈

(∏k
j=1Xj

)
\ Sk

G(x), x ∈ Sk

is (
⊗k

j=1 Mj,B(R))-measurable, and (3.5) still holds with the understanding that the Fk

functions are replaced with the F̂k functions.
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Corollary 3.17 (General Classical Fubini Theorem). For each 1 ≤ k ≤ n let (Xk,Mk, µk)
be a σ-finite measure space, and let µ1 × · · · × µn denote the measure πn in Theorem 3.16. If
f : (

∏n
k=1Xk,

⊗n
k=1 Mk)→ (R ,B(R)), thenˆ
∏n
k=1Xk

f d(µ1 × · · · × µn) =

ˆ
Xσ(1)

· · ·
ˆ
Xσ(n)

f dµσ(n) · · · dµσ(1)

for any permutation σ : {1, . . . , n} → {1, . . . , n}, provided the integral at left exists.

Example 3.18. Show that if f : [a, b]× [c, d ]→ R is continuous, thenˆ b

a

ˆ d

c

f(x, y) dydx =

ˆ d

c

ˆ b

a

f(x, y) dxdy. (3.6)

Solution. Let I = [a, b] and J = [c, d], and recall the Lebesgue measure λ : B(R) → R .
The measure spaces (I,B(I), λ) and (J,B(J), λ) are both finite, and hence both σ-finite. By
Proposition 2.4 the function f is (B(I × J),B(R))-measurable, and thus

f : (I × J,B(I)⊗B(J))→ (R,B(R))

since B(I × J) = B(I)⊗B(J). Indeed, by Proposition 2.2 we have

f : (I × J,B(I)⊗B(J))→ (R ,B(R)).

Now, the continuity of f on the compact set I × J ⊆ R2 implies that f is bounded. Recalling
the Lebesgue measure λ2 : B(R2)→ R , and noting that the measure space (I × J,B(I × J), λ2)
is finite, by Proposition 2.28 it follows that

´
I×J f dλ2 exists in R. However,ˆ

I×J
f dλ2 =

ˆ
I×J

f d(λ× λ)

since λ2 = λ×λ by Proposition 3.12, and so
´
I×J f d(λ×λ) exists in R. By the Classical Fubini

Theorem, therefore,ˆ
I×J

f dλ2 =

ˆ
I

(ˆ
J

f(x, y) dλ(y)

)
dλ(x) =

ˆ
J

(ˆ
I

f(x, y) dλ(x)

)
dλ(y). (3.7)

Define ϕ : I → R and ψ : J → R by

ϕ(x) =

ˆ
J

f(x, y) dλ(y) and ψ(y) =

ˆ
I

f(x, y) dλ(x).

Fix x0 ∈ I. Let ε > 0. The function f is in fact uniformly continuous on I × J , so there exists
some δ > 0 such that, for all (x1, y1), (x2, y2) ∈ I × J ,√

(x1 − x2)2 + (y1 − y2)2 < δ ⇒ |f(x1, y1)− f(x2, y2)| < ε

d− c
.

Let x ∈ I be such that |x− x0| < δ. For any y ∈ J the distance between (x, y) and (x0, y) is
less than δ, and so

|ϕ(x)− ϕ(x0)| =
∣∣∣∣ˆ
J

f(x, y) dλ(y)−
ˆ
J

f(x0, y) dλ(y)

∣∣∣∣
=

∣∣∣∣ˆ
J

[
f(x, y)− f(x0, y)

]
dλ(y)

∣∣∣∣ Additivity Theorem
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≤
ˆ
J

∣∣f(x, y)− f(x0, y)
∣∣ dλ(y) Theorem 2.27(3)

≤
ˆ
J

ε

d− c
dλ(y) =

ελ(J)

d− c
= ε, Theorem 2.27(2)

noting that λ(J) = d− c. This shows ϕ to be continuous at x0, and hence ϕ is continuous on I.
A similar argument will show that ψ is continuous on J . Now, by Theorem 2.52,ˆ

I

(ˆ
J

f(x, y) dλ(y)

)
dλ(x) =

ˆ b

a

(ˆ
J

f(x, y) dλ(y)

)
dx =

ˆ b

a

(ˆ d

c

f(x, y) dy

)
dx

and ˆ
J

(ˆ
I

f(x, y) dλ(x)

)
dλ(y) =

ˆ d

c

(ˆ
I

f(x, y) dλ(x)

)
dy =

ˆ d

c

(ˆ b

a

f(x, y) dx

)
dy

These results, together with (3.7), give (3.6) at last. �
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