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MEASURE SPACES

1.1 — SEQUENCES AND SET OPERATIONS

The set of real numbers we denote by R or (—00, 00), and the set of extended real numbers
we take to be the set -
R =RU{—00,+00} = [—00, 00].

Often +oo0 is denoted by oo.
Given x1, 79 € R, we define

1V xe = max{zri,zo} and 1z Axy = min{xy,zs}.

More generally if x1,...,z, € R, then

n n
\/xk = max{zy,...,z,} and /\xk =min{zy,...,z,}.
k=1 k=1

Proposition 1.1. If (z,)nen is a sequence in R, then
sup,, T, = 7}1_)1{)10 k\/l xr and inf,x, = 7}1_)1210 k/\l T (1.1)

Proof. Ounly the first limit in will be proved, since the proof of the second limit is quite
similar.

Let (zn)nen be a sequence in R, and let L = lim,_,o \/_, xx. Either (z,) has an upper
bound in R or it doesn’t. If (z,,) doesn’t have an upper bound in R, then it is easy to see that
L = sup, z,, = +o0.

Suppose (x,,) has an upper bound in R, so that sup, z,, € R by the Completeness Axiom.
The limit L exists in R since the sequence (\/,_, Zx)nen is monotone increasing and bounded
above by the real number sup,, z,,. Clearly L < sup,, z,,. Let € > 0. Then there exists some
m € N such that sup,, x,, — € < x,,, < sup,, ,,, SO

n
sup,, Tnp — € < \/ T, < sup,, Tn,
k=1



2

for all n > m, and hence sup,, x,, —e < L < sup,, ,,. This shows that L > sup,, x,, and therefore
L = sup,, x,, once again. [ |

Definition 1.2. Let (z,,)nen be a sequence in R. We define the limit superior of (x,) to be
limsupx, = lim (sup xk),
n—o00 n—=00 \ k>n

and the limait inferior to be

liminf z,, = lim (inf xk>
n—00 n—oo \ k>n

Alternative symbols for limit superior limsup,, and lim sup, with similar alternatives for limit

inferior.

Given a sequence of functions (f, : X — R),.en, we define functions sup,, f, : X — R and
inf, f, : X = R by

(500, £2)() = 5up fu(e) and (inf, f)() = inf fu(a),
and we define limsup,, f,, : X — R and liminf, f, : X — R by
(limsup,, f,)(x) = limsup f,(x) and (liminf, f,)(z) = liminf f,(z).
n—oo

n—o0

Let X be a metric space. The upper limit and lower limit of a function f: X — R is
defined to be

limsup f(z) = llg(l) (sup {f(z) : € Dom(f) N Bl(a)})

r—a
and
liminf f(z) = lim (inf { f(z) : © € Dom(f) N Bl(a)}),
r—a e—0
respectively.

We say a sequence of sets (A, )nen (also written as (A4,)5%,) increases to A, and write
A, T A it A, C A, forall n € N and

A= [j A,.

n=1
We say (A,,)°, decreases to A, and write A4, | A, if A,,;1 C A, for all n € N and

A= ﬁ A,.

n=1
We define the upper limit and lower limit of a sequence of sets (A, )nen to be
limsup A, = ﬁ G A, and limniann = [OJ ﬁ Ay,
n n=1k=n n=1k=n

and if
limsup 4, = liminf A4, = A,

then we say A is the limit of (A, ),eny and write lim,, A, = A. The following proposition is
straightforward to verify.



Proposition 1.3. Given a sequence of sets (A, )nen,
limsup A,, = {m :x € A, for infinitely many n}

and
liminf A,, = {x cx € A, for all but finitely many n}

Given a set X, the power set of X, denoted by P(X), is defined to be the collection of all
subsets of X; that is,

P(X)={A: AC X}

If Ae P(X), then we define A° = X — A. In the following theorem the symbol L denotes the
union of disjoint sets.

Theorem 1.4. If (A,)nen is a sequence in P(X), then

U= ]A5n--nA  nA4,).
n=1 n=1
If in addition (Ay)nen s an increasing sequence and Ay = &, then
U A =] |4 = A).
n=1 n=1
Example 1.5. Show that
(limsup,, A,,) U (limsup,, B,,) = limsup,, (4, U B,,) (1.2)
and
(liminf, A,) N (liminf, B,) = liminf, (A, N B,) (1.3)

Solution. Suppose = ¢ (limsup A,) U (limsup B,,), so that x ¢ limsup A, and = ¢ limsup B,,.
Then there exists some ni,ny € N such that

x ¢ UAk and z ¢ UBk.

k=n1 k=no

Letting m = max{ny,ny}, it follows that

¢ (U Ak)U<U Bk>— U(AkUBk>7
k=m k=m k=m
and therefore

x ¢ ﬂ U (Ar U Bg) = limsup(A, U B,,).

n=1k=n
This shows that
limsup(A, U B,,) C (limsup A,,) U (limsup B,,).
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Now suppose that x € (limsup A,,) U (limsup B,,). In particular assume x € limsup A,,. For
any n € N we have z € | J,- Ay, which implies = € |J;—, (Ax U By,), and hence

x € ﬂ U (Ax U By) = limsup(A, U B,,).

n=1k=n

The same conclusion obtains if we assume x € lim sup B,,, and therefore
(limsup A,,) U (limsup B,,) C limsup(4, U B,,).

This verifies (1.2)).

Next, suppose = € (liminf A,) N (liminf B,,), so there exist ny,ny € N such that

T € ﬁAk and z € ﬁBk,

k=n1 k=mn2
and so if m = max{ny,ny} we have
k=m k=m k=m

Hence

T € G ﬁ(AkmBk)7

n=1k=n

and we’ve shown that
(liminf A,) N (liminf B,) C liminf(A, N B,).

Now suppose that x € liminf(A, N B,), so there exists some m € N such that

T € ﬂ (AkﬂBk>,

k=m

which implies that
{L‘EﬂAk and ZL‘EﬂBk,
k=m

k=m
and hence

erﬁAk:hmiann and xEQﬁBk:hminan.

Thus z € (liminf A,)) N (liminf B,,), giving
(liminf A4,,)) N (liminf B,,) 2 liminf(A, N B,),
which verifies ((1.3)). [ |



1.2 — ALGEBRAS AND BOREL SETS

Definition 1.6. Let X be a set, and let A C P(X). Then A is an algebra on X if the
following properties hold.

1. X € A.
2. IfA€ A, then X\ AcA.
3. ForallmeN, Ay,..., A, € A implies |J!_, A, € A.

If, in addition, \J,— | A, € A for any countable collection {A, : n € N} C A, then A is a
o-algebra on X.

It can be seen from Definition [1.6] that X = |JA. Thus if a collection of sets A is simply
given to be an algebra, then the associated “universal set” X is understood to be | JA, and so
A is specifically an algebra on | JA. The symbol A¢ may also be used to denote X \ A.

Proposition 1.7.
1. If A is an algebra, then Ay, ..., A, € A implies (), A, € A for all m € N.
2. If 8 is a o-algebra, then {S, : n € N} C 8 implies (), Sn € S.

Proof. Suppose 8 is a o-algebra and {S,, : n € N} C 8. Then {S¢:n € N} C 8 as well, and so
U.Z, St € 8. Now,

Usies = (ﬂsn> €S = [)S.€8,
n=1 n=1 n=1
which proves part (2). The proof of part (1) is similar. [

Definition 1.8. Let X be a set, and let € C P(X). Then & is an elementary family on X
iof the following properties hold.

1. @ e€é.
2.IfE,Feé&, then ENF € €.
3. If E € &, then X \ E is a finite disjoint union of elements of E.

Proposition 1.9. Let & be an elementary family on X. If A is the collection of all finite
disjoint unions of elements of €, then A is an algebra on X.

Proof. Suppose A is the collection of all finite disjoint unions of elements of €. Since @ € &
implies X = @° is a disjoint union of elements of £, we see that X € A.

Suppose E, F' € €. For some m € N there exist disjoint Gy, ...,G, € € such that £¢ =
Ll;—, Gk, and thus

EUF:Eu(F\E):Eu(FmEC):Eu(m(FmGk))eA

k=1
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since F NGy € € for each 1 < k < n. By induction it follows that UZ:l FE, € A whenever
Ey,...,E, € € for some n € N. Now let A;,..., A, € A, so for each 1 < k < n there exist
EY,..., B}, € &such that A, = | [/ E}. Then |J;_; A is a finite union of elements of &,

and so J;_, Ay € A.

Finally, if A € A is such that A € € as well, then A° is a disjoint union of elements of &
and we have A° € A. That is, if A € A is a disjoint union of one element of &, then A° € A.
For an arbitrary fixed n € N, suppose A° € A for any A € A that is a disjoint union of n
elements of €. Now suppose A € A is a disjoint union of n + 1 elements of &: A = |_|Zii E). Let
B=||._,Ex and C = E,,;;. Then B € A by our inductive hypothesis, and C° € A by the
base case. It follows that B¢ and C° are finite disjoint unions of elements of &: B¢ = |_|f:1 F;
and C°= | [i_, G;. Now,

)4 { m
A= (BuC)y=pnc = |Fnc)=] || |EnG),
i=1 i=1j=1
where F; N G; € A for all 7 and j. Since A¢ is a finite union of elements of €, we conclude that
A€ € A. Therefore A is closed under complementation by the principle of induction, and the
proof that A is an algebra on X is done. |

Example 1.10. The collection R C P(R?) of all rectangles in R?,
R={IxJ:I,JCR are intervals},

is an elementary family. So long as we regard singletons {a} as also intervals, on purely
geometrical grounds it is clear that the intersection of two rectangles Iy x J; and Iy x Jy is
either @ or another rectangle. Moreover,

(IxJ)f=I"xJ)uU( xJ)U(xJ,

where [¢ and J¢ are each either a single interval or a disjoint union of two intervals, and so
(I x J)¢ can be expressed as a disjoint union of rectangles. For instance,

([a, 0] x [c,d])" = ((—o0,a) x R) U ([a,b] x (—o0,¢)) U ([a,b] x (d,00)) U ((b,00) x R)
for any a,b,c,d € R. |
For a set X let € C P(X). We define the o-algebra on X generated by € to be
ox(C) = ﬂ {§ 2 €:8isaoc-algebra on X }.

Thus 0x(€) is the “smallest” o-algebra on X containing the collection €. Often ox(C) is written
as 0(€) when € is given to be a subcollection of P(X), or when the context of a discussion
makes clear that X is the universal set.



Definition 1.11. Let (X, T) be a topological space. The collection of Borel sets in X is
B(X) =ox(7).

That is, the Borel sets in X are the sets in the smallest o-algebra on X containing all the open
subsets of X.

Example 1.12 (Borel Sets in R). The g-algebra of Borel sets of R, denoted by B(R), is the
o-algebra generated by the open subsets of R. Let

O ={(a,b) : a,b € R},

which is a proper subset of the collection of open subsets of R. Since any open set in R can be
characterized as a countable union of bounded open intervals in R, we find that O (the collection
of all bounded open intervals) also generates the Borel sets of R: ¢(0) = B(R).

A bounded h-interval in R is an interval of the form (a, b], where a,b € R with a < b. Since

o0

(a,0] = () (a,b+1/n),

n=1

we find with the help of Proposition that the collection
H ={(a,b] : a,b € R}
of all bounded h-intervals in R is such that o(3H) = B(R). Also the collection
C={[a,b] : a,b € R}
of all bounded closed intervals in R generate the Borel sets of R. Thus we have
B(R) = 0(0) = o(H) = o (),

and there are other generating sets for B(R) besides. |

Example 1.13 (Borel Sets in R). By definition, B(R) = (7% ), where T is the collection
of open subsets of R. The question naturally arises: what are the open subsets of R? The
customary choice for a topology on R may be most easily described as the topology generated
by the basis

U={(a,b):a,beR}U{[-00,b): b€ R} U{(a,00]:a€R}.

That is, the basis for the topology Tz on R consists of the basis for the usual topology T on
R together with all intervals of the form [—o0,b) and (a, 00| for a,b € R. From this it can be

shown that B(R) = o(J), where
H = {(a,b] : a,b € R}.
Now consider the collection

0 ={(a,0] : a € R}.

Does o(0) = B(R)? For any —oo < a < b < oo we have (a, 0], (b,00] € ¢(O), and thus

(b,00] € 0(0) = [—00,b] = (b, 0] € ¢(O)



= (a,b] = [—00,b] N (a,00] € 5(0).

In addition, for each b € R we have (—n,b] € o(O) for all n € N, and hence

[e.9]

(—o0,b] = U(—n, b] € 0(0).

This shows that ¢(0) D X, and hence o(0) D o(H) = B(R) since o(H) is by definition the

smallest o-algebra containing 3. On the other hand all the elements of O are open sets in R,
implying that O C B(R) and hence 0(0) C B(R). Therefore 0(0) = B(R).
Since the complement (relative to R) of each element of O is of the form [—o0,a], where

a € R, it is immediate that the collection {[—00,a] : @ € R} also generates B(R), which
straightaway implies that the larger collection

C={[a,b] :a,b e R}
generates E(E). [ |
If C P(X) and A C X, then we define
CnA={BnA:Bee).

Thus €N A C P(A), and so we may consider the o-algebra on A generated by €N A.

Proposition 1.14. If S is a o-algebra on X and A C X, then SN A is a o-algebra on A.

Proof. Suppose 8 is a o-algebra on X and A C X. Clearly A € SN A since X € §. Let
Ee€8NA so E=SNAforsomeS €S8 Now, X\S €S8, and so

AVE=AN(X\E)=An[(X\S)U(X\A)] =(X\S)NAcSNA

Finally, let {E, : n € N} C 8N A, so for each n there is some S,, € 8 such that £, = 5, N A.
Since |J,, S, € 8, it follows that

DEn:<GSn>ﬂA€8ﬂA,
n=1 n=1

and we’re done. [ ]

Proposition 1.15. IfC C P(X) and A C X, then
ca(CNA)=0x(C)NA.
Proof. It is clear that €N A C ox(€) N A, and since ox(€) N A is a o-algebra on A containing

CN A, it follows that 04(CN A) C ox(C) N A.
Define 8 C 0x(C) by

§={Becox(C):BNAcoa(CNA}.

We wish to show that € C § and 8 is a g-algebra.



Let B € C. Then B € 0x(€) and also
BNAeCNACos(CNA),

which shows that B € 8§ and hence € C 8.
Let (By)nen be a sequence of sets in 8, so B, € 0x(€C) and B, N A € 04(CN A) for all n.
Since

D B, € Ux(e)
n=1

and

<DBn>ﬂA: D(BnmA) coa(CNA),

n=1 n=1

it follows that | J.-, B, € 8.
If B €8, sothat B € o0x(€) and BN A € 04(€N A), then we have B¢ € ox(€) and
(BN A) € 04(CN A) also, with the latter implying that

B°NA=(B°UAYNA=(BNANAecsa(CNA),

and hence B¢ € 8.

Finally, X € 0x(C) and XNA=A € 04(CN A) shows that X € §, and 8 is now verified to
be a o-algebra.

Since € C 8 and 8 is a og-algebra, we have ox(€) C 8, and hence ox(€) =8. So BN A €
c4(CNA) for all B € 0x(€), and therefore ox(€) N A C o4(CNA). [

Example 1.16. Given a topological space (X, T) and a set A C X, the subspace topology
on A (relative to X) is the topological space (A, T4), where we define

Ta=TNA={UNA:UeT}.
It then follows that the Borel sets in A is the collection
B(A)=04(TNA) =0x(T)NA=B(X)NA. (1.4)
by Proposition [I.15 [ |

Remark. Let (X, d) be a metric space. For each o € X and r > 0 define the open ball with
center zy and radius r to be the set

By (zg) ={z € X : d(xo,z) < r}.

As discussed in elementary analysis, the metric d induces a topology T on X as follows: U € T
iff for each u € U there exists some r > 0 such that B.(u) C U. Let A C X. A fact from
point-set topology states that the topology on the metric space (A, d) is precisely the same
as TN A; that is, the topology the metric d induces on A equals the subspace topology on A
relative to X.
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Example 1.17. Recall the collection U in Example that is defined to be the basis for the
topological space (K, Tz ). Is the subspace topology on R relative to R the same as the standard
topology Jr on R? That is, do we have Jg = Tg NR?

In general, if B is a basis for a topological space (X,T), and A C X, then B N A is a basis
for the topological subspace (A,T N A). Thus UNR is a basis for (R, Tz NR), the subspace
topology on R relative to R. It is clear that U N R contains the collection {(a,b) : a,b € R},
which is a basis for Jg, and so Tg C TJg N R. On the other hand, any U € Tx is a union of
elements of U, whereupon it follows that U N R is a union of open intervals in R and thus
UNR € Jg. This shows that Jg N R C T, and therefore Tg = Tg N R.

Knowing that Jg = Jg N R, we can now employ in the previous example to conclude
that

B(R) = B(R) NR,

which will be useful later on. [ |

Problem 1.18 (PMT 1.2.6). Let f: X — Y, and let € C P(Y). Show that
a(f7H(€)) = fH(e(C)),

where we define

) ={f(A):Aec}t and [ (o(€)={f"(4):Aea(C)}

Solution. If B € f~(C), the = f71(A) for some A € € C ¢(C), which implies that
B e f~Y(a(€)). Thus f~1(C) C ( (€)), and since f~!(c(€)) is a o-algebra, we conclude that
U(f;(ﬁ@)) < 7 (e(€)).

efine

8§={Bea(@:f(B)ea(f(C)}

where of course 8§ C o(C). We wish to show that € C 8§ and 8 is a g-algebra, from which it
will follow that o(€) C 8, and therefore 8§ = ¢(€). This in turn will imply that f~!(c(€)) C
o(f~1(€)), and the proof will be done.

Let B € €. Then B € ¢(C), and also f~}(B) € f~1(€) C o(f~!(€)), so that B € § and we
have G C 8.

Let (By)nen be a sequence in 8, so B, € ¢(€) and f~1(B,) € o(f~'(€)) for all n. Since

D B, € 0(C)

and

-1 <U Bn> =J (B ealf (@),

it follows that (J 7, B, € 8 and 8 is countably additive.
If B €8, sothat B € o(€)and f~1(B) € a(f'(C)), then we have B® € ¢(€) and f~!(B°) =
[f~Y(B)]° € o(f~1(€)) also, showing that B® € § and § is closed under complementation.
Finally, Y € ¢(C), and f~1(Y) = X € o(f'(€)) since f~1(€) is a collection of subsets of X.
The collection § is now verified to be a o-algebra. |
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Problem 1.19 (PMT 1.2.7). Suppose A € B(R). Let Tg be the standard topology on R,
so that TJg N A is the usual subspace topology on A. Show that the smallest o-algebra on A
containing the sets open in A is the collection € = {B € B(R) : B C A}. Thus

B(A)=04(TrNA)={BeBR): BC A}

Solution. If S € €, then S € B(R) and S = SN A, and so S € B(R) N A. Conversely, if
S € B(R)N A, so that S = BN A for some B € B(R), then S C A, and also S € B(R) since
A € B(R), and we conclude that S € €. Therefore

{BeB[R): BC A} = B(R)N A

Now, by definition B(A) is 04(Tg N A), the smallest o-algebra on A containing the sets open in
A, and so by Proposition we have

B(A) == UA(TR N A) == O'R((.T) N A= B(R) N A,
and hence B(A) = C as desired. [
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1.3 — SET FUNCTIONS AND MEASURES

A set function is any function p : € — R, where € C P(X). Usually € will be an algebra
or o-algebra. We say p is finitely additive if

u<|_| Ak) => u(Ay)

for any finite collection {A;,..., A, } C € of disjoint sets such that | |;_, Ay € €, and countably

additive if
,u<|_| An) = ZM(An)
n=1 n=1

for any countable subcollection {A,, : n € N} C C of disjoint sets such that | |~ A, € €. We
say p is finite if u(A) € R for all A € €, and bounded if there exists some M € R such that
|u(A)| < M for all A € C. Finally, if p is nonnegative and finitely additive, and there exists
a countable subcollection {4, : n € N} C € such that X = J -, 4, and p(A,) € R for each
n € N, then y is said to be o-finite.

Theorem 1.20. Let i be a finitely additive set function on the algebra A, and let A, B € A.
1. u(@) =0.

2. W(AUB) 4+ u(AN B) = u(A) + u(B).

3. If BC A, then

1(A) = p(B) + w(A = B),
4. If BC A and u(B) € R, then
1A = B) = u(A) — u(B).
5. If BC A and u(A— B) > 0, then
u(B) < p(A).
6. If p is nonnegative, then

u(U An> <> p(An)
n=1 n=1
forallm e N and Ay, ..., A, € A.

Theorem 1.21. Let pu be a countably additive set function on the o-algebra 8, and let (A,)nen
be a sequence in 3.

1. If A, T A, then lim, o u(A,) = u(A).

2. If A, L A and u(Ay) € R, then lim, o u(A,) = u(A).

Proof.
Proof of (1). Suppose that A, T A. The case when p(A,) = too for some n € N is handled
fine in [PMT][]so assume z(4,) € R for all n. Recalling Theorems [1.4] and [L.20[4), countable

L Probability and Measure Theory, by Ash and Doléans-Dade, 2nd Edition.
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additivity gives

p(A) = N(U(An - Anl)) = ZN(AH —An)
=D [#(An) = p(An)] = Tim Y (A — Agy) = lim p(A),
as desired. ) ) [ |

Definition 1.22. Let p be a set function on an algebra A, and let A € A. We say u 1is
continuous from below at A if lim, ., u(A,) = p(A) for every sequence (Ap)nen in A such
that A, 1+ A. We say i is continuous from above at A if lim,, o p(A,) = u(A) for every
sequence (Ap)nen in A such that A, | A.

We say p is continuous from below on A if i is continuous from below at every A € A,
and we say p is continuous from above on A if i is continuous from above at every A € A.

Theorem 1.23. Suppose u is a finitely additive set function on an algebra A. If u is continuous
from below on A, then i is countably additive on A. If p is continuous from above at &, then p
15 countably additive on A.

Problem 1.24 (PMT 1.2.4). Let A be the algebra of finite disjoint unions of right-semiclosed
intervals of R, and define the set function v : A — R as follows for a,b € R:

p(=00,0] = b, pla,b]=b—a, pla,0)=—a, pR)=0,

and
n=1 n=1
if I1,...,I,, are disjoint right-semiclosed intervals.

(a) Show that p is finitely additive but not countably additive on A.
(b) Show that u is finite but unbounded on A.

Solution.
(a) Let Jy,...,J, € A such that J, N J, = & whenever k # (. Each Jj is a finite disjoint union
of right-semiclosed intervals,
my
Ji = |_| Iy,
=1

mp

p(Te) = (I

/=1

and so

by . Now, again by ,
n n mg
u(|_| Jk> - u<|_| ] z) S ) = S )
k=1

k=1/¢=1

3
3
o
3

and we conclude that p is finitely additive.
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Next, define the sequence (A, )nen in A by A; = (=00, 1], and A, = (n — 1,n| for n > 2.

Then | |2, A, =R, and so
u(|_| An> = u(R) =0.
n=1

On the other hand,
> (A, = JLIEOZM(AIC) = lim (u(—oo, 4 p(1,2] + - 4 pn — 1,n]>
n=1 k=1

— lim [1—1—(2—1)—1—(3—2)—4-“--1—(n—(n—l))] = lim n = +o0.

n—0o0 n—oo

Thus we see that

u<|_| An) # > (A,

and so p is not countably additive.

(b) It is clear that u(A) € R for any A € A. However, u(—o0,n| = n for each n € N shows that
4 is unbounded. |

Problem 1.25 (PMT 1.2.5). Let x be a nonnegative, finitely additive set function on the
algebra A. If (A, ),en is a sequence of disjoint sets in A such that | |2, A, € A, show that

u(l_l An> > u(An).
n=1 n=1
Solution. By finite additivity and Theorem [1.20{5),

iu(z‘lk) = u<|i| Ak) < u<|j An)

for all n € N. Therefore

D (A, = Tim > Ay < p (I_l An> :

where the limit exists in [0, co] since the sequence

(Z u(Am)

is monotone increasing in [0, 0o]. [

neN

Problem 1.26 (PMT 1.2.10). Let x be a finite measure on the o-algebra 8. If (A, ) ey is a
sequence in 8 and lim,,_,., A, = A, show that

lim p1(A,) = p(A).

n—oo
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Solution. Suppose (A, )nen is a sequence in 8 and lim,, ,, A, = A. Thus

A:ﬂUAk:UﬂAk.
n=1k=n n=1k=n
Let B, = (1, Ak, 80 (By)nen is a sequence in 8 such that B, C B,y and (J -, B, = A,
and so B, T A. Theorem [1.21)(1) implies that lim, . u(B,) = p(A). Indeed, observing that
B, C A, for all n € N, so that u(B,) < u(A,) by Theorem [1.20[5), it follows that

i(A) = lim u(B,) < Tim p(A,).
n—oo n—oo

Now let C,, = Up—,, Ak, 50 (Cy)nen is a sequence in 8 such that C,, D C,1q and (2, C,, = A,
and so C,, | A. Thus lim,_, p(C,) = p(A) by Theorem [1.21](2), and since C, 2 A, for all
n € N, we obtain

p(A) = lim p(Cy) > lim pu(Ay)

n—o0

by Theorem [1.20{5). Therefore lim,,,« p(A,) = p(A). [ |

Definition 1.27. A measurable space is a pair (X, M), where X is a set and M C P(X) is
a o-algebra on X whose elements are called measurable sets. A set function p: M — R is a
measure on M if the following properties hold.

L. u(A) >0 for all A € M.
2. u(@) =0.
3. Countable Additivity: For every disjoint sequence (Ay)nen in M,

N(Ll An) = Z,U(An)'

A measure space is a triple (X, M, p); that is, a measurable space (X, M) together with a
measure j1 on M.

A measure space (X, M, p) is finite, bounded, or o-finite if 1 : M — R is finite, bounded, or
o-finite. If (X, T) is a topological space, then a Borel measure is a measure i : B(X) — R, and
(X,B(X), ) is a Borel measure space. We say a measure space (X, M, u) is a probability
measure space if ;(X) = 1.

Problem 1.28 (PMT 1.2.12). Show that if x is a finite measure on a o-algebra 8, there
cannot be uncountably many disjoint sets A € 8 such that u(A) > 0.

Solution. Suppose there are uncountably many disjoint A € § such that u(A) > 0. Thus, if €
is the collection of all such sets in 8, then we may write

e~ [ {aes:ud) e (1)

where here we take (L l] to be (1,00) when n = 0. Since € is uncountable, at least one of

the collections mn
Cr i ={A€8:pu(A) e(25. 2]}

m+17 m



must be at least countably infinite (indeed at least one of the sets must be uncountable).

(An)nen be a sequence of disjoint sets in C,,, so

1
A,) >
#(An) 2 m+ 1
for all m, and A =| |~ A, € 8. By the countable additivity of p we have
o0 o0 1
A= p(A) > — = oo,
p(A) ;u( )_n:1m+1 00

and therefore p is not a finite measure.

16

Let
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1.4 — EXTENSION OF PREMEASURES

The following definition slightly generalizes the notion of a measure x : A — R to the case
when A is an algebra, but not necessarily a o-algebra. The substantive difference lies in the
statement of the third axiom.

Definition 1.29. If A is an algebra, a set function pg : A — R is a premeasure on A if the
following properties hold.

1. uo(A) >0 for all A € A.
3. Countable Additivity: For every disjoint sequence (Ay)nen in A for which | |72, A, € A,

1o (I_I An) = po(Ay).
n=1 n=1
For a set X, the triple (X, A, o) is a premeasure space.

Theorem 1.30. If (X, A, o) is a premeasure space, then

n=1 n=1
for any sequence (Ayp)nen in A such that |J)_, A, € A.

The proof of the following proposition is much the same as the proof of Theorem Recall
that we never allow both —oo and +o00 to be in the range of a set function p: € — R.

Proposition 1.31. Let p be a countably additive set function on the algebra A, and let (Ay)nen
be a sequence in A.

1. If A, 1t Aand A € A, then lim, o 1(Ar) = p(A).

2. If A, T A and u is nonnegative, then lim,, ., p(A,) exists in R.

3. IfA, L A, u(Ay) €R, and A € A, then lim,,_o p(A,) = 1(A).

4. If A, L A, u(A)) € R, and p is nonnegative, then lim, o u(Ay) exists in R.

If a premeasure pg on an algebra A C P(X) is given to be finite, which is to say uo(A) € R
for all A € A, then pg is bounded on A as well. In fact, since for any A € A we have A C X it
follows that

0 < po(4) < 1o(X) < o0

by the nonnegativity of y1o and Theorem [1.20{5).

Lemma 1.32. Let A C P(Q) be an algebra, let gy be a finite premeasure on A, and let (Ay,)nen
and (A!))nen be sequences in A such that A, 1 A and A, 1+ A" If AC A, then
lim po(A,) < lim po(AL).
n—oo

n—oo
Thus if A = A, then
lim fi0(A,) = lim p(4;,).
n—oo

n—o0
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Remark. There is no question that the limits featured in the lemma exist as real numbers, since
the sequences (pg(Ay))neny and (uo(AL))nen are both monotone increasing and bounded above
by 10(€2) € R. More explicitly, the sequence (po(An))nen in particular converges to the least
upper bound of the set {1o(A4,) : n € N} C R, guaranteed to exist in R by the Completeness
Axiom.

Lemma 1.33. Let A C P(X) be an algebra, let py : A — [0,00) be a finite premeasure with
to(X) =r, and let
G={AeP(X):3(An)nen CA(A, T A)}.
Define p: G — [0,00) by
p(A) = i pig(Ayn),
where (Ap)nen s a sequence in A such that A, 1 A. Then the following hold.
1. ACS, and pla = po-
2. IfA,B€G, then AUB,ANB€G, and
(AU B) + p(AN B) = p(A) + u(B).
3. If A,B € G with BC A, then u(B) < u(A).
4. If (Gp)nen € G with G, T G, then G € G and

lim p(G) = (@)

Proof. Note that u is well-defined on § by Lemma Also, since pp(A) < po(X) < oo for all
A € A (see the comments after the proposition on the previous page), the function u certainly
maps into [0, co).

Proof of (1). For any A € A consider the sequence (A, ),eny with A, = A for all n. Then
(A)nen is a sequence in A such that A, T A, and so A € §. Thus A C G, and since
p(A) = lim po(An) = lim 110(A) = po(A),

it is also clear that u|ls = po.

Proof of (2). Suppose A, B € G, so there exist sequences (Ap)nen, (Bn)nen € A such that
A, T A and B, T B. Then it is clear that A, UB, T AUB and A, N B, T AN B, where
A,UB,, A, N B, € A for all n since A is an algebra, and so AU B, AN B € §. Moreover, by
Theorem [1.20(2),

p(AUB) + p(ANB) = lim py(A, U B,) + lim py(A, N B,)

n—o0

= lim (MO(An U Bn) + ,UO(An N Bn))

n—oo
n—oo n—oo
= u(A) + pu(B).
where the usual limit laws apply by the remark following Lemma [1.32]
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Proof of (3). Suppose A, B € G with B C A. Let (A,)nen, (Bn)nen € A be such that A, T A

and B, T B. Then
p(B) = lim po(By) < lim pro(An) = pu(A)

by Lemma [1.32

Proof of (4). Suppose (Gp)nen € G with G,, T G. For each m € N where is a sequence
(Apn)nen C A such that A, T, G Define (By,)nen € A by

Bn = Ql Am,nu

where B,, C B,,4; since A, ,, € A, 41 for each m,n € N.

Let x € G. Since , e
G=JGn=UUAmn
m=1

m=1n=1

x € Agy for some k,0 € N. If k£ < ¢, then x € By since Ayy C By; and if k > ¢, then = € By,
since Apy C Agyp C By. Thus z € |J,_, B,, and we see that G C |J,—, B,. The reverse
containment is clear, so G = |J-, B, and we conclude that B, 1 G. Therefore G € G, and
moreover j(G) = lim, o po(By)-

Fix m € N. For all n > m we have A,,,, C B,, C G,, so that p(A,,,) < u(B,) < u(Gy) by
part (3), and then part (1) gives

/vLO(Am,n> S MO(Bn) S :U’(Gn)
for all n > m. From this it follows that
n—o0 n—oo n—o0
and since m € N is arbitrary we in turn obtain

lim pu(Gp) < lim po(B,) < lim u(G,).
m—00 n—00 n—r00

Therefore
lim p(G) = Tim pio(By) = p(G),

n—oo
as was to be shown. [ |

Since p(A) = po(A) for all A € A and A C G, we see that u is an extension of the premeasure
1o to a larger class of sets. Note that G is not necessarily an algebra, much less a o-algebra.

Lemma 1.34. Let collection § C P(X) and set function p : G — [0,00) have the following
properties.

Pl. @, X € G, with (@) =0 and pu(X) =r.

P2. IfGGHeG, then GUH,GNH €Y, and
wW(GUH)+u(GNH) = pw(G)+ u(H).

P3. If G,H € § with H C G, then p(H) < u(G).

P4. If (Gp)neny € G with G, T G, then G € G and

lim p(Gr) = ().
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pr(A)=inf {u(G):Ge G, GDA}
for each A C X. Then:

QL. p*lg = p, with 0 < p*(A) <r for all A € P(X).
Q2. For all A, B € P(X),

W (AUB) + 1 (AN B) < i (A) + 1 (B),

and in particular p*(A) + p*(A¢) > r.
Q3. If Ay,..., A, € P(X), then
p <U Ak) < ) (Ag).
k=1 k=1

Q4. If A, B € P(X) with B C A, then u*(B) < u*(A).
Q5. If (Ap)nen € P(X) with A, T A, then

lim pi*(An) = p*(A).

n—oo

Proof.

Proof of Q1. If A € G, then for all G € G such that G O A we have u(G) > p(A) by P3, which
shows p(A) is a lower bound for the set S = {u(G) : G € §, G 2 A}. Moreover, if G' € G is
such that u(G") < u(A), then P3 makes clear that G’ 2 A, and so u(G’) ¢ S. Hence p(A) is
the greatest lower bound for S; that is, p*(A) = u(A), and we conclude that p*|g = p. Finally,
since u(X) = r and p is nonnegative, by P3 it is clear that p(G) € [0,7] for all G € G, and
hence 0 < p*(A) <r for all A € P(X).

Proof of Q2. Let € > 0. There exist G, H € G such that G O A, H O B, and
p(A) < (@) < ' (A) 5 and p(B) < pu(H) < i (B) + 5.
Now by P2, observing that GUH D AUBand GNH D ANB,
pr(A) + p(B) + € > p(G) + p(H) = W(GU H) + ((GN H) 2 p* (AU B) + p* (AN B).
Since € > 0 is arbitrary it follows that p*(A) + p*(B) > pu*(AU B) + p*(A N B). Finally,
pr(A) + i (A) = (AU A) + p* (AN A9) = p*(X) + 1 (9) = p(X) + (@) =r
by Q1 and P1.
Proof of Q3. For any A, B € P(X) we have u*(AN B) > 0 by Q1, and so
p (AU B) < p*(A) + p*(B)

by Q2. The desired inequality now follows by induction.
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Proof of Q4. Suppose B C A. Let ¢ > 0. There exists some G € G such that G DO A
and p*(A) < pu(G) < p*(A) + €. Now, since G O B also, the definition of p* implies that
w(G) > p*(B). Thus

p(A) + e > p(G) = p*(B),

//l/*
and since € > 0 is arbitrary it follows that p*(A) > p*(B). [ |

Theorem 1.35. Let A C P(X) be an algebra, let o : A — [0,00) be a finite premeasure with
to(X) =r, and let
G = {A€P(X): I Aunen CA(A, 1 A}
Define n: G — R by
p(A) = lim po(An),

where (Ay)nen is a sequence in A such that A, 1T A. Further define u* : P(X) — R by

p (A) =inf {u(G): G €S, G2 A},
and let

K= (H C X i (H) + () = v},
Then 3 is a o-algebra containing G, and p* : H — [0,7] is a finite measure on H. Therefore
(X, H, ") is a finite measure space.

Proof. The function p and collection G given here are the same p and G in the hypothesis of
Lemma [1.33] and thus they possess the properties (1)—(4) stated in that lemma’s conclusion.
These four properties easily imply the properties P1-P4 in the hypothesis of Lemma [1.34] and
therefore p* possesses the properties Q1-Q5. In particular Q2 implies that

I = {H C X : ji"(H) + u*(HY) < r}. (L6)

Lemmas and also give p*|g = p and p|q = po, and thus pog = p = p* on A.
Let G € G, so there exists a sequence (A, )nen € A such that A, 1 G, implying G¢ C A¢ for

all n. Now, AS € G since A is an algebra and A C G, so that
po(An) + 1 (G) < po(An) + (A7) = po(An) + po(Az) = po(An U A7) = po(X) =1,

recalling |4 = po and the countable (hence finite) additivity of the premeasure pg. Since
M*(An) - :U’O(An)7 we have
pr(An) + 07 (G) <7
for all n, so that by Q5
W (G) 4+ (G) = Tim p1'(A,) + 1" (G) <.
implying G € H{ and therefore § C .
If H € H, then it is clear that H¢ € H as well. Also

P (X) + pt(X) =" (X) + p7(0) = (X)) + (@) =r+0=r

by Q1 and P1, so X € K.
Suppose Hy, H, € H. By Q2,

p'(Hy) + p'(Ha) = p*(Hy U Hy) 4 p*(Hy 0 Ha), (1.7)
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and also
p'(HY) + p*(Hy) = p(HY U HY) + p"(Hy N Hy) = p" (Hy 0 H2)* + " (Hy U Hp)®, (1.8)
Adding and yields
2r = [ (Hy) + p(HY)] + [ (Ho) + " (H3)]
> [p*(Hy U Ha) + p*(Hy U Ha)°] + [ (Hy N Hs) + p*(Hy N Hy)] > 2,
the second inequality owing to Q2. Thus
(W (Hy U Ho) + p*(Hy U Ho)°| + [ (Hy N Ha) + p(Hq N Ha)¢| = 2r,
implying that
(1" (Hy U Hy) + " (Hy U Hp)") <7,
whereupon Q2 leads to the conclusion that
[1*(Hy U Hy) + p*(Hy U Hy)] =,

Therefore H; U Hy € H, which implies that H is closed under finite unionization and so is an
algebra.

Next, let (H,)nen be a sequence in H such that H, 1 H. Let € > 0. Now, lim,, ., u*(H,) =
w*(H) by Q5, and so there exists some m € N such that p*(H) < p*(H,) + € for all n > m.
Also, H® C H¢ for all n, and so p*(H¢) < p*(H) for all n by Q4. Hence we have

prH) 4 (H) < pt(Hn) + 7 (Hy) e =1+ e

for all n > m, and since € > 0 is arbitrary, it follows that p*(H) + p*(H°) < r, and therefore
H € H. Now, if (H,),en is an arbitrary sequence in 3, observe that (|J,_, Hi)nen is also a
sequence in H since H is closed under finite unionization, and since

U a1t U s,
k=1 k=1

we conclude that | J,-, Hy € H. So H is closed under countable unionization, and therefore H
is a o-algebra.

Finally, (1.7)) must in fact be an equality, for otherwise adding and would yield
the contradiction 2r > 2r. Thus

pt(Hi U Hp) + p*(Hy N Hp) = p*(Hy) + p*(Ha)

for all Hy, Hy € H, and so if H; and H, are disjoint we obtain p*(H; U Hs) = p*(Hy) + p*(Ha).
This implies, by induction, that * is a finitely additive set function on the o-algebra J. Moreover,
given any H € H and sequence (H,)nen € H such that H, T H, we have lim,,_,. pu*(H,) =
w*(H) by Q5. So u* is continuous from below on H, and hence countably additive on H by
Theorem [1.23] Since p*(@) = 0, and p*(H) € [0, r] for all H € H by Q1, we have now shown
that p* : H — [0, 7] is a finite measure on H. [ |

Corollary 1.36. Any finite premeasure on an algebra A can be extended to a finite measure on
o(A).
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Proof. If y is a finite premeasure on an algebra A, then Theorem [I.35] shows that p can be
extended to a finite measure p* on a o-algebra H containing A. Since A C o(A) C H, it follows
immediately that p* restricted to o(A) is an extension of y to a finite measure on o(A). M

If 1 is a measure on a o-algebra 8, then a p-null set (or simply null set if there is no
chance of ambiguity) is a set A € 8 such that p(A) = 0. See denote by N, the collection of all
p-null sets:

N, ={Ae8:uA) =0}
It will be convenient to define

NeEN,,

which is the collection of all subsets of p-null sets. Not all such sets are necessarily in 8, but it
is often desirable that a measure space (X, 8, 1) be such that P(N,) C 8.

Definition 1.37. A measure space (X, 8, ) is complete if P(N,) C 8, in which case we say
i is complete on 8.

Proposition 1.38. The measure space (X, H, u*) constructed in Theorem 1s complete.

Proof. Let A € H be such that pu*(A) =0, so r = pu*(A) + p*(A°) = p*(A°). Let B C A. By
Q1 and Q4, 0 < p*(B) < u*(A) =0, so p*(B) = 0. Since B® D A%, r = pu*(A°) < pu*(B°) <r
by Q1 and Q4 again, so p*(B¢) = r. Hence pu*(B) + p*(B°) = r, implying that B € H and
therefore p is complete on JH. |

Remark. A quicker way to prove Proposition is to note that
p(B) + p'(BY) < p'(A) + p(B) = p*(B°) < r
and then use (1.6)).

Theorem 1.39. Let (X, 8, 1) be a measure space, let
§,={AUN:AeS8, NecPN,)},
and define fi : 8, — R by
A(AU N) = u(4)
for all AUN €8,. Then (X,8,, 1) is a complete measure space.

Proof. It is first necessary to verify that §, is a o-algebra. Since @ € N, C P(N,), it is clear
that 8 C §,, and hence X € §, in particular. Also P(N,) C §,, since any N € P(N,) can be
written as N = g U N for g € 8.

Let (Sn)nen be a sequence in §,, so S, € A, UN,, for some A, € § and N,, € P(N,,). For
each n there is some M,, € N, such that N,, € M,,. Now,

M(G Mn) = iN(Mn) =0
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by the countable additivity of x on 8, which implies that | J)~, M,, € N, and since | J;—, N,, C
U2, M, we see that | J>~; N,, € P(N,). So

Uso(G)-(0)

with 2, A, € 8 and J,—, N, € P(N,,), which shows that (J 2, S, € 8,. Therefore §, is
closed under countable unionization.

Next, suppose S € §,, 50 S = AU N for some A € § and N € P(N,). There exists some
M € N, such that N C M, where

(AUN)*=A°NN =AN((M\N)UM®) = (A°N(M\ N)) U (A° N M°).
Now, AN (M \ N) C M implies AN (M \ N) € P(N,) C §,,, whereas A°N M€ 8§ C §,; and

so, since §,, is closed under finite unionization, it follows that (AU N)¢ € §,. That is, §,, is
closed under complementation and is therefore a o-algebra.

Next we verify that fi is a measure on §,. Clearly fi(@) = 0 and f(S) > 0 for all S € §,,. As
for countable additivity, referencing the sequence (S, )neny C 8, with S, = A,, U N,, above, only
now assuming the sequence to be disjoint, we have

(G5 ((O)-(0)) (0 )

nio; ZMA U N,) io:

the middle equality justified since the sequence (A, )nen C 8 is also disjoint. Thus i : 8, — R is
a measure, and (X, 8,, fi) is a measure space.

Suppose S € P(N;). Then S C M for some M € §, such that (M) = 0. Now, M € §,
implies M = AU N for some A € § and N € P(N,), which in turn implies there exists some
N’ € N, such that M C AU N’ € §. Since

) = MAUN) = p(A) + a(N) = u(A) = p(A) =0,

(M
we see that p(AUN') = u(A) + pu(N’) =0, and hence AUN" € N,. Since S C M C AU N,
it follows that S € P(N,) C §,, and therefore P(N;) C §,. We conclude that (X,8,, ) is a
complete measure space. |

Definition 1.40. The measure space (X,8,,, i) in Theorem|[1.39 is the completion of (X, 8, 1),
and we say 8,, is the completion of & relatwe to .

Proposition 1.41. The measure space (X, H, u*) constructed in Theorem 1s the completion
of (X,0(A), p").

A class € C P(X) is monotone if whenever a sequence (A,),eny C € is such that A, T A or
A, | A, then A € €.

Theorem 1.42 (Monotone Class Theorem). Let A C P(X) be an algebra, and let € C P(X)
be monotone. If A C C, then o(A) C C.
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Proof. Let M C P(X) be the smallest monotone class such that A C M. We shall show that
M is in fact a o-algebra.
Fix F' € A, and define

Mp={MeM:FNM,FNM* F'NMeM}.

Let (M,)nen € Mg be such that M, 1] A, which here we take to mean that either M,, T A or
M, | A. Since (M,)nen € M it is immediate that A € M. Moreover, F N M,,, F N M¢, and
Fen M, are all elements of M for each n, and since M is a monotone class and

FAM, 1L FNA, FOMS It FNAS, F°nM, 1L FenA,

it follows that FN A, FN A F¢NA € M. Hence A € Mp, and we conclude that My is a
monotone class. Clearly A C Mp C M, and since M is the smallest monotone class containing
A, we see that Mp = M for all F € A.

Next let B € M be arbitrary. Then B € Mg for any F' € A, which is to say FF N B, F' N B¢,
and F°N B are all elements of M for any F' € A, and thus

AC{MeM:BNM,BNM*B°NM e M} =Mg.

Now, A C Mp C M, and since Mp is a monotone class (by the same argument that showed
Mp is a monotone class), it follows that Mp = M for any B € M.

Let A,B € M. Since M = Mp, we have BN A, BN A, B N A € M. Since A C M we
clearly have X € M, and then A° = X N A¢ € M shows M is closed under complementation. So
A€, B¢ € M, and since M is also closed under finite intersection,

A B°eEM = A°NB°eM = (AUB)eEM = AUBEM,

and we find that M is closed under finite unionization. Thus M is an algebra as well as a
monotone class, which easily implies that M is a o-algebra; for if (M, ),en € M, we have

Up—; My € M for each n with
k=1 k=1

and therefore |7, M, € M.
Since M is a o-algebra containing A, we have M D o(A). But M is also the smallest
monotone class containing A, so that M C €. Therefore o(A) C € and we are done. [ |

Theorem 1.43 (Carathéodory Extension Theorem). Let A C P(X) be an algebra. If p
is a o-finite premeasure on A, then p has a unique extension to a measure p* : o(A) — R.

Theorem 1.44 (Approximation Theorem). Let (X, S, ) be a measure space, and let A C
P(X) be an algebra such that o(A) = 8. Assume u|a is a o-finite premeasure, and let € > 0. If
A€ 8 and u(A) < oo, then there is some B € A such that p(AAB) < e.
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1.5 — OUTER MEASURES

Definition 1.45. An outer measure on X is a set function p* : P(X) — [0, 00] with the
following properties.

OM1. p*(2) =0.

OM2. Monotonicity: if A, B € P(X) with B C A, then p*(B) < p*(A).

OM3. Countable Subadditivity: if (Ap)nen C P(X ) then

u(BA><Zu

A set E C X is u*-measurable if
pi(A) = p (AN E) + p' (AN E°)
forallAC X.

Proposition 1.46. The set function p* in Lemma (and hence also in Theorem is
an outer measure on X.

Proof. Since p maps into [0, 00), it is clear that x* maps into [0, co]. Property OM1 derives
from P1 together with Q1 in Lemma [1.34] and OM2 derives from Q4. Finally, if (A,)nen € P(X)
then ;_, Ax T U,—; Ay, so by Q5 followed by Q4 we have

Iy (U An) = lim 1’ (U Ak) < lim Y (A =) ui(A
n=1 k=1 k=1 n=1
securing OM3. [ |

Theorem 1.47 (Carathéodory Restriction Theorem). Let p be an outer measure on X.
If M is the class of all p-measurable sets, then (X, M, p) is a complete measure space.

Proof. For all A € P(X),
p(ANX) + p(ANX) = p(A) + p(2) = p,
so X € M. It is also clear that F € M implies £ € M. Let E, F' € M, so
p(A) =p(ANE)+p(ANES) and p(A)=p(ANF)+ p(ANF°)

for all A € P(X). Let E,F € M. For any A € P(X), by the subadditivity (OM3) and
monotonicity (OM2) properties of p,

p(AN(EUF))+p(AN(EUF))
<p(ANE)+p(ANF) + p((ANE°) N F°)
= [p(A) = p(AN E)] + [p(A) = p(ANFO)] + [p(AN E) = p(ANE° N F)]
=2p(A) — [p(ANF)+ p((ANE)NF)]
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<2p(A) = [p(ANEYNF) +p((ANE)NF)]
— 2p(A) - p(4) = p(A).
By subadditivity
p(AN(BUF)) +p(AN(EUFY) > p(A),
and so
p(AN(EUF))+p(AN(EUF)%) = p(A).

Thus £ U F € M, and it follows by induction that M is closed under finite unionization.
Therefore M is an algebra, and moreover if £ and F' are disjoint we have

p(AN(EUF)) :p((Am(EUF))mE> —i—p((Aﬁ(EUF))ﬂEC)
=p(ANE)+p(ANF)

for any A € P(X), and so by induction we obtain

k=1

for any finite disjoint sequence (Ej)}_; € M.
Let (Ep)nen € M be a disjoint sequence, and let E =| | | E,. Fix A € P(X). For each n
we have F,, = |J,_, Ex € M, where

Fe= () B 2 () B = B
k=1 k=1

so that
p(A) = p(AN Fy) + p(ANES) > p(AN Fy) + p(AN E°)
by OM2, and thus

p(A) > p(ANEy) + p(AN E°)

k=1
by (1.9)). Letting n — oo then gives

p(A4) 2 S AN E,) + (AN E?)

n=1
for all A € P(X). By OM2,

p(A) > p(U (AN En)> +p(ANES) =p(ANE)+ p(AN E°).
n=1
This, together with OM3, yields p(A) = p(AN E) + p(A N E°), and thus £ € M. Now, if
(En)neny € M is any arbitrary sequence (not necessarily disjoint), by Theorem we find that
E=JE.=||(Bn---NnE NE,),
n=1

n=1
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where the disjoint sequence of sets E{N---NES ;N E, is a sequence in M since M is an algebra,
and so we find that £ € M once more. Therefore M is a o-algebra.

For the next step, assume again that (F,),ey € M is a disjoint sequence. Letting A =
e, Ex in (1.9), we have

for all n, and so

Now, by OM2 and OM3,

and hence

Therefore p is a measure on M, and so (X, M, p) is a measure space.
Finally, suppose E € P(X) is such that p(F) = 0. Let A € P(X) be arbitrary. From

0<p(ANE) <p(E)=0
we have p(AN E) =0, and then
p(A) = p((ANE) U (AN %)) < p(AN E) + p(A N %) = p(AN E*) < p(A)

implies that p(AN E) + p(AN E°) = p(A). Thus E is p-measurable, and we conclude that
E € M for any £ C X with p(E) = 0. Now, if A C E for some E € M with p(E) = 0, we find
that A € M since 0 < p(A) < p(E) = 0 implies p(A) = 0. Therefore (X, M, p) is complete. W

Proposition 1.48. Let i be a premeasure on an algebra A C P(X). Define p* : P(X) — R by

pr(A) = inf{z w(Ey,) : AC UE” for E, € A}.
Then u* is an outer measure on X such that p*|4 = .
Proof. Since p: A — [0, 00], it is clear that pu* : P(X) — [0, 00]. Also it is clear that p*(@) = 0,

satisfying OM1.
For each Q) € P(X) define

Sq = {Z,u(En) :QC UE” for I, E.A}.



29

Suppose A, B € P(X) with B C A. Let s € S4, so s = ) u(E,) for some E, € A such
that A C |, E,. Since B C |J,, E,, also, it follows that s € Sp, and so Sy C Sp. It follows
immediately that
i (B) = inf(Sp) < inf(Sa) = 1u*(A),
and so p* satisfies OM2.
Next, let (A, )nen € P(X). Fix € > 0. For each n there exist (F,x)ren C A such that

AHQLJEMc and ZM(Enk §2—n—i—,u(A)
- =1

(Each sequence (FE,1)reny may be assumed to be infinite by taking E,, = @ for all sufficiently

large k.) Now,
UacOUe

n=1k=1
and so by definition of ©* we have

“*<UA"><ZZ“ " <Z n) 27" <Zu*(An)+€-

n=1 k=1
Since € > 0 is arbitrary we conclude that

W (U An) <Y w4

and so p* satisfies OM3 and is therefore an outer measure on X. That pu*|4 = u is easily
verified. |



30

1.6 — LEBESGUE-STIELTJES MEASURES AND DISTRIBUTION FUNCTIONS

Given any metric space (Y,d), a function f: A CR — Y is right-continuous at a € A if
lim, .+ f(z) = f(a), and left-continuous at a € A if lim, ,,- f(x) = f(a).

Definition 1.49. A Lebesgue-Stieltjes measure on R is a measure p : B(R) — [0, 0o] such
that (1) < oo for every bounded interval 1. A distribution function on R is a monotone
increasing right-continuous function F : R — R.

Theorem 1.50. Let p be a Lebesgue-Stieltjes measure on R. If F': R — R is given by
F(b) = F(a) = p(a, b] (1.10)

for all —o0o < a < b < oo, then F is a distribution function.

The equation (|1.10)) only determines F' up to an arbitrary constant. One way to see this is
to note that

w(x, 0]+ F(0), =<0
F(z) =< F(0), z=0
w(0,z] + F(0), x>0,
which shows that F' may be uniquely determined by choosing the value of F'(0).
Given a distribution function F': R — R, we can extend the definition of F' to R by setting

F(oo) = lim F(z) and F(—o0)= lim F(z),

T—00 T—r—00

where both limits exist as extended real numbers since F' is monotone increasing. Now define
p(a,b] = F(b) — F(a) for all a,b € R, and in particular

pi[—00,b] = F(b) — F'(—00) = p(—o0,b].

This defines i on the collection Hg of all h-intervals of R, which by convention we take to
include intervals of the form [—oo, b]. If (I)}_; is a disjoint finite sequence in Hg, define

M<|i| fk) = iﬂ(fk)-

This extends p to the algebra A(R) of finite disjoint unions of h-intervals of R. Since R is
compact, it can be shown that y is in fact countably additive on A(R). Thus, since u(@) = 0
by Theorem [1.20[1), it follows that (R, A(R), 1) is a premeasure space. It then can be shown
that (R, A(R), u) is a premeasure space, where A(R) is the algebra of finite disjoint unions
of h-intervals of R, which by convention we take to include intervals of the form (a,o0). The

Carathéodory Extension Theorem then gives a unique extension of p to a measure p* to
o(A(R)) = B(R). We state the theorem.

Theorem 1.51. Let F' be a distribution function on R. If u(a,b] = F(b) — F(a) for all
—00 < a < b< oo, then there is a unique extension of  to a Lebesque-Stieltjes measure on R.
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Theorems [T1.50] and [1.51] together demonstrate that there is a one-to-one correspondence
between Lebesgue-Stieltjes measure on R and distribution functions (up to an additive constant)
on R. The Lebesgue-Stieltjes measure corresponding to a distribution function F' is called
the measure induced by F. The distribution function F' (up to an additive constant)
corresponding to a Lebesgue-Stieltjes measure p is called the distribution function of u.

From the formulation u(a,b] = F(b) — F(a) for —o0o < a < b < oo given in Theorem we
may express intervals that are not bounded h-intervals of R in terms of F'. Defining

F(c) = Q}EZE F(z)

for any ¢ € R, the following can be proved:

u(a,b) = F(b7) = F(a), pla,b]=F(0b)—F(a™), pla,b)=F(0")—F(a™), (1.11)
p(—o0,z] = F(z) — F(—00), p(—o00,z)=F(z")— F(-00), (1.12)
(@, 00) = F(o0) — F(z), plz,00) = F(o0) — F(z7), (1.13)

and
p(R) = F(o0) — F(—00). (1.14)

A special case obtaining from pfa,b] = F(b) — F(a™) is

ufa} = F(a) - F(a), (1.15)
which shows that a distribution function F' corresponding to a measure p is continuous at x € R

if and only if u{z} = 0.

Example 1.52. Recall the Riemann integral fab f of a function f on a closed bounded interval
a, b]ﬂ Let f: R — [0, 00) be such that f is Riemann integrable on any closed bounded interval,
and let F'(0) € R be arbitrary. Define

mm—mm:é?

[r=-[1

if x < 0. Then F : R — R is a continuous distribution function, and by Theorem the set

function given by
b a b
patl =P =F@) = [ 1= [ 1= s

for —oco < a < b < oo has a unique extension to a Lebesgue-Stieltjes measure u* : B(R) — [0, o).

The case when f =1 and F(0) := 0 is special. We then find that F(z) = z for all x € R,
so that u(a,b] =b—a for —oo < a < b < 0o, which of course conforms to the usual notion of
the “length” of a bounded interval. The unique extension of x in this case is denoted by A, or

for all z € R\ {0}, where as usual

2See also §2.4.
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simply A if no ambiguity results,ﬂ and we call \; : B(R) — [0, 0] the Lebesgue measure on
B(R). Applying (1.11) through (1.15)) to A;, for which F' is the identity function, we find that

)\1(G7b) = Al[avb) = )\1[G7b] =b—ua
for all a,b € R,
Al(R) = >\1(—OO,.Z’) = /\1(1’, OO) = )\1(—00,33] = )\1[1‘, OO) = O

for all x € R, and finally
/\1{ZE} =0
for all z € R.
The completion of B(R) relative to A\; we denote by B(R) rather than B(R),,, and the
complete measure \; : B(R) — [0, c0] we will often denote again by A, (or simply ) and also
call Lebesgue measure. We call B(R) the class of Lebesgue measurable sets in R. W

An element of R" will be regarded as an n x 1 matrix (i.e. a column vector), so that
R" = {[xi]nxl V1 <i< n(acl € ]R)},
where
L1
[%’]nxl =
Tn

Usually [x;],x1 will be written simply as [z;] or x.

Definition 1.53. Given a = [a;],x1 and b = [bj]n.x1 in R™, we define the h-interval in R™ by
(&mzfp%wz{ugQW;WSigm@ewﬂm}
i=1
where (a,b] = & if a; > b; for some i. Similarly we define open intervals and closed

intervals in R by

(a,b) = [J(ai,b:) and [a,b] = ] [la: bi],
i=1 i=1
respectively, and also define

n n

(—o0,b) = H(—oo,bi) and (a,00) = H(ai,oo).

i=1 i=1
Other intervals such as (—oo,b] and [a, 00) are defined similarly.

Given a,b € R", we write a < b if a; < b; for each 1 <17 < n, and we write a < b if a; < b;
for each 1 <i < n. Thus (a,b] # & if and only if a < b.

Letting
H,={(a,b]:a,beR"} and H,={(a,bl:abe Rn}

3See Example for the definition of A, for any n € N.
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it can be shown that the o-algebra of Borel sets of R" is generated by H,,: B(R") = o(H,).
Similarly for the Borel sets of R" = [—00, 00]" we have B(R") = o(3(,).

A Lebesgue-Stieltjes measure on R" is a measure p : B(R™) — [0, oo] such that p(/) < oo
for every bounded interval I C R™. The notion of a distribution function on R™ does not carry

over as easily, however. ‘
Let & : R — R be any function. For any 1 <7 < n and a,b € R define A(g)aQ) :R™ — R by

[ @y | [ @y | [ @y | [ @y ]
) 1 Ti—1 Ti—1 Ti—1 Ti—1
Ab® l)l=@|| b ||-®|]| a ||=®| b |—-®| a |,
,a
Tn Li+1 Li+1 Li+1 Ti+1
| Tn | | Tn | | Tn | | Tn |

where the last expression is a notational convenience. We take the difference operator A(bz)a
to have the additive linearity property

(%) (@) (%)
A 200+ 0] = A a0+ A a(y)
Now, for any a,b € R" the expression
(1 (n)
Ab1,a1 o Abnaané(X)
is shown in [PMT] to be independent of the choice for x, and so we define

o@abl= A A" o), (1.16)

bl,a1 bnﬂn
where 0 denotes the origin in R™. We say ® : R" — R is increasing if ®(a, b] > 0 whenever
a<b.
Assume R” to have the usual Euclidean metric. We say ¢ : R” — R is right-continuous
at a if
lim ®(x) = ®(a),

x—at
where x — a™ is taken to mean that x — a (i.e. x approaches a) and x > a.
Finally, we define a function F' : R® — R to be a distribution function on R" if it is
increasing and right-continuous on R”. When n = 1 this definition agrees with the earlier
definition of a distribution function on R.

Proposition 1.54. Let u be a finite measure on B(R™) and define  : R™ — R by
8(x) = p(~00, %]
If a <b, then

pla,b] = @(a,b] = > (—1)Fsy,
k=0
where sy, is the sum of all () terms of the form ®([c;]), the vector [¢;] having k entries for which
c; = a;, and n — k entries for which c¢; = b;.
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The following theorem becomes Theorem when n = 1, and the general structure of the
proof is much the same.

Theorem 1.55. Let F' be a distibution function on R™. If a set function u is given by
pu(a,b] = F(a,b] for all a,b € R™ with a < b, then u has a unique extension to a Lebesque-
Stieltjes measure on R™.

Example 1.56. If F}, ..., F,, are distribution functions on R, then F': R” — R given by

for all x = [z;] € R” is a distribution function on R". Then for intervals (a,b] C R" it can be
shown that

F(a,b] = A(l) An) F(0) = H [Fi(b:) — Fi(as)].

b1,a1

Consider the n = 2 case:

Fl(bl)FQ(bg) — Fl(al)FQ(b2>] — [Fl(b1>F2<CL2) — Fl(CL1>F2<a2)}
Fi(b) — Fi(a1)] Fa(bs) — [Fi(b1) — Fi(a1)] Fa(as)
= [F1 bl Fl ay } [F2 bz — Fy a2)}

If each F; : R — R is the identity map, then F(x) =[]}, z; and we obtain

n

F(a,b] = [](b: — a).
i=1
the customary volume of the interval (a, b] which is, after all, a rectangular box in R™. The
Lebesgue-Stieltjes measure p on R™ that is induced (via Theorem [1.55)) by the distribution
function F(x) = [[\_, z; is the Lebesgue measure on B(R") and denoted by A, (or simply A
if no ambiguity results). In particular we have

An(a,b] = A, (H(ai, bl-]) = [ — ai) = ] M(as bil,

i=1 =1 =1

and it is routine to verify that
An(a,b] = A\, [a,b] = \,]a,b) = A\, (a,b).

The completion of B(R") relative to A, we will denote by B(R™) rather than B(R")y,, and the
complete measure A, : B(R") — [0, oo] we will often denote again by A, and also call Lebesgue
measure. We call B(R"™) the class of Lebesgue measurable sets on R". [ |
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Remark. Some results that are true for complete Lebesgue measure do not apply to noncomplete
Lebesgue measure, so there is risk associated with careless use of the symbol A,. If complete
Lebesgue measure is an essential hypothesis in a proposition, then either the symbol A, will be

employed, or else the measure space (R", B(R"), \,,) will be declared. Put plainly: whenever the
o-algebra B(R") is under consideration, A, will be taken to denote complete Lebesgue measure.

Problem 1.57 (PMT 1.4.1). Let F': R — R be the distribution function given by

0, x € (—o0,—1)

1+2, ze[-1,0
Flz) = 2 [-1,0)

2+2°, x€]0,2)

9, x € [2,00),

and let  be the Lebesgue-Stieltjes measure induced by F. Find the measure of each of following
sets:

{2}, [-1.3), (-L,00U(L,2), {z:|z[+22°>1}.

29
Solution. By (|1.15),

and by (L.11),

and
p((=1,0]U (1,2)) = p(—1,0] + p(1,2) = [F(0) — F(-1)] + [F(27) — F(1)] =2+ 3 =5.
Finally, we have
2| +227 =1 = 2°=(22"-1)? = 42* —52°+1=0
= (2’ -1)(2*-1)=0 = z==+1 +1.

Casting out extraneous solutions leaves # = £3. Now, the function h(z) = |z| + 222 — 1 is

continuous on R, so to find where h(z) > 0 we determine the sign of h(z) on the intevals

(—00, —3), (—3,3), and (3, 00), and apply the Intermediate Value Theorem. We find that

{z:]z|+22* > 1} = {z: h(z) > 0} = (—o0, —1) U (},00)
Now, by and ,
p({z:|z|+22% > 1}) = [F(— 1) = F(—o00)] + [F(c0) = F(3)]
-0+ e-D=2-7
|

Problem 1.58 (PMT 1.4.2). Let u be a Lebesgue-Stieltjes measure on R induced by a
continuous distribution function F'.

(a) If A is a countable subset of R, show that pu(A) = 0.
(b) If u(A) > 0, must A include an open interval?



36

(¢) If u(A) >0 and p(R\ A) =0, must A be dense in R?
(d) Do the answers to (b) or (c¢) change if p is restricted to be Lebesgue measure?

Solution.

(a) Suppose A C R is countable, so A = {a, : n € N}. First observe that A € B(R) since
A =7 {a,}, where {a,} € B(R) for each n and B(R) is a o-algebra. Now, by countable
additivity, , and the continuity of F

plA) = u(U{an}> =Y ul{an}) = > [Flan) = Fla;)] = >2(0) = 0.

(b) If F'is a constant function then p(A) = 0 for all A € B(R), so suppose that F' is not
constant. Since Q is countable we have Q € B(R) with u(Q) = 0. Now, R\ Q € B(R) with

PR\ Q) = pu(R) — u(Q) = u(R) = F(o0) = F(—00) >0
by Theorem [1.20(4) and equation (1.14). Recalling that Q is dense in R, the set of irrational

numbers R\ Q contains no open interval, and so we conclude that p(A) > 0 does not necessarily
imply that A contains an open inteval.

(c) Suppose F': R — R is given by

0, zé€(—o0,0]

F(zx)=1<z, xz€(0,1]

1, ze€(1,00),

which is of course a continuous function. Let A = (0,1]. Then u(A) = F(1) — F(0) =1, and
U(R\ A) = (=00, 0] + (1, 00) = [F(0) = F(=00)] + [F(s0) — F(1)]
=(0-0)+(1-1)=0.

So p(A) > 0 while u(R\ A) =0, and yet A is not dense in R.

(d) If X is Lebesgue measure, so that F'(x) = x for all z € R (i.e. F is not constant), then the
conclusion of part (b) applies to A.
The conclusion of part (c¢) does change, however. Suppose A € B(R) is such that A(A) > 0

and \(R\ A) = 0. Suppose A is not dense in R. Then there exists some open interval I C R
such that ANJ = @. Thus I C R\ A, and Theorem [1.20)5) implies that A\(I) < A(R\ A) = 0.
Thus A\(I) = 0, which is impossible since [ is an open interval. Therefore A is dense in R. W

Let V' be a vector space. For any set S C V and v € V we define sets
v+ S={v+z:xeS} and —-S={-z:xe€S}

Note in general that z € —S if and only if —x € S.

Problem 1.59 (PMT 1.4.3).
(a) Show that a+ B € B(R") for all a € R" and B € B(R").
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(b) Show that —B € B(R") for all B € B(R").
(c) Show that A(a+ B) = A(B) for all B € B(R").

Solution.
(a) Let a € R", and define

Sa={BecB[R"):a+BecBR".

Also let H = {(x,y] : x,y € R"}. For any x,y € R" we have (x,y] € B(R"), and it is easy to
verify that
a+ (x,y] = (a+x,a+y] e B(R"),

and so H C 8,. Also, since a + R" = R", it is clear that R" € §,.
Let (Bn)n C 8a, so for all n we have B, € B(R") and a+ B, € B(R™). It follows that
U,, B € B(R") and |, (a+ B,) € B(R™). Since

Un(a +B,) =a+ Un B,,

it follows that a + |J,, B, € B(R"), and hence |J,, B,, € S,.

Next, let B € 8,, so B € B(R") and a+ B € B(R"), and subsequently B¢ € B(R") and
(a+ B)¢ € B(R"). Now, since (a+ B)¢ = a+ B, it follows that a + B¢ € B(R"), and hence
B € §,.

Thus 8, is a og-algebra such that 8, O 3, implying that B(R") = o(H) C 8,. Clearly
S8a € B(R"), and so we find that S, = B(R™). This shows that a + B is a Borel set for every
Borel set B.

(b) Define
§={B e B[R"): —B € B(R")},
and let H = {(a,b] : a,b € R"}. Now, x € —(a, b] implies x = —y for some y = [y;] € (a,b],

where

y € (a, b] & ye H(al,bl] <~ VZ(GZ < Y; < bl) ~ VZ( —Y; € [—b“ —Ojl))

i=1
& -y € ]]l-bi—a;) = [-b,—a),
=1

so x € [—b,—a) and we see that —(a,b] C [-b,—a). The reverse containment is similarly
verified, so that —(a, b] = [—~b, —a) for any a,b € R". Thus if (a, b] € H then (a, b] € B(R")
and —(a,b] = [-b,—a) € B(R"), so (a,b] € 8§ and we conclude that H C 8. It remains to
show that & is a o-algebra. Since —R"™ = R", it is clear that R" € 8.

Let (By)n C 8, so B, —B, € B(R") for each n, and thus {J,, B,, U, (—B.) € B(R™). Now,

relJ(-B,) & Fk(ze-B) & Fk(—zeBy)
& —{L’EU B, & xE—U B,

shows that —J,, B, = U,,(=By). From {J, B,,—,, B, € B(R") it follows that |J, B, € 8,
and thus 8 is closed under countable unionization.
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Let B € 8, so B,—B € B(R"), and hence B¢, (—B)° € B(R"). Now,
re€(-B)f & 2¢-B & —1r¢B & —1r€B° & xe-—-B°

shows that (—B)¢ = —B¢. From B¢, —B°¢ € B(R") it follows that B® € S5, and thus 8 is closed
under complementation.

Thus 8 is a g-algebra such that 8§ O H, implying that B(R") C §, and hence § = B(R").
Therefore —B is a Borel set for every Borel set B.

(c) Fix a = [a;] € R". For m € N define C,, C R" by C,, = [[_;(—m,m], and again let
H = {(x,y] : x,y € R"}. By Proposition [l.15 B,, := B(R") N C,, is a o-algebra over C,, with

Bn=BR")NC,, =a(H)NCy, = 0¢,, (HNCy).

(Since C, is a Borel set we see that B,, is precisely the collection of Borel sets of R™ that are
subsets of C,,.) Define

— {Be B, :Ma+B)=AB)},

so 8, C€ B, € B(R™). Let A,,, € P(C,,) be the algebra of finite disjoint unions of h-intervals in
C,,. We will show that §,,, is a monotone class and 8,,, 2 A,,. Once this is done, the Monotone
Class Theorem implies that 8,, 2 o¢,, (An), and then since H N C,, C A, it follows that
Sm 2 0c, (HNC,) = B,. That is, §,, = B,,, which is to say every Borel set B of R" that is a
subset of C,, is such that A(a+ B) = A(B), finishing the proof.

Note that (C,, B,,, A) is a finite measure space. Let (Ay) C 8,, such that Ay T A. Then
a+ A, Ta+ A, and since a+ Ay, € B(R") for each k by part (a), we have a+ A € B(R") as
well. Now,

klim A(Ar) = A(A) and klim Ma+ Ax) = ANa+ A)

—00 —+00

by Theorem [1.21|(1), and since A(a + Ay) = A(Ay) for all k, we obtain
AA) = lim A(4y) = hm AMa+ Ap) = MNa+ A),

k—o0

and hence A € §,,,. If (Ax) C 8,, is such that A | A, then a similar argument using Theorem
1.21{(2) will show that A € §,,, where A(A;) € R holds since A; C C,,. Therefore §,, is a
montone class.

Now, if A € A,,, so that A = |_|§:1(pj, q;] € C,,, then clearly A € B,,. Moreover,

k
a+A=| |[(a+pja+q]eBR"
j=1

with
k k
Ma+A) = Z)\a+pj,a+q] :Z (pj; aj] = A(A),
J=1 J=1
and hence A € §,,. Therefore A,, C §,,. [ |

Problem 1.60 (PMT 1.4.4). Show that A(a+ B) = A(B) for all B € B(R") and a € R".
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Solution. Fix a € R”. Let B € B(R"), so that B = AUN for some B € B(R") and N € P(N,).
Now, there is some M € B(R") with A(M) = 0 such that N C M, and A(a+ M) = A(M) by
Problem [[.59(c). Since a+N C a+M and A(a+M) = 0, it follows that a+ N € P(N,) C B(R")
and so A(a + N) is defined in [0, 0o]. Indeed,

0<Aa+N)<ANa+M)=0
shows that A(a+ N) = 0. Now, since
a+B=(a+A)U(a+ N),
we again apply Problem [L.59{c) to obtain
MA)=XMa+A) <AMa+B)<ANa+A)+AXa+N)=Aa+A) =AA),
recalling Theorem [1.20|(5) and [1.20[(6). Therefore
AMa+ B) = \(A) = \(B),

the last equality being merely an outcome of the definition of a complete measure as given in
Theorem [L.39] |
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INTEGRATION

2.1 — MEASURABLE FUNCTIONS

Definition 2.1. Let (X, M) and (Y,N) be measurable spaces. A function f : X — Y is
(M, N)-measurable if f~1(A) € M for all A € N, in which case we write

f (X, M) — (Y,N).

In particular, given a measurable space (X, M), a function f : X — R" is Borel measurable
if s (M, fB(R”))—measumbleE] The same applies if R™ is replaced by R".

A function f:R™ — R” is Lebesgue measurable if f~'(A) € B(R™) for all A € B(R").
That is, a function R™ — R"™ is Lebesgue measurable if the preimage of every Borel set of R” is
a Lebesgue measurable set of R™. Clearly a Borel measurable function R™ — R" is necessarily
Lebesgue measurable, but Lebesgue measurability does not imply Borel measurability.

We come to our next bit of terminology. In the case when A € B(R™), to say a function
f: A — R" is Borel measurable means specifically that f: (A, B(A)) — (R", B(R")). The
same applies if every R is replaced by R.

Proposition 2.2. Let (X, M) be a measurable space. If f: X — R is (M, B(R))-measurable,
then it is also (M, B(R))-measurable.

Proof. Suppose f: X — R is (M, B(R))-measurable. Let B € B(R). Since B(R) = B(R)NR
by Example [L.17, we have BN R € B(R), and thus f~'(BNR) € M. Now, f~!(R) = X since

f is real-valued, and so
fABAR) = fHB)Nf(R)=fH(B)NX = f(B).
Therefore f~!(B) € M and we conclude that f is (M, B(R))-measurable. [ |

Proposition 2.3. Let (X, M) and (Y,N) be measurable spaces, and suppose N = o(C). If
f:X =Y is such that f~'(A) € M for all A € C, then f is (M, N)-measurable.

“More explicitly we may say f is Borel measurable on (X, M).
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Proof. Let
Gg={AeN: f_l(A) € M}.

Clearly § D €, and also Y € G since f~1(Y) = X € M. If (A,)nen is a sequence in G, then

U2, A, € N and
I (G An> ~ A e M
since f~!(A,) € M for each n, and l?e:rllce Uzozlnjli € §. Finally, if A € G, then A° € N and
FHAY) =[] e

since f71(A) € M, and so A° € §. Thus § is a o-algebra containing C, implying § 2 ¢(€) =
N, and therefore § = N. We conclude that f~'(A) € M for all A € N, so f is (M,N)-
measurable. ]

Proposition 2.4. Let (X,Tx) and (Y,Ty) be topological spaces. If f: X — Y is continuous,
then f is (B(X), B(Y'))-measurable.

Proof. Suppose f: X — Y is continuous. Let V' € Ty, which is to say V is an open set in the
space Y. Then f~(V) is open in X by the definition of continuity, or equivalently f~1(V) € Tx.
Since B(X) = o(Ty), it follows that f~1(V) € B(X). So f~1(V) € B(X) for all V € Ty, and
since B(Y) = o(Ty), Proposition [2.3 implies that f is (B(X), B(Y))-measurable. [ |

It is natural to think of a constant function f : X — {c¢} C Y as being continuous, but if
either X or Y has not been given a topological structure there is no possibility (in the present
context) of meaningfully discussing continuity. Nevertheless we have the following result.

Proposition 2.5. Let (X, M) and (Y,N) be measurable spaces. If f : X — Y is a constant
function, then f is (M, N)-measurable.

Proof. Suppose f : X — Y is a constant function, so there exists some ¢ € Y such that
f(z)=cforall x € X. Let A € N. Then

X, ceA
o, cé¢ A

Since X, @ € M, it follows that f is (M, N)-measurable. [ |

fl(A)Z{xeXif(m)EA}Z{

Proposition 2.6. Suppose (X, M) is a measurable space and f : X — R. The following are
equivalent.

1. f is Borel measurable.

2. [((a,0)) € M for all a € R.
3. fH(Ja,0)) € M for all a € R.
4. f71((—o00,a)) € M for all a € R.
5. f1((—o0,al) € M for all a € R.
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Proof.
(1) — (2). Suppose f is Borel measurable. Since B(R) contains all the open sets in R, we have
f~HU) € M for every open U C R, and hence f~!((a,o0)) € M for every a € R.

(2) — (3). Suppose f~'((a,00)) € M for all @ € R. Fix a € R. For all n € N we have
fHa—1/n,00)) € M, and thus by Proposition |1.7] it follows that

fHla,00)) = 7 (ﬂ(a —1/n, OO)) =)' ((a=1/n,00)) € M.

n=1

(3) = (4). Suppose f~([a,0)) € M for all a € R. Fix a € R. From f~!([a,0)) € M we have
fH((=00,a)) = f7!(la,00)%) = [ ([a,00))]" € M.

(4) — (5). Suppose f~}((—oo,a)) € M for all @ € R. Fix a € R. For all n € N we have
[ Y (—o00,a+1/n)) € M, and thus by Proposition [1.7]it follows that

fH((=00,a)) = 7 (ﬂ(-oo,a + 1/”)) =)/ (=00, +1/n)) € M.
n=1 n=1

(5) — (1). Suppose f~((—o0,a]) € M for all @ € R. The collection € = {(—o0,a] : a € R} is

such that ¢(C) = B(R), and so it follows by Proposition [2.3| that f is Borel measurable. [ |

Proposition 2.7. Let (X, M) be a measurable space, let (f, : X — R),en be a sequence of
Borel measurable functions, and suppose lim,, o, f,(x) exists in R for each x € X. Then the
function f: X — R given by

f(x) = lim f,(z)

n—oo
1s Borel measurable.

Proof. In Example it was shown that O = {(a,00] : @ € R} generates B(R), and so by
Proposition [2.3)it is enough to show that f~((a, oc]) € M for all a € R. By Proposition [1.3]
for arbitrary a € R,

fH(a,00)) ={z € X : f(z) € (a,00]} = {.73 ; 1»}1_{20]0"(3:) > a}
={z:3eNImeNVn>m(fu(z)>a+ ")}

— e 3meN Va2 m(fule) > o+ )

= [Jtiminf £} ((a+ ¢ 00)) = [ U ) £ (a7 o)),
4 ¢(=1n=1k=n

-1
and since f, ' ((a + (71, oc]) € M for each ¢,k € N, it follows that f~((a,oc]) € M and we're
done. -



43

Proposition 2.8. Let (X, M) be a measurable space. If f1,..., f, : X — R are Borel measurable

functions, then the functions
\V £ and N\ fi
k=1 k=1

are Borel measurable.

Proof. The statement of the proposition is clearly true when n = 1. Suppose fi, fo: X = R
are Borel measurable, and let a € R. Then

(f1V f2) " ((a,00]) = {z 2 fi(x) V fo(z) > a}
={z: fi(z) > aor fo(x) > a}
={z: filz) > a} U{z: fo(z) > a}
= fi'((a,00)) U f3 ' ((a,00]) € M

since f;'((a,00]) € M and f, '((a,00]) € M. Example m showed O = {(a,00] : a € R}

generates B(R), and so Proposition [2.3| implies that f; V f, is Borel measurable. Similarly,
(fr A f2)"((a,00)) = {a 2 fi(@) A fo(w) > a}
={z: fi(z) > a and fo(x) > a}
={z: filx) > a}n{z: fo(z) > a}
= fi'((a,00)) N f3}((a,00]) € M

implies f; A fy is Borel measurable. Thus the statement of the proposition is true when n = 2.
Suppose the statement of the proposition is true for some arbitrary n € N. Suppose

(fx : X — R)}F] are Borel measurable. Let g = \/7_, fr and h = A;_, fr. Then g and h are

Borel measurable by hypothesis, and since the proposition holds when n = 2 we find that

n+1 n+1
\ fe=9V i and N fi=hAfan
k=1 k=1
are Borel measurable. |

Proposition 2.9. Let (X, M) be a measurable space, and let (f, : X — R)nen be a sequence of
Borel measurable functions. Then the functions

sup,, fna inf,, fna lim sup,, fn, liminf,, fn

are Borel measurable.

Proof. The sequence (\/,_, fi)nen is a sequence of Borel measurable functions X — R by
Proposition 2.8 and so we may conclude by Proposition 2.7 that g : X — R given by

g(a) = lim \/ fu(2)
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is Borel measurable provided that the limit exists in R for each # € X. Indeed, by Proposition
[L1] we have

lim \/ fi(z) = sup, fu(x) €R
k=1

for each z € X, so ¢ is Borel measurable, and moreover g = sup,, f,. The proof that inf, f, is
Borel measurable is similar.
Next, for each z € X we have

limsup f,(x) = li_)m <sup fk(x)) €R,

n—00 n k>n

(s 1)
k>n neN

is a sequence of Borel measurable functions X — R, and therefore limsup,, f, : X — R is Borel
measurable by Proposition The proof that liminf,, f, is Borel measurable is similar. W

where

PI‘OpOSitiOH 2.10. [ff : (X17M1) — (XQ,MQ) and g: (XQ,MQ) — (Xg,Mg), then
go f : (Xl,Ml) — (Xg,Mg).

Proof. Let A € M. Then g~ *(A) € My, and so (go f)"(B) = f~ (g 1 (A)) € M;. [ |

Note that if f: R’ — R™ and g : R™ — R" are Lebesgue measurable functions, then it does
not follow that g o f : R® — R" is Lebesgue measurable.
Let n € N, and let X,..., X,, be nonempty sets. For each 1 < k < n the kth projection
map I, : [T/, X; — X, is given by
T X n
[T, : =1z, for each S e HXj. (2.1)
T T j=1
Letting [x]; denote the kth component of x € [[;_; X;, we may write simply TIx(x) = [x].
Projection maps are continuous functions whenever each Xj represents a metric space (Xy, dy)
and [[,_, Xy is given the usual product topology. This is the case when X; = R for each £,

where R is equipped with the Euclidean metric. Also each ITj, : R" — R is continuous if R has
the topology defined in Example and R” has the product topology that arises therefrom.

Theorem 2.11. Let (X, M) be a measurable space, let f: X — R", and define f; = ;o f
for each 1 < i <n. Then f is Borel measurable if and only if f; is Borel measurable for all
1< <n.

Proof. Suppose f is Borel measurable, and fix 1 < i < n. Let a;,b; € R with a; < b;. We have

I ([, bi]) = {x € R" : 2; € [a;, b] and Vj # i(x; € R)} = [ [lay, by,

J=1
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where [a;,b;] = [—00, 00| for all j # i, and so II; ! ([a;, b;]) € B(R"). Since the collection
C={[a,b]:a,beR}

generates B(R) by Example m, Proposition implies that II; is Borel measurable, and
therefore f; is Borel measurable by Proposition [2.10}
For the proof of the converse, which is short, see [PMT]. [ |

With Theorem [2.11] we easily obtain a generalization of Proposition to functions with
codomain R” for any n € N.

Theorem 2.12. Let (X, M) be a measurable space, let (f; : X — R )ien be a sequence of Borel
measurable functions, and suppose lim;_,, f;(x) exists in R" for each x € X. Then the function
f:X —R" given by
f(z) = lim fi(z)
71— 00
15 Borel measurable.

Proof. For each i € N and 1 < j < n define f;; : X — E_by fi; = II; o f;, which is Borel
measurable by Theorem [2.11} Since lim; o, fij(7) exists in R for each x € X, Proposition
implies that the function f; : X — R given by

g;(x) = lim fi;(x)
is Borel measurable. Now, by the continuity of the projection map II; we have
lim fij(w) = lim T (fi(2)) = 1 (Tim fi(x) ) = T (f(2))
1— 00 1—00 1— 00

for all x € X, so that II; o f = g;, and hence 1I; o f is Borel measurable for all 1 < j < n.
Therefore f is Borel measurable by Theorem [2.11 |

Problem 2.13 (PMT 1.5.2). Suppose f,g : (X,M) — (R, B(R)), let A € M, and define

h:X —R by
o) = f(x), z€A
hz) {g(m), x € A°.
Show that h is Borel measurable.
Solution. Let O = {(a,b) : a,b € R}, which generates B(R). For any (a,b) € O,
h™'((a,0)) = {z : h(z) € (a,b)}
={rxeA:h(z) € (a,b)} U{z € A°: h(z) € (a,b)}
={reA: fzx)e(a,b)}U{r e A°: g(x) € (a,b)}
=[{z: f(z) € (a,b)} NA] U [{z: g(z) € (a,b)} N A°]

= [f " ((a,b) N A] U [g7 ((a, b)) N A°],

where f~'((a,b)), g7 ((a,b)) € M since (a,b) € B(R). Thus h~*((a,b)) € M, and therefore h is
Borel measurable by Proposition [2.3] [ |
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Problem 2.14 (PMT 1.5.4). Let (X,M, 1) be a complete measure space, and let A € M
with p(A) = 0. If f: (X, M) — (Y,N), g : X — Y, and g|ac = f|ac, show that g is
(M, N)-measurable.

Solution. Suppose f : (X, M) — (Y,N), g : X — Y, and g|ac = f|ae. Fix B € N. Since
g Y (B)NAC Aand (X, M, u) is complete, we have g~!(B) N A € M. Also, since f(z) = g(z)
for all z € A,

g B)NA“={zc A g(x) € BY ={x € A°: f(x) € B} = f}(B) N A,
and so g7'(B) N A¢ € M since f is (M, N)-measurable. Now,
g H(B) = (gfl(B) N A) U (gfl(B) N AC) eM,

and therefore g is (M, N)-measurable. [ |
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2.2 — LEBESGUE INTEGRAL DEFINITIONS AND PROPERTIES

Henceforth the following arithmetic conventions will be observed in R, where 400 may be
denoted by oo: for all a € R,

+
atoo==00, a/+oo=0, and a-(:l:oo):{ oo, @>0
Foo, a<0.
Also 0o + 00 = 00, —00 — 00 = —00, and finally
0- (£00) = 0. (2.2)

All addition and multiplication operations are commutative. The following are undefined in R
and called indeterminate forms:

+oo Foo +oo
+oo’  Foo’ 0’
Of course, is not usual in other areas of analysis, but it will result in a nicer theory for our

purposes. B
Let X be a set and let A € P(X). The indicator of A is the function x4 : X — R (or R)

given by
(2) = 1, z€A
Xalt) = 0, z¢A.

0
o0 — 00, —O00+ 00, 6

Note that for any B C R (or R) we have

X, 0,1€8B
_ , 0¢¢Band1eB
X (B)=1q",. i
A 0eBand1¢B
o, 0,1¢ B.

This immediately implies the following.

Proposition 2.15. If (X, M) is a measurable space, then x4 is Borel measurable on (X, M) if
and only if A € M.

Definition 2.16. Let (X, M) be a measurable space. A function o : X — R is simple if o is
Borel measurable on (X, M) and ¢(X) is a finite set.

Proposition 2.17. Let (X, M) be a measurable space, and let o : X — R. Then ¢ is simple if
and only if @ is expressible as a finite linear combination of Borel measurable indicators.

Proof. Let ¢ : X — R be a simple function, so that for some m € N there exist distinct values
ai,...,an, € R such that (X) = {ai,...,a,}. Since ¢ is Borel measurable and {a;} € B(R)
for each 1 < i < m, we find that the sets A; = ¢~ '({a;}) are disjoint elements of M that form a
partition of X. Clearly

Y= Z Qi X Ay s (23)
=1
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where x4, is a Borel measurable indicator by Proposition

For the converse, suppose that ¢ = > " a;xa, such that each indicator y., is Borel
measurable. Then Ay, ..., A, € M by Proposition 2.15] Fix a € R. If (a, o] contains none of
the values ay, ..., a,, then ¢='((a,00]) = @ € M. Suppose

(a,00] N{ay,...,an} ={ay,...,a;.} # 2.

Then
Qp_l ((a’ OO]) = ‘10_1 ({ain s ’air}) = U 90_1 ({alk}) - U Alk S M’
k=1 k=1
and we see that ¢~1(I) € M for every interval [ in the collection 0 = {(a,00] : a € R}. In
Example it was established that ¢(O) = B(R, and so Proposition implies that ¢ is
Borel measurable. Therefore ¢ is a simple function. |

Any finite linear combination of Borel measurable indicators that equals a simple function
©, such as that given in , is called a representation of ¢. Other representations may
be possible: for each 1 < i < m there may exist disjoint sets A;1,...,A;,, € M such that
U;”:l A;; = A;, in which case

m  n;
Y = § E AiX Aqj
i=1 j=1

is another representation. Thus there may be representations of the form

Y= Z bjXB;
j=1

in which the coefficients by, ..., b, € ¢(X) are not distinct. The canonical representation of
a simple function ¢ : X — R is
p
Y = Z CkXC,»
k=1

where c1, ..., ¢, are the distinct elements of p(X) \ {0} (i.e. the nonzero values in the range of

@) and Cp = ¢~ ({cr }).

Proposition 2.18. Let (X, M, i) be a measure space, and let ¢ : X — R be a simple function.
If

m

Za’iXAi and ijXBj (2.4)
j=1

=1

are representations of ¢, then

S an(A) = > biu(B). (2.5)

provided the sums exist in R.
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Proof. Suppose the sums in (2.4 are two representations for ¢, and suppose the sums in ({2.5)
exist in R. Another representation for ¢ is

m n
Z Z LijX AinB;
=1 j—1
where t;; = a; = b;. Noting that the sets A; N B; are disjoint and ;- 4; = U;.lzl B;, we obtain

m n

) SIVPLEIED 70 SELEAED o (VIELER)
=1 j=1 =1 7j=1 =1 Jj=1
i=1 j=1 i=1

and
DO tu(AinBy) =D 0 tiu(AiN By) =Y b > (AN By)
i=1 j=1 j=1 i=1 j=1 =1
= ijﬂ<U(Ai N Bj)) = ZbJM<Bj aly Ai) = bu(By),
7=1 =1 7j=1 =1 7=1
and therefore
D aip(A) =Y tiu(AN By =Y biu(By).
i=1 i=1 j=1 j=1

Definition 2.19. Let (X, M, ;1) be a measure space, and let ¢ : X — R be a simple function
with representation " a;xa,. The Lebesgue integral of ¢ with respect to y is

/chdu = Z aip(4;), (2.6)

provided that the sum exists in R.

Proposition [2.18| ensures that the Lebesgue integral of a simple function is well-defined; that
is, the value of the Lebesgue integral of a simple function ¢ is independent of the choice of
representation for . If the sum in does not exist as an extended real number, then we say
the Lebesgue integral does not exist. Note, however, that if the simple function ¢ is nonnegative
then (2.6) must exist in [0, 0o].

Definition 2.20. Let (X, M, ;1) be a measure space, and let f : X — R be a nonnegative Borel
measurable function. The Lebesgue integral of f with respect to i is

/fd,u:sup{/ wdp : p is simple andOSgogf}.
b D'
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Unlike the Lebesgue integral of a simple function, the Lebesgue integral of a nonnegative
Borel measurable function always exists in R.
For f: X — R define f*, f~: X — [0,00] by ft = fVO0and f~ =(—f) V0. Thus

fT(x) = max{f(z),0} and f~(x)=max{-f(z), 0}
for all x € X. It is straightforward to check that
f=f"—f and [fl=f"+f".
We call f* the positive part of f, and f~ the negative part of f.

Proposition 2.21. Let (X,M) be a measurable space. If f : X — R is Borel measurable, then
so are ft and [~.

Proof. Suppose f : X — R is Borel measurable. The zero function 0 : X — {0} is Borel
measurable by Proposition 2.5 and so f* and f~ are Borel measurable by Proposition |

We may now easily extend the definition of the Lebesgue integral to include nearly every
kind of Borel measurable function.

Definition 2.22. Let (X, M, 1) be a measure space, and let f : X — R be a Borel measurable
function. The Lebesgue integral of f with respect to u is

/deuzfxf*du—/){f‘du, (2.7)

provided the expression at right exists in R. If the expression at right exists in R, we say f is
p-integrablell]

The only way the Lebesgue integral in Definition [2.22) can fail to exist is if the expression at
right in (2.7) assumes the indeterminate form co — oco.

Definition 2.23. Let (X, M, 1) be a measure space, let A € M, and let f : X — R be a Borel
measurable function. The Lebesgue integral of f on A (with respect to u) is

/AfdMZ/Xfodu-

Remark. Note that for any Borel measurable function f : X — R we have, by Definitions [2.23]
and
/fduz/ szduz/ 0dp = O0p(2) = 0.
o X X
In particular fxg = 0f = 0 must be the case owing to our definition 0 - (+00) = 0 given in ([2.2)).

Theorem 2.24. Let (X, M) be a measurable space.

®More explicitly we may say f is yu-integrable on (X, M, 11).
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L If f: X — [0,00] is a nonnegative Borel measurable function, then there is a sequence of
nonnegative finite simple functions (¢, : X — [0,00))nen such that

VneN(0 < o, <@pi1 < f)  and VxEX(ylli_)n;ogon(x):f(x)).

Moreover, if f is bounded then (¢n)nen converges uniformly to f.
2. If f : X — R is an arbitrary Borel measurable function, then there is a sequence of finite
simple functions (¢, : X — R)uen such that

Vn € N(lga| < |f]) and Vz € X(lim on(x) = f(m))

n—o0

Proof.
Proof of Part (1). Let f: X — [0,00] be a nonnegative Borel measurable function. Fix n € N,

and define
[k—l k:)
[k: ' On
PACEAL
for each k € {1,2,...,n2"}. Now define ¢, : X — [0,00) by
27k —1), x€ f1(I) fork=1,...,n2"
%(x):{ (k= 1) (1)

n, x € f_l([n, oo])

Settin [n2n 1 = |n,o0|, We express o, in terms of indicators:
+ ) )
n2"+1

k—1

o= 3
k=1

The Borel measurability of f ensures that f~1(I;) € M for all k, so that each indicator y F1(Ie)
is Borel measurable by Proposition [2.15 and hence ¢, is a simple function by Proposition [2.17}
Fix € X, and fix n € N. Suppose f(z) € I for some k € {1,2,...,n2"}, so that

on(r) =27"(k — 1). Then
f@) € {2(;;1)7 fﬁ)

2k —2 2k —1 2k—1 2k
f(x)e{znﬂywﬂ) or f(x)e{wjﬁ)-

If the former is the case, then

and so either

2%k —2 k-1
F@) 2 pn(a) = = = 5 = eala)s

and if the latter, then

2k—1  2k—-2 k-1

2n
Hence
() < Ppyar(z) < f() (2.8)

if z € f71([0,n)). Another possibility is that z € [n + 1, 0], in which case

on(z) =n<n+1=@,(zr) < f(z),
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and so again holds if x € f~!([n + 1, 00]). The remaining possibility is that z € [n,n + 1),
but it is easy to check that the same conclusion holds once more. Hence 0 < ¢, < 11 < f
holds for all n € N.

Again fix x € X. Let € > 0, and choose ny € N such that 27 < € and f(z) € [0,n0). Thus
there exists some 1 < k < ng2™ such that

xr € fl<|:k2201,2_/z0>)7

<T@ < g = lowl) ~ J@)] < 5 <€

so that N
—1
0 S (pno (':C) = 2710

Since n, () < @n(z) < f(x) for all n > ng, it follows that
|on(2) = fla)] < ¢

for all n > ng, and therefore lim,,_,o ¢,(x) = f(x) for each z € X.

Finally, suppose that f is bounded, so there exists some M € [0,00) such that f < M.
Again let € > 0, and this time choose ng € N such that 27" < € and ny > M. Note that
f7H([m,00]) = @. Tt is easy to check that |p,(z) — f(z)| <27 < e for all n > ng and x € X,
and therefore (¢, )neny converges uniformly to f.

Proof of Part (2). The proof obtains easily through use of Part (1), and is done in [PMT]. W

Theorem 2.25. Let (X, M) be a measurable space.

1. If f,g: X = R" are Borel measurable, then so is f + g provided IL;(f(z)) + I;(g(z)) is not
an indeterminant form for any 1 <i<n and x € X.

2. If f,g: X = R" are Borel measurable, then so is f — g provided I1;( f(z)) — I1;(g(x)) is not
an indeterminant form for any 1 <i<n and x € X.

3. f,g: X — R are Borel measurable, then so is fg provided f(x)g(x) is not an indeterminant
form for any x € X.

4. f,g: X — R are Borel measurable, then so is f /g provided f(z)/g(x) is not an indeterminant
form for any v € X.

Proposition 2.26. Let (X, M) be a measurable space. If f : X — R is Borel measurable, then
so s |f].

Proof. Suppose f: X — R is Borel measurable. Proposition implies that f™ and f~ are
Borel measurable, and since |f| = f* + f~, which never takes an indeterminant form, it follows
by Theorem [2.25(1) that |f| is Borel measurable. [ |

Theorem 2.27. Let (X, M, u) be a measure space, and suppose f,g @ X — R are Borel
measurable functions such that fX fdu and fX gdu ezist in R. The following properties hold.

1. If ce R then fX cf du exists, with

/chd,u:c/xfd,u.
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2. If f < g then

[ ran< [ gan
X X
3. The integral [, |f|dp exists, with
/fdu‘é/ fl d.
X X
4. If f >0 and A € M, then
/ fdu= Sup{/ wdp : pis simple and 0 < ¢ < f}
A A

5. The integral fA fdu exists for each A € M, and moreover fA fdu is finite for each A € M
if fX fdu s finite.

Proposition 2.28. If (X, M, u) is a finite measure space and f : X — R is a bounded Borel
measurable function, then fX fdu exists in R.

Proof. Suppose (X, M, i) is a finite measure space and f : X — R is a bounded Borel
measurable function. Using Proposition [2.21] we find f* and f~ to be nonnegative bounded
Borel measurable functions. Let ¢ € R be such that f*, f~ < c¢on X. Certainly fX fTdp and
[ /™ dp exist in R, and since by Theorem (2) and Definition we have

/f+d,u§/cdu:c,u(X)<oo and /f_d,ug/cdu:cu(X)<oo,
X X X X

it must be that both integrals are real-valued. The desired conclusion now follows directly from
Definition 2.22 [ |



54
2.3 — BASIC INTEGRATION THEOREMS

Theorem 2.29. Let (X, M, u) be a measure space, and let f: X — R be a Borel measurable
function such that fX fdup exists. If (Sp)nen is a disjoint sequence in M, then

/uz°_1 o = g/s fdp. (2.9)

Proof. Let S = | |7, S,. First suppose that f is a nonnegative simple function. Then f is
expressible as a finite linear combination of Borel measurable indicators by Proposition [2.17]

f=> axa,
i=1
where A; € M and a; € (0,00) for each 1 < i < m, and
/ fdp= azu( i)

must exist in [0, oo] since f > 0. Then by Deﬁmtlons and [2.19] and the countable additivity
of p,

/I_Iif’_l Sn Jn= /X Txs i = /XZ aixaXs dp = /X Z aiX a,ns dp
_iamA NnSs) = Z(azZuA NS, )‘iiazﬂfl NS,
=1

n=1 =1

= Z (/ Z ;X A;NSy, du) = Z (/ Z AiX A; X Sn d#)
n=1 \7X i=1 n=1 \" X i=1

i(/foSndM):i/Snfd%

and so (2.9) holds if f is a nonnegative simple function.
Now suppose that f is a nonnegative Borel measurable function such that [ « fdp exists.
Let ¢ be a simple function such that 0 < ¢ < f. Then by Theorem M(Q),

/wMzZ/ deSZ/ fdu,
S n=1" Sn n=1"5n
and so

/fd,u:sup{/gpd,u:<pissimp1eand0§<p§f}§2/ fdu
S S n=1 Sn

by Theorem [2.27|(4).
If fSk fdu = oo for some k € N, then since ys > xg, it follows by Theorem W(Z) that

[ran= [ psinz [ pesdn= [ gau=c
S X X Sk
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and so
[ran=3"[ rdu=cc
s n=1" 5n

Thus we may assume that |, s, fdu € 0,00) for all n. Let € > 0. Fix n € N. Applying Theorem
m(4), for each 1 < k < n there exists a simple function 0 < ¢, < f such that

€
/fdu——ﬁ/sokduﬁ/fdu'

Let ¢ = \/_, ¥&. Then ¢ is Borel measurable by Proposition and since p(X) C U,_; ¢r(X)
it is clear that ¢ is a nonnegative simple function. Moreover, by Theorem [2.27|(2) we have

€
/fdu——éfsodui/fdu
Sk n Sk Sk

for all 1 < k < n. Equation (2.9) applies to ¢ and finite disjoint sequences, so that

fduz/ pdp = /sodu
/|_|Z_1 Sk ngl Sk ; Sk
n € n
=S ([ st S)=% [ san-e
k=1 Sk n k=1 Y Sk

[ran=[ txsanz [ poy odu= [ rau
s X X - Lle=1 Sk

n

Z fdu—e<wv(S),

k=1 Y Sk

3

whereas

Thus

which implies
Z fdu—e—e<wv(S)
k=1 " Sk

since n € N is arbitrary, and therefore

g/skfdusfsfdu

since € > 0 is arbitrary. Hence ([2.9)) holds if f is a nonnegative Borel measurable function.

Finally, let f be an arbitrary Borel measurable function such that [ « [ dp exists. Then
Ju [ dp exists for all A € M by Theorem (5), which by Definition implies the existence
of [, ftdpand [, f~dpuin R such that

/Aﬁdu—/Afdu

is well-defined in R as well (i.e. the two integrals in the difference cannot both equal oo
simultaneously). Now, by Proposition both f* and f~ are nonnegative Borel measurable
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functions, and so

[ = rrdue [ - (/‘f+du (/‘f‘du
U;.Lo:1 Sn I—ITOLOZI Sn I—l'?zozl Sn =1 Sn

= f*du—/ fdu>— fdp
as desired. [ |

Corollary 2.30. Let (X, M, i1) be a measure space, and let f : X — R be a Borel measurable
function such that fX fdu exists. Definev:M — R by

= / fdup
A
for all A € M. Then the following hold.

1. The set function v is countably additive on M.
2. (X, M, v) is a measure space if f > 0.
3. If vt, v : M — R are given by

vH(A) = / ffduy and v (A / fdu
for all A € M, then v™ and v~ are measures such that v = v+ —

Proof. Only the third statement requires comment. Clearly v+ and v~ are nonnegative set
functions, and also v (@) = v~ (&) = 0 is clear by the remark following Definition 2.23] In
addition, the countable additivity of v+ and v~ follows from Part (1), so both (X, M, v") and
(X, M, v~) are measure spaces by Part (2). Now, for any A € M,

A= [ rau= | rran- /f A = v+ (A) = v (4) = (v = v7)(4)
by Definition where the existence of all integrals is assured by Theorem [2.27((5). |

Theorem 2.31 (Monotone Convergence Theorem). Let (X, M, ) be a measure space,
and let (fu)nen be a monotone increasing sequence of nonnegative Borel measurable functions

n (X, M). If f, T f pointwise on X, then

lim fn dp = / fdp.
X

n—o0

Theorem 2.32 (Additivity Theorem). Let (X, M, ) be a measure space, and let fi, ..., fn,
be Borel measurable functions on (X, M) such that Y ;_, fi is well-defined. If fX frdu exists
for each k and Y} _, fX frdp is well-defined, then

légﬁw=gﬂﬁw.

Thus if fi, ..., fn are p-integrable, then so too is > ;_, fr.
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Corollary 2.33. Let (X, M, u) be a measure space.

L. If (fu)nen is a sequence of nonnegative Borel measurable functions on (X, M), then

/}((ih)@:i/xfndﬂ_

2. If f is Borel measurable, then f is u-integrable if and only if | f| is u-integrable.
3. Suppose f and g are Borel measurable with |f| < g. If g is u-integrable, then f is p-integrable.

Definition 2.34. In a measure space (X, M, ), a property is said to hold almost everywhere
with respect to p (written as p-a.e.) if there exists a set A € M of p-measure 0 such that the
property holds on X \ A and fails on A.

Proposition 2.35. Let (X, M, i) be a measure space, and let f,g: X — R be Borel measur-
able.

L. If f =0 p-a.e., then [, fdu=0.

2. If f =g p-a.e. and fX fdu exists, then fngM also exists with fodu = fng,u.
3. If f is p-integrable, then f is finite p-a.e.

4. If f >0 and fodp: 0, then f =0 p-a.e.

Theorem 2.36 (Extended Monotone Convergence Theorem). Let (X, M, 1) be a measure
space, and let (fn)nen be a sequence of Borel measurable functions on (X, M), and let f,g: X —
R be Borel measurable.

1. Suppose fngu > —oo. If f, > g for alln and f, 1 [ pointwise on X, then fX fndu exists

for all n with
nd dpu.
[ eaut [ s

2. Suppose fng/L < 4o00. If f, < g foralln and f, | f pointwise on X, then fX fndu exists

for all n with
nd dp.
lAfuiAfu

Theorem 2.37 (Fatou’s Lemma). Let (X, M, ) be a measure space, and let (fn)nen be a
sequence of Borel measurable functions on (X, M).

1. Suppose fodu > —oo. If f, > f for alln, then

hmm/hwz/ommnﬁw
2. Suppose fod,u < 4o0. If f, < f for all n, then

limsup/ fodu < / <limsup fn> dp.
n—o0 X X n—o00
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Theorem 2.38 (Dominated Convergence Theorem). Let (X, M, p) be a measure space,
and let (f,)nen be a sequence of Borel measurable functions on (X,M). If f,g: X — R are
Borel measurable with g p-integrable, |f,| < g for all n, and f, — f pointwise p-a.e., then f is
p-integrable and

n—o0

lim [ f,du :/ fdu.
X b

Corollary 2.39. Let (X, M, u) be a measure space, let (fn)nen be a sequence of Borel measurable
functions on (X, M), and fix p € (0,00). If f,g : X — R are Borel measurable with |g| -
integrable, | f,| < g for alln, and f, — [ pointwise u-a.e., then |f|P is p-integrable and

lim |fo — fIPdp = 0.
X

n—00

Proposition 2.40. Let (X, M,p) be a o-finite measure space, let f,g : X — R be Borel
measurable, and suppose fX fdp and fngp exist. If

/AfdMS/Agdu

Proposition 2.41. Suppose (X, M, u) is a measure space and (Y,N) is a measurable space.
Let T : X =Y be a (M, N)-measurable mapping. Define a measure v on (Y,N) by v(B) =
w(T=YB)) forall BEN. If f: (Y,N) = (R,B(R)) and B € N, then

/ fonu:/fdl/
T-1(B) B

(i.e. if one of the integrals exists then so does the other, and they must be equal).

for all A € M, then f < g p-a.e.

Problem 2.42 (PMT 1.6.1). Let f : (¢,d) x (a,b) C R* — R be such that f(z,-): (a,b) - R
is Borel measurabldf for each z € (c,d). Assume g : (a,b) — R is Borel measurable with
|f(xz,y)| < g(y) for all x,y, and f(a n9dr € R (where X is the Lebesgue measure on R). If

zo € (¢,d) and lim,_,,, f(z,y) exists for all y € (a,b), show that
lim f(z,-)dA :/ {lim f(x,~)} dA.
(a,b)

Tr—xTQ ((Z,b) T—T0

Solution. Set I = (a,b), J = (c,d). Since lim,_,,, f(7,y) exists for all y € I, we may define
p:I — R by
p(y) = lim f(z,y),
T—T0
for each y € I. Let (x,)nen be an arbitrary sequence in J such that x,, — . For each n define
fo: I = Rby f, = f(zn,), so that (f,)aen is a sequence of Borel measurable functions on
(I,B(I)). Clearly
p(y) = lim f,.(y)

n—oo

6That is, f(z,-) : ((a,b), B((a,b))) = (R, B(R)).
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for each y € I, and so ¢ is Borel measurable on (I, B(I)) by Proposition 2.7 In addition, g is
Borel measurable on (I,B(])) as well as A-integrable on the measure space (I,B(I), \), and we
have |f,| < g for all n and f,, — ¢ pointwise A-a.e. Therefore, by the Dominated Convergence
Theorem, ¢ is M-integrable on (I, B(I), ), and

lim [ f(zn,-)d\ = lim fnd/\ /gpd)\ /[hm f(z, }d/\.
I

n—oo [ n—oo T—T0

Since (z,)nen is an arbitrary sequence converging to xg, it follows that

lim f(:x,-)dA:/I{lim f(x,-)} dA,

Tr—TQ T T—rT0

as desired. [ ]

Problem 2.43 (PMT 1.6.2). Let (f,)nen be a sequence of Borel measurable functions on the
measure space (X, M, u) such that > > | f,(z) exists in R for all z € X. If

> [ hlner
n=1 X

show that Y >° | f.(x) converges in R p-a.e. on X, and

[(Es)n-% [

Solution. By Proposition |2.26] (| f.|)nen is a sequence of nonnegative Borel measurable functions.

Let
k=1

for each n, where each g, is Borel measurable by Theorem 2.25] Note that ¢ : X — R given by
g =", |fal is Borel measurable by Proposition since

= ;gn(w) = 7}13;0; il = lim g, (2).

Agduzﬂ((i!hl) duzi::/xﬁn\dueR,

so g is p-integrable and Proposition [2.35(3) implies that g is finite p-a.e. Thus the series
Yo Jn(z) is absolutely convergent in R fp-a.e., and hence converges in R p-a.e.

The hypothesis that >_°° | f,(z) exists in R for all z € X implies that >, fx(x) does not
feature both +00 and —oco among its terms for any n € N and = € X, so that ¢, = > ,_, fi is
Borel measurable for each n by Proposition m(l) and moreover ¢ : X — R given by

an = hm @n( )

By Corollary [2.30(1)
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is Borel measurable by Proposition . We now see that (¢,)nen is a sequence of Borel
measurable functions, ¢, g : X — R are Borel measurable with g pu-integrable, and

SIS IS Il =g
k=1 k=1 n=1

for all n, and ¢, — ¢ pointwise p-a.e. By the Additivity Theorem and Dominated Convergence
Theorem we conclude that

;/andu=7};rgok§:;/xfkdu=ggo/x<;fk> dy

= lim %w=/¢w=/ Ju | dp

as desired. [ |

‘Spn’ =

For the following problem, given a function F : S C R? — R, we let both F, and 0F/dx
denote the partial derivative of F' with respect to its first argument.

Problem 2.44 (PMT 1.6.3). Let I,J C R be open intervals. Let f:J x I C R*> — R be
such that f(x,-) : I — R is Borel measurable and [, f(z,-) d\ € R for each x € J. Suppose
that f, exists on J x I, and there exists Borel measurable g I — R with [, gd\ € R such that
| fo(z,y)] < g(y) for all (z,y) € J x I. Show that - [, f(z,-) d\ exists in R for each z € J, with

& [ aj;( )

Solution. Fix x € J. By definition
felz,y) = 1111—>0 h

for each y € I. Let (h,)nen be a sequence in R\ {0} such that h,, — 0 and = + h,, € J for all n.
For each n define F,, : I — R by

f x_l_hnay _f T,y
Faly) = L) = 2:0)
for all y € I. Since f(z + hy,-), f(z,-) : (I, B(I)) = (R, B(R)), Theorem [2.25(2) implies that
f(z + hy,,-) — f(x,-) is Borel measurable. Also the constant function I — {1/h,} is Borel
measurable by Proposition 2.5 so that F, is Borel measurable by Theorem [2.25(3). Thus
(Fy)nen is a sequence of Borel measurable functions such that

lim F,(y) = f.(z,y) €R

n—oo

for all y € I, and by Theorem we conclude that f,(z,-) is Borel measurable as well.
For each n € N we have |F,| < g. Indeed, if there were to exist some ny € N and yy € [

such that
@+ hag,0) — f(2,9)
P

| Foo (y0)| = > 9(Yo),
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then by the Mean Value Theorem there must be some zy between = and x + h,, such that

fa:(CUO,yO) _ f('r + hnoayﬂ) - f($7y)

P ’
leading to the contradiction | f,(zo,%0)| > 9(vo)-
Now, by the Dominated Convergence Theorem it follows that f,.(z,-) is A-integrable with

7Hm/fx+hm'_ﬂ’)wzﬂm1 F,d) = /h

n—oo

>

By the arbitrariness of the sequence (

flz+h,-
h—>0

On the other hand, by Theorems
exists in R for all £ € J, we have

n)neN it follows that

D = /ﬁ )dr € R.
1) and [2.32, along with the hypothesis that [, f(¢,-) dX

AD‘\/

T h x,- ) flz+h,- x,-)dA
hao/f - i )dA:lgbofI h e
B 1mf1 (x4 h,-)dXN— [} f(x,-)dX
h—>0 h
= %/If(x, ) dA
Since x € J is arbitrary, we are done. |

The intervals I and J in Problem could just as well be closed instead of open. The
proof would be little altered: if = € J is an endpoint of J, then f,(x,y) would be understood to
be the appropriate one-sided limit.
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2.4 — THE RIEMANN INTEGRAL

A partition of an interval [a,b] C R is a finite set of points P = {x;}, C [a, b] such that
a=xg <11 <---<x, =0

For each 1 < i <n we call [; = [z;_1, z;] the ith subinterval of the partition P, and the length
of the 7 subinterval is

Ar; = x; — x;_1.
The mesh of P is
|P|| = max Ax;.
1<i<n

The collection of all possible partitions of [a, b] we denote by P([a,b]) or P[a,b][] Next, given a
function f : [a,b] — R we define

u; =sup f(z) and ¢ = inf f(x),

z€el; zel;

and also

U(P ZuzAxl and L(P, f) = ZEAQ;Z

We call U(P, f) the upper sum of f with respect to P and L(P, f) the lower sum of f
with respect to P. Now we define

/f:inf{U(P,f):PGP[a,b]} and /f:sup{L(P,f):PEP[a,b]},

the upper Riemann integral of f over [a, ] and lower Riemann integral of f over [a, ],
respectively. Note that if f : [a,b] — R is a bounded function (i.e. f([a,b]) is a bounded set),
then both the upper and lower Riemann integrals of f over [a, b] will exist in R. They are not
always equal, however.

Definition 2.45. If f : [a,b] — R is such that

Zfz/abf,

then the Riemann integral of f over [a,b] is defined to be

[r-]

If fabf € R, we say f is Riemann-integrable on [a,b]. The collection of all Riemann-
integrable functions on an interval |a,b] is denoted by R([a,b]) or Rla,b].

"Recall that P([a,b]) denotes the power set of [a, b], which is the collection of all subsets of [a, b].
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Remark. The Lebesgue integral of a function f over an interval [a, b] with respect to a measure
1 will be denoted by

fdp  or (@) dp(x),

[a,b] [a,b]
whereas the Riemann integral of f over [a,b] will be denoted by

[1 o [

Some authors may use one or the other of the last two symbols to denote a Lebesgue integral
with respect to Lebesgue measure, which is ungladsome to the utmost.

Given a partition P € Pla, b], we say P* € Pla,b] is a refinement of P if P* O P. The
following proposition, and the one after it, are established in elementary analysis.

Proposition 2.46. Let f : [a,b] — R. If P* € Pla,b] is a refinement of P € Pla,b], then
L(P, f) < L(P*, f) and U(P", f) <U(P, f).

Given a partition P = {z;}', € P[a,b], a sample point from [z;_1,z;] is any point
xf € [xi_1, 4], so that z; 1 < xf < x; for each 1 <i < n.

Definition 2.47. Given a function f : |a,b] — R, a partition P = {z;}I, € Pla,b], and
sample points x7,...,x), we call

) n’

Zf )Az;

a Riemann sum of f with respect to P on [a,b].

Definition 2.48. Let r € R. Then we define
lim S(P, f)=r

1Pll—0

to mean the following: for every ¢ > 0 there exists some 6 > 0 such that if P = {x;}_, € Pla, b]
with || P|| < 0, then
[S(P, f) —r| <e

for all choice of sample points z} € [x;_1,x;].

Proposition 2.49. Let f : [a,b] = R be a bounded function. Then f € R[a,b] if and only if
limp—0 S(P, f) € R, in which case

[1Pll—0

/abf— lim S(P, f).

The upper function « : [a,b] — R corresponding to a partition P = {z;}, € P[a,b] and
function f : [a,b] — R is given by

if
o) = 4 1T € Lol . (2.10)
w;, ifz € (x;q,x;] for 2 <1i<n,
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and the lower function 3 : [a,b] — R is given by

B(x) = {61’ i € o, o (2.11)

U, ifx € (z;q,x] for 2 <i<n.

Let A : B(R) — R be Lebesgue measure. The o-algebra B([a,b]), known as the collection
of Borel sets in [a,b], is in fact equal to B(R) N [a,b], and so we obtain the real-valued
measure A : B([a,b]) — R. Define B([a, b]) = B([a, b]), the completion of B([a, b]) relative to
A B(la,b]) — ]R. Consider the measure space ([a,b], B([a,b]), ). The functions o and 3 are

both (B([a, b]), B(R))-measurable, which is to say Borel measurable on ([a,b], B([a, b])), and so
both are simple functions. Moreover,

/ ad)\ = ul)\[l‘o, l’l] + Z UZ‘A(ZL‘i_l, I’z] = UlAl'l + ZUZAZEZ = Z UZAZEZ = U(P, f),
[a,b] i=2 i=2 i=1
and similarly
Bdr=L(P, f).
[avb]
Let (Pg)ken be a sequence in P|a, b] such that Py is a refinement of Py, and limy_, || Px|| = 0.
Let ax and By be the upper and lower function corresponding to Py and f : [a,b] — R. Since

Br < Bk < Brt1 < f <agy1 <o <oy

for all k£ € N, there exist functions «, 5 : [a,b] — R such that (ay)ren converges pointwise
on [a,b] to a and (B )ren converges pointwise on [a,b] to 5. Each ay and [, being a simple
function, is Borel measurable on ([a,b], B([a,b])), and so a and /3 are also Borel measurable
by Proposition 2.7 Suppose f is a bounded function, so there exists some M € R such that

|f] < M. As a constant function, M is both Borel measurable and A-integrable,
M d\ = MAa,b] = M(b—a) € R,
[a,0]

and since |ay|, |Bk] < M for all k, the Dominated Convergence Theorem implies that o and
are A-integrable with

lim o dX\ = / ad\ and  lim B dX = B dA,
k=00 J1a,p] [a,b] k=00 J1a,p] [a,b]
or equivalently
lim U(Py, f) = / ad\ and lim L(Py, f) = BdA.
k—o0 [mb] k—o0 [a,b]

Lemma 2.50. Let f: [a,b] — R be a bounded function. Let (Py)gen € Pla,b] with P, C Pyiq
and || Pyl = 0, and let v, 5 : [a,b] — R be as defined by (2.10) and (2.11). If x ¢ U,—, P, then
f is continuous at x if and only if a(x) = f(x) = B(z).

The results above, in addition to the following proposition, will be needed to prove Theorem

2.52] below.

8See Example We call B([a,b]) the collection of Lebesgue measurable sets in [a, b].
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Proposition 2.51. Let f : [a,b] = R be a bounded function. Then f € Rla,b] if and only if
there exists some r € R such that

lim U(Pg, f) = im L(Py, f) =7 (2.12)
k—ro0 k—o00

for all (Py)ren € Pla, b] with Py C Pyyq and || Pe| — 0.

Proof. Suppose that f € Rla,b], so f;f = r for some r € R. Let (Py)ren C Pla,b] with
Py C Pyyq and || Py|| — 0. Let € > 0. By Proposition there exists some ¢ > 0 such that, for
all P € Pla,b] with ||P|| < d, we have

< —

se) -l = [sten) - [ 1] <

for all possible choices of sample points. Let kg € N be such that || Py|| < 0 for all & > ky. We
have Py, = {x;}}, for some n € N. For each 1 <i <n choose x} € [x;_1, ;| such that

€

0 < —f(:z:*) <

v 2(b—a)
Now,
|U<Pk07f> (Pkov )’_ Z( Amz <Z‘uz
=1
- € € €
<;2(b—a)Axi:2(b—a);Axi:§’
and so

U(Pay. f) = 7| < [U(Pay. ) = S(Pao I 18Py f) =1 < 5+ 5 =

By Proposition [2.46] Definition [2.45] and the definition of the upper Riemann integral we have
r < U(kaf) < U(Pkmf)

for all & > ko, implying that |U(P, f) — r| < € for all k > ky. Hence limy_,oo U(Py, f) = r. The
proof that limg_,o, L( Py, f) = r is similar.
For the converse, suppose there exists 7 € R such that holds for all (Py)ken € Pla, b]
with P, C Py and || P|| — 0. Suppose
b
p = / f<r

Now, for each k € N there exists Qy € Pla,b] such that p < U(Qg, f) < p+ 1/k. We may
assume ||Q|| < 1/k since it is always possible, if necessary, to include the additional points

i=a+—(b—a), 1<i<k-1

k(
in the partition. For each k& € N define

k
Py = U Q.
j=1
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Then (Py)ren is a sequence in Pla, b] such that || Py|| — 0, and since p < U(Py, f) < p+ 1/k by
Proposition it is clear that limg_,o, U(Px, f) = p < r, which is a contradiction. If p > r,
then upon constructing a sequence (Py)geny with Py C Py and || Py|| — 0, we find immediately
that limy . U(Py, f) > p > r, again a contradiction. Hence p = r, and a similar argument

shows that ,
/ f=nr

Thus fab f =r € R, and therefore f € Rla,b]. [ |

Theorem 2.52. Let [ : [a,b] = R be a bounded function.

1. f € Rla,b] if and only if f is continuous A-a.e. on |a,b].
2. If f € Rla,b], then f is A-integrable on [a,b] and

/a /[abfd/\

We now give a brief summary of a few kinds of improper Riemann integrals, a topic
covered in greater detail in elementary analysis. If f € R]a,t] for all ¢ > a, then we define

/:Of—tlgglo/:f

and say [° f converges if [ f = o for some v € R. If f € R[t,b] for all ¢ < b, then we define

[o=am [

and say LbOOf converges if ffmf = [ for some 8 € R. Finally, if f € R][s,t] for all
—o0 < s<t<oo,and [ fand [ f both converge for some ¢ € R, then we define

L=l

and say ffooo f converges. The value of ffooo f, of course, does not depend on the choice for c.
Any improper Riemann integral that does not converge to a real number is said to diverge.

Theorem 2.53. Let f: R — R be such that ffooo f converges. Then the following hold.

1. The function f is continuous A-a.e. on R.
2. If f is nonnegative, then f is A-integrable on (R, B(R), \) with

[ran= [+

Proposition 2.54. If f : R — R is such that [~ fT and [~ f~ both converge, then f is

M-integrable on (R, B(R), \) with
/fd)\ —/ f-
R —o0
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Proof. Suppose f : R — R is such that [ f* and [*°_f~ converge. Since fT and f~ are
nonnegative, by Theorem it follows that both functions are A-integrable (and hence Borel
measurable) on the measure space (R, B(R), \) with

/f+d>\ / ffeR and /f dX\ = / fmeR.

Now, f = ft — f~, so f is Borel measurable by Theorem and then by Definition and

a limit law we have

T /f

This makes clear that f f is real-valued, and so f is A-integrable on (R, B(R) |
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2.5 — INTEGRATION OF COMPLEX-VALUED FUNCTIONS

We now consider complex-valued functions on a measurable space (X, M). If f: X — C, it
is convenient to write

f(x) = u(z) +iv(z),

where v : X — R and v : X — R are the real and imaginary parts of f, respectively. We
define Re f = v and Im f = v, so that

(Re f)(z) = u(z) = Re[f(2)] and  (Im f)(2) = v(z) = Im[f(z)] (2.13)
The symbols Re f(x) and Im f(z) may be used instead of (Re f)(z) and (Im f)(z).
Definition 2.55. Let (X, M) be a measurable space. We say f : X — C is Borel measurable

if Ref: X >R and Im f : X — R are both Borel measurable. If ju is a measure on M, and
both Re f and Im f are p-integrable, then we define

/ fdu:/ Refd,u+i/ Im fdu
X X X
and say that f is p-integrable.

If f is a complex-valued function we do not entertain the integral [, fdu when either
JxRe fduor [, Im fduis not real-valued.

The Riemann integral constructed in the previous section also has a natural extension to
complex-valued functions. The Riemann integral of f : [a,b] — C is defined to be

/abf:/abReerz’/abImf, (2.14)

provided the integrals on the right-hand side exist in R, in which case we say ¢ is Riemann
integrable on [a,b]. By letting a = —oo or b = oo, we may extend the definition (2.14]) to
include some improper Riemann integrals. In particular, given f : R — C, we define

/ f:/ Ref+z‘/ Im f (2.15)
provided [*°_Re f € R and [~ _Im f € R.

Pro_position 2.56. If f : R — C is such that f_oooo |f| converges, then f is A-integrable on
(R, B(R), \) with

/ fdr= / ;.

R —00

Proof. Suppose f: R — C is such that ffooo |f| € R. Let u=Re f and v = Im f. Since
Ifl=Vuz+02, |ul=vu"4+u, and |v|=0v"+0v,

we have
0<u ,ut <|u<|f] and 0<v ,v" < || <|f],
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and so by the Comparison Test for Integrals from calculus it follows that

oo o o (o]
/ ut, / u, / vT,  and / v
— 0o —00 —0o0 —00

all converge, and therefore

/u:/ud)\GR and /v:/vd/\ER
R —00 R

by Proposition [2.54, Now

/fd)\ 4udA+i4vdA=/_Zu+i/_Zv=/_Zf

by Definition [2.55| and ([2.15]). |
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PrRODUCT SPACES

3.1 — PRODUCT 0-ALGEBRAS

Definition 3.1. Let (X1, M), ..., (X,, M,,) be measurable spaces, and set X = X3 X -+ x X,,.
The set of measurable rectangles in X is the collection R(X) C P(X) given by

RX) ={A; x -+ x4, : V1 <k <n(A € My)},
and the product o-algebra on X is

M@ @M, =ox(R(X)) = m{S D R(X) : 8 is a o-algebra on X}.

We may also denote M; ® --- ® M,, by ®Z:1 M. If M, = M for all 1 < k < n, then we
define M®" =M; ® --- @ M,,.
The following lemma gives some properties of projection maps Il : X; x --- x X,, = X},

first defined by ({2.1)), which are routine to verify.

Lemma 3.2. Let Xq,..., X, be nonempty sets, and let II, : X1 X --- x X,, = Xy be the kth
projection map: 11 (x) = [x].
1. Forany 1 <k <n and S C Xy,

IN(S) =Xy x -+ X Xy X S X Xpyy X --- x X,

and
(X x - x X))\ H(S) =T (X \ S).
2. If Sy C Xy, for each 1 < k < n, then

(1 (Se) = ] Sk
k=1 k=1

Proposition 3.3. For each 1 < k < n let (Xi, M) be a measurable space, and let {X;} C
8k - :P(Xk) be such that O'Xk(gk) = Mk Set X = Xl X oo X Xn [f

E={E1x - xE,:V1<k<n(BE, €&},
then ox(€) = Qp_; My.
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Proof. Since &, C My, for each 1 < k < n, it is clear that € C R(X), and hence ox (&) C

®Z=1 M.
For each 1 < k < n define

F. = {F C X : lel(F) & Ux((o,)}
Since X; € &; for each 1 < j <n, for any £ € &, we have
IL'E)=X1 X Xx Xp 1 X EX Xppg X -+ X X, € & Cox(€),

and so & C Fy. In particular X, € Fy. If (F});en is a sequence in Fy, so that H,;I(Fj) €ox(€)

for each 7, then
I, (U ) UH ) € ox(€)

j=1
shows that (J7_, F € Fj as well, and so Jy is closed under countable unions. By Lemma (1),

FeF, & ILNF)eox(€) & I (X \F)=X\I(F)cox(&) & Xp\FeF,

and so Jj is closed under complementation. Thus JFy, is a o-algebra containing €, and therefore
Mk = UXk<8k) g gjk
Finally, let Ay, € My, for each k. Applying Lemma [3.2/2),

Vk(Ar e My) = Vk(Ap € S"k) = VE(II;'(Ay) € 0x(€))
= ﬁAk ﬂn (Ar) € ox(€),
k=1
which shows that R(X) C ox(€), and thus ®k:1 M C ox(8). [ |
Corollary 3.4. For alln € N, B(R") = Q,_, B(R).

Proof. For each 1 < k < nlet (Xi, My) = (R, B(R)) and let &, = O, where {R} C O C P(R) is
the collection of all open intervals in R. In Example we found that og(0) = B(R). Setting

E={Lx-xI,:V1<k<n(l €0)},

by Proposition it follows that o.(€) = @,_, B(R). However it is also known that
orn(€) = B(R™) since € is a basis for the standard topology on R™, and so the proof is done. W

Proposition 3.5. Let (X, M) and (Y,N) be measurable spaces. If A € M and B € N, then
MNA)QNNB)=MxN)N (A x B).
Proof. Noting that (A,M N A) and (B, N N B) are measurable spaces, we set
RAxB)={ExF:EeMnAand F € NN B}
so that by Definition we have
(MNA)® (NN B) =0axp(R(A x B)).
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Now, Q2 € R(A x B) implies Q@ = (M NA) x (NN B) for some M € M and N € N, and since
(MNA)x (NNB)=(MxN)N(AxB)eR(X xY)N(Ax B),

we see that R(A x B) C R(X xY)N (A x B). Reversing the argument reverses the containment,
and so
R(Ax B)=R(X xY)N(Ax B).

Applying Proposition [1.15] we thus obtain
(MNA) @ (NN B) =0axp(R(A % B)) =0caxp(R(X xY)N (A x B))
=oxxy (R(X xY))N(Ax B)=(MaN)N (4 x B)
as desired. |

For nonempty sets X and Y let S C X x Y. For x € X and y € Y, define the x-section
S: CY and y-section SY C X of S to be the sets

Se={yeY:(r,y) €S} and SY={re X :(z,y) €S}

Proposition 3.6. Let (X, M) and (Y,N) be measurable spaces. If S € M @ N, then S, € N
forallz € X and SY € M for ally €Y.

Proof. Define the collection
§={SeMaN:VreX(S,eN)andVyeY(S¥eM)}.

If Ae M and B € N, then
(Ax B), = B, z€A
g x¢A

shows that (A x B), € N for all x € X. Similarly (A x B)Y € {A, 0} C M for all y € Y, and
so A x B € 8. That is, R(X x Y) C 8, which also makes clear that X x Y € 8.
Suppose S € 8. Fix ¢ € X. We have

(5)e={yeY:(z,y) €S5Yt={yeY:(z,y) ¢ 5t =(S%) €N

since S, € N. Similarly (5¢)¥ = (5Y)¢ € M for all y € Y, and we conclude that S¢ € 8.
Next, let (S,)nen be a sequence in 8. Thus S, € M ® N for each n, with (S,), € N and
(Sp)? € M for each x € X and y € Y. Fix x € X. Now,

yE(GSn> & (x,y)GGSn & 3k € N[(z,y) € Sk

n=1
& JkeN[ye(S.) © yvel G
n=1

and so (U;2, S")x = U2, (Sn)e € N. Similarly (U2, S) = U2, (S,)Y € M for any y € Y.
Since |~ , S» € M ®@ N, it follows that | J -, S, € 8.

Therefore 8 is a g-algebra containing R(X x Y'), which implies that 8 contains M @ N =
oxxy (R(X xY)). The conclusion of the proposition follows. [ |
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Proposition 3.7. Let (X, M, i) and (Y,N,v) be o-finite measure spaces. For each S € M®N,

the functions fs: X — R and g5 : Y — R given by fs(z) = v(S,) and gs(y) = pu(SY) are Borel
measurable.

Proof. First we note that, for any S € M ® N, the function fg is well-defined on X since
S, € N for all x € X by Proposition . Assume (Y, N, v) is a finite measure space, let

S = {S eEM®N: fgis Borel measurable},

and let (S,)nen be a sequence in 8 such that S, 1 S. Then each f, := fg, is a (real-valued)
Borel measurable function. Define f: X — R by

f(z) = lim f,(z) = lim v((Sy)z), (3.1)
which exists in R for each z € X since (5,,): C (Spy1): € S, for all n implies
fn(m) S .fn—i-l(x) S V(S:E) < 00,

and so f is Borel measurable by Proposition On the other hand, ((S,):)nen is a sequence
in N such that (S,). T S, so by Theorem [1.21[1),

f@) = lm v((S,).) = n(S.) = fs(a),

and hence fg is Borel measurable. This shows that S € § whenever S is the limit of an increasing
sequence in 8.

Next suppose (S,)nen € 8 is such that S, | S. Again defining f by (3.1), only now
noting that f,(x) > fui1(z) for all x and n, Proposition [2.7] once more implies that f is Borel
measurable. But fs¢ = f by Theorem MQ), our assumption that v is finite ensuring that
v(S1) € R, and so fg is Borel measurable. This shows that S € § whenever S is the limit of a
decreasing sequence in 8, and therefore § is a monotone class.

The collection R := R(X xY) is clearly an elementary family on X x Y, and so the collection
A of all finite disjoint unions of elements of R is an algebra on X x Y by Proposition [I.9] Let
A € A, so there exist Ey,...,E, € M and Fy,..., F, € Nsuch that A = | |,_,(Ex x F;). Now,

Ax:{yEY:(x,y)EA}:U{yEY:(x,y)EEkka}:U(Ekka)x,
k=1 k=1
where (Ey X Fy), = Fy, if ¢ € Ey, and (Ey X Fy), = @ if ¢ ¢ Ey. Thus f4: X — R is given by
fa(x) = v(As) = v((Be X Fio)z) = > v(Fo)xe, ().
k=1 k=1
Since Ey, € M, Proposition implies x g, : X — R is Borel measurable, and hence f,4 is Borel
measurable by Proposition [2.5] and Theorem [2.25(1,3). It follows that A € §, so A C 8§ and by
the Monotone Class Theorem we have o(A) C 8. Finally, R C A implies M @ N = o(R) C §,
and therefore fs: X — R is Borel measurable for all S € M @ N if v is a finite measure.
Now suppose that (Y,N,v) is o-finite. Let (Y,,)nen € N be such that Y = J 7, Y, and
v(Y,) < oo for each n. Let S € M ® N, and for each k£ > 1 define S, = SN (X x By), where
By, = Ufz:l Y, € N. Proposition implies Sy € M ® (N' N By), and since (B, NN By, v) is a
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finite measure space, it follows by our earlier argument that fg, : X — R is Borel measurable.
For each x € X define

f(z) = lim f,, (z) = lim y((Sk)x)
k—o0 k—o0
The sequence (v((Sk)z))ren is monotone increasing in [0, 00) for each z, so that the limit exists
in R and thus f : X — R is Borel measurable by Proposition . Finally, (Sk). — S: as

k — 0o, so by Theorem [1.21(1) we have f(z) = v(S;) = fs(z), and therefore fg is Borel
measurable. The proof that gg is Borel measurable for each S € M ® N is similar. [ ]
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3.2 — PRoDUCT MEASURE THEOREM

A bit of new notation is in order to help ensure that the statements of upcoming results are
as clear as can be. If (X, M, p) is a measure space and f : X — R is Borel measurable, then we

define
| r@ntin) = [ pan

Theorem 3.8 (Product Measure Theorem). Let (X, M, ) be a o-finite measure space,
(Y,N) a measurable space, and

F={v(z,): N>R | ze€X} (3.2)
a family of set functions with the following properties:

P1. v(z,-) is a measure on N for each x € X.
P2. v(-,B) : X — R is Borel measurable for each B € N.

P3. F is uniformly o-finite: There exist sequences (By)nen € N and (¢,)nen € Ry such that
Y =U,_, B, and v(-, B,) < ¢, for each n.

Then the function x — v(x, S,) is Borel measurable for each S € M@ N, and 7 : M@ N — R

given by

mazéw%&M@w

is the unique measure for which
(A x B) = / vz, B) p(dz)
A
for all A e M and B € N.

The set function 7 : M ® N — R defined in Theorem [3.8]is a product measure on M ® N,
and (X x Y, M® N, ) is a product space.

Corollary 3.9 (Classical Product Measure Theorem). If (X, M, u) and (Y,N,v) are
o-finite measure spaces, then the set function p x v: M N — R given by

(3 0)(8) = [ S n(de) = [ u(s")vidy)
X Y
is the unique measure on M Q@ N for which

(n x v)(Ax B) = u(A)v(B)
forall Ae M and B € N.

Proof. For each x € X let v(z,-) = v, so the family of set functions is simply F = {v},
which clearly satisfies property P1 in Theorem [3.8f For any B € N we have v(z, B) = v(B)
for all x € X, a constant function and hence Borel measurable, showing property P2 to be
satisfied. Finally, the o-finiteness of (Y, N, v) ensures that F = {v} possesses property P3. By
the Product Measure Theorem it follows that the set function 7 : M ® N — R given by

() = [ (S0 ulde)
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is the unique measure for which

w4 B) = [ o Byutdn) = [ v(B)du=p(ay(B)

for all A€ M and B € N.
Now, by a symmetrical argument that reverses the roles of (X, M, ) and (Y,N,v), the
Product Measure Theorem implies the set function 7 : M ®@ N — R given by

#(5) = /Y u(SY) v(dy)

is the unique measure for which

#Ax B) = [ (o) vidy) = [ pd)dv = u(A(B)

for all A € M and B € N. By uniqueness it follows that 7 = 7 on M ® N, and the conclusion
of the corollary is obtained by setting u x v =7 = 7. |

Theorem 3.10 (General Product Measure Theorem). Let (X;, My, 1) be a o-finite mea-
sure space, and let (Xo,My), ..., (X, M,) be measurable spaces, and for each 1 < k <n —1
let

-Fk: {M(xla"ka?'):Mk-‘rl — R ‘ (:L‘17"'7x/€) € Xy X+ XXk}
be a family of set functions with the following properties:

P1l. pu(zq,. .., 2, ) is a measure on My for each (z1,...,x) € X1 X -+ X Xj.
P2. For each B € My, we have

UGB (Xy X X Xy My @ - @ M) — (R, B(R)).

P3. Fi is uniformly o-finite: There exist sequences (Bji1n)nen € Mit1 and (cg41.)nen € Ry
such that Xy41 = U, Bit1,n and pi(-, Bi1,) < Chy1,n for each n.

Then there is a unique measure © on Q,_, My such that

W(H Ak) = / / T / M($17 cey Tp—1, An)ﬂ(xla <oy Tp—2, dl’n—l) .- ',u(xh d$2)ﬂ(d$1)
Py Ay J Ay A1

for each [T,_; Ax € R(I1;—, X&), and moreover the measure space ([[p_; Xi, @jp_ My, ) is
o-finite.

In the case when n = 3 the conclusion of the General Product Measure Theorem states that
7 M @ My ® M3 — R is the unique measure such that

(A x Ay x A3) = / (/ w(xy, xa, As) i (xl,d:pQ)) p(dxy)

/ / (21,9, Az) (1, dva) p(dy)
Ay J A,
for each A; x Ay x Az € R(X; X X3 x X3). By definition,

/ N($1,$27A3)M(551,d372) 1:/ ,u(1317 '7143)(1#(3717 ');
Az

Az
where x; € X7 is taken to be fixed in the integration process.
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Corollary 3.11 (General Classical Product Measure Theorem). If (X, My, pi) is a
o-finite measure space for each 1 < k < n, then there is a unique measure i1 X -+ X [b, ON
R My, such that

(1 X - X ) (A X"'XAn)ZHMk(Ak)
k=1
forall Ay x --- x A, € R(Xy x -+ x X,,).

Given measures i, . . ., ti, on a single o-algebra M, the symbol [[;_, pu we take to represent
the usual product of functions: [[;_; g = i1 - - - ftn. In contrast, given o-finite measure spaces
( Xk, My, i) for 1 < k < n, we define

X ik = i X <+ X i,
k=1

which is the product measure on ),_, M) whose existence and uniqueness is assured by the
General Classical Product Measure Theorem.

Proposition 3.12. For anyn € N, if A, : B(R") — R is the Lebesque measure on B(R™), then
X, M =X, on B(R™).

Proof. Let A = ;. By Corollary , B(R") = ®j_, B(R), so certainly A, and X, _, A have
the same domain. Define F : R" — R by F(x) = []}_,[x]s, which is a distribution function. By
definition, )\, : B(R") — R is the unique (by Theorem Lebesgue-Stieltjes measure such
that A\,(a,b] = F(a,b] for all a,b € R" with a < b. Suppose I C R" is a bounded interval,
so I = [[,_, Ir with [;, C R a bounded interval for each k. Since I, € B(R) for each k, by

Corollary and Example we have

<>”< A) (1) = [T M) = M) < o=,

k=1

and so XZ:1 A is a Lebesgue-Stieltjes measure on R™. In particular

()i( /\> (a,b] = A\, (a,b] = F(a,b],

for all a,b € R™ with a < b, and so by the uniqueness provision of Theorem we conclude
that X _, A = A, on B(R"). [ |
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3.3 — FUBINI'S THEOREM

The hypotheses stipulated in Fubini’s Theorem and the General Fubini Theorem are identical
to those in the Product Measure Theorem and General Product Measure Theorem, respectively.

Theorem 3.13 (Fubini’s Theorem). Let (X, M, ) be a o-finite measure space, (Y, N) a
measurable space, and

F={v(z,): N>R | zeX}
a family of set functions with the followmg properties:

P1. v(x,-) is a measure on N for each v € X.
P2. v(-,B) : X — R is Borel measurable for each B € N.
P3. F is uniformly o-finite.

Given f: (X x Y,M®@N) = (R, B(R)), define
I P

Let 1 x v denote the unique measure 7 defined in Theorem [3.8
1. If f >0, then F: X — R is an (M, B(R))-measurable function, and also

oy ] X V) = / Fdp = / ( / f<w,y>u<x,dy>) u(dz).

2. Suppose fXnyd(u x v) exists in R (resp. R) S is the set of all x € X for which F(x)
does not exist in R (resp. R), and G : X — R is any (M, B(R))-measurable function. Then
w(S) =0, the function F:X =R given by

o JF(x), veX\S
F<x>_{G($), res

is (M, B(R))-measurable, and

fdpxv)= /Xﬁ’du. (3.3)

XxY

In the second part of the Fubini’sTheorem it is common to set G = 0 and write equation

(3-3) as
] V)= /(/fﬁfy xdy))u(da;),

with the understanding that the value of the inner integral is to be taken to be 0 at all x € X
where the integral fails to return a value in R (resp. R).

Corollary 3.14 (Tonelli’s Theorem). Suppose the hypotheses of the Fubini’s Theorem hold.

If
/X(/y |f(z,y)| I/(x,dy)> u(dz) € R,

then [y v fd(p xv) € R as well.
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Corollary 3.15 (Classical Fubini Theorem). Let (X, M, i) and (Y, N,v) be o-finite measure
spaces. If f: (X x Y, M@N) — (R, B(R)), then

Xxyfd(#xu /(/f:)sy dy) /(/fasy dl’)l/(dy) (3.4)

provided the integral at left exists.

Equation (3.4) may be written more simply as
fd(pxv) :/ / fdvdu:// fdudy.
XxY xJy Yy Jx

Theorem 3.16 (General Fubini Theorem). Let (X1, My, i) be a o-finite measure space,
and let (Xo, M), ..., (X,, M,,) be measurable spaces, and for each 1 <k <n —1 let

Fk:{lub('rla"kaf):Mk-‘rl_)R ‘ (‘xl?"'axk)EXlX"'XXk}

be a family of set functions with the following properties:

Pl. u(zy,...,zx, ") is a measure on Myyq for each (xq,...,x1) € X7 X -+ X Xj.
P2. For each B € My, we have

PGB (Xy X X Xy My @ - @ M) — (R, B(R)).

P3. Fy is uniformly o-finite.
Given f: (TTi—, Xi, Qp_; Mi) — (R, B(R)), define

Fy(xy,...,x / flxy, ..o )z, ooy o, day) -+ (T, - oy Tg, ATy q)
Xk+1 Xn

for each 1 < k < n—1. Finally, for each 1 < k < n let m, denote the unique measure on
®5:1 M, considered in Theorem |3.10

1. If f >0, then each Fy : H’Ll X;—Risa (®§:1 M;, B(R))-measurable function, and also

/ fdm, = / / flar, o) (@, .o e, day) - - - (2, dog) p(de).  (3.5)
[The1 Xk X1 J X2 Xn

2. Suppose the integral at left in (3.5)) exists in R (resp. R), Sy is the set of all x € H§:1 X; for
which Fy,(x) does not exist in R (resp. R), and Gy, : H§:1 X; = R is any (®f:1 M;, B(R))-
measurable function. Then m(Sg) = 0, the function B H?Zl X; = R given by

.  JR(x), xe€ (H?=1 X;)\ Sk
Fi(x) = {G(x), x €S,

is (®f:1 M;, B(R))-measurable, and (3.5)) still holds with the understanding that the Fy

functions are replaced with the Fy functions.
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Corollary 3.17 (General Classical Fubini Theorem). For each 1 < k < n let (X, My, )
be a o-finite measure space, and let 11 X -+ X p,, denote the measure m, in Theorem[3.16. If

£ e (Tl X ®—y Mi) — (B, B(R)), then

/ fd(,ul X X ,un _/ / fdﬂ'o (n) """ dﬂ'o(l)
[Ti=1 Xk Ko@)

a(n)

for any permutation o : {1,...,n} — {1,...,n}, provided the integral at left exists.

Example 3.18. Show that if f : [a,b] X [¢,d] — R is continuous, then

//f:pydyd:p—//fxydxdy (3.6)

Solution. Let I = [a,b] and J = [c,d], and recall the Lebesgue measure A : B(R) — R.
The measure spaces (I,B(I),\) and (J,B(J), \) are both finite, and hence both o-finite. By
Proposition [2.4] the function f is (B(I x J), B(R))-measurable, and thus

f:(IxJ,B(I)®B(J)— (R,BR))
since B(I x J) = B(I) ® B(J). Indeed, by Proposition [2.2| we have
f:IxJ,B(I)@B(J)) = (R,B(R)).

Now, the continuity of f on the compact set I x J C R? implies that f is bounded. Recalling
the Lebesgue measure A, : B(R?) — R, and noting that the measure space (I x J, B(I x J), \2)
is finite, by Proposition it follows that || 15y | dA2 exists in R. However,

/ Fdry = FdX x \)
IxJ IxJ

since A3 = A X A by Proposition , and so fIXJ fd(Ax ) exists in R. By the Classical Fubini
Theorem, therefore,

[ ro= [ ([ sepim)ow = [ ([enaw)aw. 6

Define ¢ : I - R and ¢ : J — R by
~ [ femaxw and v) = [ 1w
J

Fix x¢ € I. Let € > 0. The function f is in fact uniformly continuous on I x J, so there exists
some & > 0 such that, for all (zq,y1), (z2,y2) € I X J,

V(=22 + (1 —12)? <6 = |f(z, ) — fz2,00)] <

€
d—c

Let z € I be such that |z — zo| < 0. For any y € J the distance between (z,y) and (xo,y) is
less than §, and so

lp(z) — @(x0)| = fxyd)\ /fxo, ) dA(y ‘

/J [f(% y) — f(zo, y)} d/\(y)‘ Additivity Theorem
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< /J ’f(x,y) — f(xo,y)‘ d\(y) Theorem [2.27((3)
€ )
< /J T d\(y) = T .= Theorem [2.27/(2)

noting that A\(J) = d — ¢. This shows ¢ to be continuous at zg, and hence ¢ is continuous on /.
A similar argument will show that ¢ is continuous on J. Now, by Theorem [2.52

/(/fxy dA(y ))d)\( / (/fxy dA(y ))dx_/ab(/cdf(x,ymy)dx
/</fxyd)\ ))d)\( /(/fxydA ))dy—/j(/abf(x,y)daz)dy

These results, together with (3.7 , give at last. |

and
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