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Abstract

The Zero Attractor of Perturbed Chebyshev Polynomials
and Sums of Taylor Polynomials
Joseph L. Erickson

Defining s,(z) to be the nth degree Taylor polynomial at 0 for the exponential function,
we employ methods from complex analysis to study the limiting behavior of the zero
distribution of polynomials in the sequence As,y,(anz) + Bsy,(6nz) as n — oo. Invariably
the zero distribution approaches one or more fixed piecewise smooth curves in the complex
plane which we call the “zero attractor” of the sequence. Also we determine the zero
attractor of the sequence T, (z) — 2" for fixed integer ¢ > 2 and nth degree Chebyshev

polynomial of the first kind 7,(z).






1. Introduction

o0

o1, does the distribution of zeros,

Given a sequence of polynomial functions (p,(z))
or roots, of p,(z) approach any particular set of points A in the complex plane C as n

approaches infinity?

o0

ey It is well known that each polynomial

A simple example is the sequence (2" — 1)
z™ — 1 possesses n zeros that are uniformly distributed on the unit circle S with center 0.
In Figure 1 are shown the zeros of p,(z) = 2!%° — 1, for instance. As n — oo we observe
that the zeros of z™ — 1 appear to “fill in” the unit circle. Indeed, given any ¢ > 0 and
point w € S, we can find a sufficiently large integer ng such that, for all n > ng, there is at
least one zero of z" — 1 in the disc D(w) with center w and radius e. Thus, if Z(p,(2))
denotes the set of zeros of p,(z), then S is the set of limit points of | J 2 ; Z(pn(2)); but
more than that, we find the set Z(p,(z)) “approaches” S in some sense as n — oo, and
it is in this sense—formally defined in the next section—that we refer to S as the “zero
attractor” A of the sequence 2™ — 1.

As another somewhat less trivial example we consider the sequence
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FIGURE 1. The roots of 2199 = 1.



FIGURE 2. The roots of 2" = (1 —n~'/2)" for 1 < n < 200 and n = 1000.

The polynomial ¢;(z) has only root 0, while for n > 2 we find that ¢,(z) has n zeros uni-
formly distributed on the circle |z| = 1 —n~'/2. For instance g4(z) has zeros corresponding
to the roots of z* = (1/2)%, which are +1/2, /2 and lie on the circle |z| = 1/2. Of
course 1 — n~1/2 increases monotonically to 1 as n increases, so that the zeros of an(2)
draw inexorably nearer to the circle S with each successive value of n. Here, truly, we can
see how S appears to be “attracting” the zeros of ¢,(z) as n — oo, with the result being
that S is indeed the zero attractor of the sequence. In Figure 2 are shown the zeros of
qn(2) for 1 < n < 200, with the zeros of q1900(z) comprising the additional ring of points
on the circle |z| &~ 0.968. In contrast to the previous example, here none of the elements of
UsZ1 Z(gn(2)) lie on the zero attractor itself.

The two examples entertained thus far might lull one into thinking that the zero

attractor A of a sequence py(z) is simply the set of limit points of Z = |J;2 | Z(pn(2)).

While this is quite often the case, the formal definition given in §2 allows for the inclusion
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FIGURE 3. Left: the zero attractor for s,(nz). Right: the classic Szegd
curve |ze! =% = 1.

of isolated points of Z. For example the zero attractor of the sequence r,(z) = 2zq,(2),
where ¢, (z) is defined as above, has as its zero attractor the set S U {0}.

The term “zero attractor” is relatively new, so that in the literature one frequently
encounters other terms such as “limit curve” or “asymptotic zero distribution.” However, as
one might guess, a “limit curve” generally excludes isolated points whereas an “asymptotic
zero distribution” does not.

Over the past century much research has been devoted to ascertaining the zero attractors
(or limit curves) of various sequences of Taylor polynomials, with special attention given

to partial sums of the Maclaurin series for e*. Defining

sn(2) :ZE’ (1.1)
k=0

in [10] Gabor Szeg6 investigated the behavior as n — oo of the zeros of s,(nz), the
“normalized” partial sums of the series. Whereas the moduli of the zeros of s,(z) grow
without bound as n — oo, Szegé found that the zero distribution of s,(nz) asymptotically

approaches the set

A={2z€C:|z| <1and|ze'?| =1}, (1.2)

shown at left in Figure 3, which is a portion of the so-called Szegd curve |ze!™?| = 1

shown at right in the figure. That A is in some sense “attracting” the zeros of s, (nz) as
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FIGURE 4. Left: the zeros of s,(nz) for 4 < n < 39. Right: the zeros of
8220(2202).

n — oo can be seen in Figure 4, where Z(s,(nz)) is plotted for all 4 <n < 39 at left, and
Z(s220(220z)) is plotted at right.

In §3 we will obtain the same result as Szeg6 using a different technique involving
the notion of a zero attractor, and then in later sections we will apply our technique to
increasingly generalized two-term linear combinations Asgy,(anz) + Bsy,(Snz) of partial
sums of the exponential function’s Maclaurin series. Finally, in §13 the same method will
be applied to ascertain at least a portion of the zero attractor for sequences of perturbed
Chebyshev polynomials of the first kind of the form T},(z) — 2/* for fixed integer £ > 2,
with the remaining portion of the zero attractor determined by other means.

In the literature there is no shortage of inquiries into the zero attractors of a wide

variety of sequences of functions. For fixed c¢j, \; € C, exponential sums of the form

M
— PONE
f(z) = g cje
=1
have an associated Taylor series expression

fz2) =) axz",
k=0



and in [2] the large n asymptotics of the zero distribution of
fnlnz) = Zak(nz)k

is studied. In [11] Vargas analyzed the zero attractors of (normalized) partial sums of

power series for Bessel functions of the first kind as well as a class of entire functions

b
/ o(t)e dt.

Finally, Boyer and Goh in [4] examine the zero attractors of Appell polynomials.

definable by integrals of the form



Section 2: The Zero Attractor of a Sequence

Let (X,d) be a metric space, and let K be the collection of all nonempty compact

subsets of X. The Hausdorff distance on K is the function dg : K x K — R given by

di (A, B) = max {Sup(inf d(a, b)), sup<inf d(a, b)) }

acA \bEB beB \a€A

for all A, B € K, which makes (K,dp) a metric space in its own right. Define
De(z) ={y € X :d(z,y) < ¢}
for any z € X and € > 0, and declare the e-neighborhood of any S C X to be the set
Se = | De(a).

eSS

Then it is known that
du(A,B)=inf{e>0:B C A, and A C B.} (2.1)

for any A, B € K.

Let (pn(2)) be a sequence of polynomial functions such that deg(p,+1) > deg(pn). For
each n the set Z(py,) of zeros of p, is finite, and so (Z(py)) is a sequence of subsets of the
metric space (K, dg), where K now is the collection of nonempty compact subsets of C. If
(Z(pn)) is dy-convergent to some A € K as n — oo, then A is called the zero attractor
of (pn(z)), and we write

A= lim Z(pn). (2.2)

In explicit terms (2.2) holds if and only if
Ve > 0 3ng Vn > no(du(Z(pn), A) <€) (2.3)

holds. In light of (2.1), we find that (2.3) holds if and only if for each € > 0 there exists
some ng such that A C Z(p,). and Z(p,) C A whenever n > ny.
The following derives from [9]. Let (f,(z)) be a sequence of analytic functions on a

region 2 C C, let F and Z be the collection of finite and infinite subsets of Z, respectively,



and for each z € Q let NV, be the collection of open neighborhoods of z. Now define
liminf Z(f,) ={z € Q:VU € N. IF € FVn ¢ F(UNZ(f,) # 2) } (2.4)

and

limsup Z(f,) = {z € Q:VU e N, AT € T¥n € I(U N Z(f,) # @) }. (2.5)

It is clear that
liminf Z(f,) C limsup Z(fn), (2.6)

and we purpose to show that, under certain conditions, the zero attractor of a polynomial
sequence (p,(z)) is equal to liminf Z(p,,). First we must establish that (2.4) and (2.5) are

compact sets for a polynomial sequence whose zeros all lie in some bounded region.

Proposition 2.1. Let (p,(2)) be a sequence of polynomials such that \J,, Z(pn) C K for

some compact set K. Then liminf Z(p,) and limsup Z(p,) are compact.

Proof. If z ¢ K, then there exists r > 0 such that D, (z) C C\ K, and so D,(2)NZ(p,) = @
for all n. Since D,(z) is a neighborhood of z, it follows that z ¢ liminf Z(p,,), which makes
clear that liminf Z(p,) C K and hence liminf Z(p,,) is a bounded set.

Let 2’ be a limit point for liminf Z(p,), and let U be a neighborhood of z’. Let ¢ > 0
be such that D.(z") C U, define V = D.(2') \ {#'}, and let zp € V Nliminf Z(p,,). Since
V is a neighborhood of zy, we have V N Z(p,) # @ for all but finitely many n, and then
UnNZ(p,) # @ for all but finitely many n since U O V. Thus every neighborhood of
2’ has nonempty intersection for all but finitely many of the sets Z(p,), implying that
z' € liminf Z(p,), and hence liminf Z(p,,) is closed. Therefore liminf Z(p,) is compact.

That limsup Z(f,,) is compact is shown by a similar argument. [

Proposition 2.2. Let (p,(2)) be a sequence of polynomials such that |J,, Z(pn) C K for

some compact K. Then a set A is the zero attractor of (pn(2)) if and only if
A = liminf Z(p,) = limsup Z(pn). (2.7)

Proof. Suppose A is the zero attractor of (p,(z)). Let zg € A. Let U be a neighborhood

of zp, and let € > 0 be such that D.(z9) C U. There exists ng such that A C Z(p,,), for all



n > ng, so that zo € Z(py). for n > ng, and hence
un Z(pn) ) DE(ZO) N Z(pn) 7é 1%

for n > ng. Thus every neighborhood of zy has nonempty intersection with all but finitely
many Z(p,), so that zg € liminf Z(p,), and hence A C liminf Z(p,,).

Next, suppose that zg ¢ A. Since A is compact by Proposition 2.1, there exists € > 0
such that Dyc(29) € C\ A, and so U = D.(zp) is a neighborhood of zy for which UN A, = @.
Now, for some ng be have Z(p,) C A, for all n > ng, so UN Z(p,) = @ for n > ny and
it follows that zo ¢ limsup Z(p,). Hence zy € limsup Z(p,,) implies zy € A, and we now
have limsup Z(p,) € A C liminf Z(p,,). This, together with (2.6), yields (2.7).

For the converse, suppose (2.7) holds. Let € > 0. Suppose for each k there exists ny > k
such that A ¢ Z(pp, ), and so there is a sequence (z,,) in A such that z,, ¢ Z(pn,)e
for all k. Since A is compact, (zy,) has a subsequence (zp,, ) that converges to some
z* € A. Let U = D,/5(2"). There exists mg such that z,, € U for all m > mg, and now
Zng, & Z(Pny,, )e implies that U N Z(py,, ) = @ for all m > mg. Since U is a neighborhood
of z*, it follows that z* ¢ liminf Z(p,) = A, which is a contradiction. Therefore there
must exist j; such that A C Z(p,), for all n > j;.

Now suppose for each k there exists ny > k such that Z(p,,) € Ae, thereby giving
rise to a sequence (zy, ) with z,, € Z(py,, ) and z,, ¢ A. for all k. Since (25, ) C K, there
exists a subsequence converging to some z* € K. It follows that any neighborhood of z*
has nonempty intersection with infinitely many of the sets Z(py,, ), implying that z* €
limsup Z(p,,). On the other hand z,, ¢ A implies that z* ¢ A. Since lim sup Z(p,) = A by
hypothesis, there is a contradiction, and therefore there must exist jo such that Z(p,) C A,
for all n > jo. We now find that A C Z(p,)e and Z(p,) C A, for n > max{j1,j2}, and

therefore A is the zero attractor of (p,(2)). [ |

The following theorem is essentially [9, Theorem 3.2]. It gives rise to a method, made
explicit in Theorem 2.5 and put into practice in the sequel, for determining the zero

attractor of certain sequences of polynomials.



Theorem 2.3 (Sokal). Let Q be a region in C, and let zy € Q. Let (fn(z)) be a sequence
of analytic functions on Q such that (| f,(2)|"/™) is uniformly bounded on compact subsets
of Q). Suppose there does not exist a neighborhood U of zy and a function v on U that is

etther harmonic or identically —oo such that
liminfIn | f,(2)["/" < v(z) < limsupln|f,(z)|"/"

for all z € U. Then zy € liminf Z(f,).

The following proposition will nicely facilitate the proof of Theorem 2.5. We hold to

the convention that S denotes the closure of a set S, and S° the interior.

Proposition 2.4. Let (f,(z)) be a sequence of functions that is compactly convergent to
f on a region Q. Suppose f is continuous and nonvanishing on Q. If Z(f,) is finite for all

n, then U,y Z(fn) has no limit points in €.

Proof. Fix 29 € Q. Let r > 0 be such that K := D,(29) C Q. Since |f] : 2 — R is

continuous on K, the extreme value theorem implies there exists 2 € K such that

a:=|f(2)| = inf |f(2)],

zeK

where a > 0 since f is nonvanishing on K. Now, there exists IV such that |f,(z) — f(z)| <

a/2 for all n > N and z € K, implying | f(2)| — | fn(2)| < @/2, and hence

[fn(2)] > [f(2)] =

a o«
T>a-2=2%50
- 2 2

Do \

foralln > N and z € K, and so Z(f,) N K = & for n > N. Hence

N

ZNK = U (f)NK) =] (Z(f.) N K),

n=1
a finite set, and so there are only finite many elements of Z within a distance r > 0 of z.
This implies that zg is not a limit point of Z, and since zg € € is arbitrary, we conclude

that Z has no limit points in €. |
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The next theorem is the culmination of the present section. Once proven, the theorem
will be put to work throughout the remainder of this thesis in order to find the zero

attractors of various polynomial sequences.

Theorem 2.5. Let (p,(2)) be a polynomial sequence such that |J,, Z(pn) is a bounded
set, and suppose (|pn|1/”) is uniformly bounded on compact sets. Suppose there exist
mutually disjoint domains Q1, ..., Qp, (only one of which is unbounded), harmonic functions
v; : Q; = R, and closed sets F; C €); such that the following hypotheses hold:

L. C=UL, Q.

2. For each1 <j<m,

Tim In |, (2)]'" = v, (2)

uniformly on compact subsets of Q; =Q; \ Fj.
3. For every z € A := U;":l 082 and neighborhood N of z, there exists no analytic
f: N — C such that Re(f) = v; on each nonempty N N ;.
Then for F :=Jj_, Fj,
A Climinf Z(p,) C AUF.

In particular, if the zero attractor A of (pn(z)) exists and F = &, then A = A; and if
FCA, then A=AUF.

Proof. Suppose zyp € 09 for some 1 < k < m. Let U be a neighborhood of zy. Then

v = —00 cannot satisfy
lim inf In |p, ()| < v(2) < limsupIn |p,(z)|"/" (2.8)

for all z € U since liminfIn |p,(2)|"/™ is real-valued on U \ A by hypothesis (2) in the
theorem. Suppose there is a harmonic function v on U such that (2.8) holds for all z € U.
Then for each 1 < 5 < m for which U N Q; # & (and there must be at least two such
values) we have

1/n

v(z) = lim In|p,(2)|

forall z € UN Q; Since U is open and each F} is closed, there exists » > 0 such that
N :=D,(2) CU and NN F; = @ for all j, and thus NOQ; = NNQ; for all j. Now, v is
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harmonic on the simply-connected set IV, so there exists harmonic w : N — R to make
f = v+ tw analytic on N. However, we then have Re(f) = v = v; on each nonempty
N N Q;, contradicting hypothesis (3). Thus zp € liminf Z(p,) by Theorem 2.3, implying
that A C liminf Z(py,).

Fix 1 < k < m. By hypothesis (2), |pn|'/™ — €% uniformly on compact subsets of
Y}, and since e"* is continuous and nonvanishing on 2}, Proposition 2.4 implies that

U,, Z(|pn]"/™) has no limits points in €}, and hence neither does the set

Z .= UZ(pn).

So if zp € ), then there exists € > 0 such that [Dc(z0) \ {20}] N Z = @. Moreover,
20 € Z(pp) can hold only for at-most finitely many n, since otherwise lim,,_,~ In \pn(zo)|1/ n
cannot be real-valued as required by hypothesis (2). Therefore D.(z0) N Z(pn) = @ for
all but finitely many n, whence zg ¢ liminf Z(p,) follows. That is, z9p ¢ AU F implies
2o ¢ liminf Z(p,,), and so liminf Z(p,) C AUF.

Finally, if A exists and F' = &, then A = liminf Z(p,,) = A by Proposition 2.2; and if

A exists with F* C A, then A C A C AU F implies that A= AUF. [ |
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Section 3: The Classic One-Term Case

Here we use Theorem 2.5 to solve the problem considered by Szeg6 almost a century
ago. Recalling (1.1), in the present setting this is the problem of finding the zero attractor
of the sequence (sy,(nz)). In fact we will generalize slightly and treat the sequence (s (n2))

for any fixed positive integer a. Letting

define the region
Lu :{z : ’(p(%)‘ <1and |2| < \wy} (3.1)

for any w # 0, shown in Figure 5. To prove is the following.
Theorem 3.1. The zero attractor of the sequence Sqn(nz) is OLg.

A series of lemmas will be proven which, taken together with Theorem 2.5, will furnish
the proof of the theorem. The bulk of the work will be to determine the limit of |sq, (n2)|/"
as n — oo in the two regions C\ L, and L,.

First some convenient asymptotics for s,,(nz) are needed, where r is any positive

integer. Defining

O =\ 2m(rn+ 1),

(= ‘
N

FIGURE 5. The regions L,, and T,.
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asymptotics presented in [4] are readily adapted to give, for some fixed v < 0, that

nz
en? SOrn+1 (

) 14 0(n")] (3.2)

1
Srn(nz) = s
nz
—1)om
(rn +1 )
whenever |z| > r +1/n, and
nz
QDMH_I <Tn - 1)
Srn(nz) =™ |1+ 14 O(n")] (3.3)

nz 1
rm+1 Trn

whenever Re(z) < r + 1/n. Each order term O(n”) holds uniformly on compact sets.!
A pause to ponder notation seems timely here. As the overwhelming majority of the
discs and annuli in C that we will encounter from now on will be centered at the origin,

we establish the more economical notation
Ds ={z:]|z] < s}
and
Agp={z:s<|z| <t}
We now commence with the construction of our aforementioned lemmas.

Lemma 3.2. In the region C\ L, we have

1 an
i [$an(nz)]

ez
=aln|—
n—00 n a

uniformly on compact sets.
Proof. Let K be a compact set in C \ L, such that K C A, ~, so that z € K implies
|z| > a. Then (3.2) with r = a gives
1
anJrl( nz > "

. 1/n Zl 1: an+1 v

lim [sgn(n2)|"/™ = |e*| lim [1+0(n")] (3.4)
n—oo

n—oo nz 1
an+1 Tan

IThese asymptotics are repeated in §10, where explicit steps are also given that show how one of them is
derived from the appropriate asymptotic in [4].
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The O(n”) term represents a sequence of functions f,(z) for which there exists a constant
C > 0 and integer ng such that |f,(z)] < Cn” holds for all n > ny and z € K. We now

write the limit in (3.4) as

1/n
’ |1+fn(z)|1/n ) (3'5)

“ nz
14 an+ 1 nz
1/n P an + 1
|‘7an|

le®| lim

an+1

-1 1/n

and consider the limit of each factor in the parentheses individually.
Let € € (0,1]. Since v < 0, there exists n; > ng such that Cn} < e. Then |f,(2)| <

Cn” < e for any n > n; and z € K, so that
1+ <l4+e<(14+¢€m,

and hence

1/n

1+ fu(2)Y" < (L4 |fa2)) " < 1+e

On the other hand,
fa(@)l <e = 1=l =1-fu(x)| >1-e>(1-¢)"
= L+ fal) 2 1= 1] > 1 e
Combining our results yields
L+ fa@)" 1] < e

and hence
lim |14 fo(2)|V/" =1
n—oo

uniformly on K.

Next, define
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for each n, so that (v,) is a sequence of nonvanishing analytic functions on C\ L,. Let

E C C\ L, be compact, and fix k. Define the sets

S:{ i :zEEandneN}
a+1/n

and

zZ
= : E5.
Sk {a—l—l/k z€ }

Clearly Sy C S and S is compact. By the extreme value theorem there exists M € (0, 00)
such that

max |p(w)| = M,
weS

and so

z
SDl/n( )‘ = sup |<,0(w)|1/" < su£)|<p(w)|1/” =M/ < M +1.

|¢n g = sup
" 2€E a+1/n wESp weS

This implies that sup{||¢n||z : n € N} € R, and therefore (¢,,) is a bounded subset of
A(C\ L,), the family of analytic functions on C\ L,. By [1, Theorem 5.1.8], then, (i) is
equicontinuous on C \ L, and since ¢, (z) — 1 pointwise on C \ Lg, [1, Theorem 5.1.9]
implies that (1) converges uniformly to 1 on E. Now, because K C C\ L, is compact,

we conclude that

ne 1/n
lim ’go( > =1
n—00 an + 1
uniformly on K.
A similar argument will show that
e | (z)‘ _ Al
nhanolo 4 <an+1>' ¥ a/l  qo el (36)

uniformly on K. Defining

an(z) - 90&(@7”772L 1)’

‘pa(a —I—Zl/n>

we have

= sup [p(w)|* < sup |p(w)|* = M?,
weSh weS

[4hnll 2 = sup
z€E
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and thus () is a bounded subset of A(C \ L,). Equicontinuity follows, and because (3.6)
holds pointwise on C \ Ly, we conclude that it holds uniformly on compact subsets of
C\ Lo

Finally, as it is clear that

. 1 . 1
im ———— =1 and lim =1
n—oo |Uan|1/n n—o0 nz 1/n
an+1
both hold uniformly on K, from (3.5) we find that
: n z af ® e|z|*
i [sunn2) /7 = ][ (2] = <2 (.)

uniformly on K.
If K is a compact set in C \ L, such that K C {z: Rez < a}, then (3.3) with r = a

gives
1/n

gpanﬂ(“"niﬂ n+om”] . (38)

nz 1
an+1 Tan

and it can be shown that (3.7) again holds uniformly on K. Combining the results of our

lim [sqn(nz)|Y/™ = |e?] lim |1+
n—oo n—oo

analyses on |z| > a and Re z < a, we conclude that (3.7) holds uniformly on any compact

K C C\ L,. Taking the logarithm then proves the lemma. |

In the proof of Lemma 3.2 the argument that |14 f,,(2)|'/™ — 1 uniformly on compacta
could have been accomplished quicker with application the following proposition, which

will become a staple in future proofs.

Proposition 3.3. Let (f,(2)) be a sequence of functions on a compact set K C C, and

suppose there exists £ : K — C such that
: 1/n _
Jim [ £ ()] = £(2)
uniformly on K. If ||¢||x € [0,1), then

lim |14 fu(2)]Y" =1
n—oo
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uniformly on K.

Proof. Suppose ||¢||x € [0,1), so there is some § € (0, 1) such that [¢(2)] < 1 — 24 for all

z € K. Now, there exists ng such that
[fu(@) V" = (z)| < 6
for n > ng and z € K, whence
[fa(@)V" <6+ 6z)] < 1=,

and thus

1+ |fa(z)| <14+ (1 —-0)" (3.9)

for n > ng and z € K. Let e € (0,1). Since 1+ (1 —4§)" — 1 and (1 + €)™ — 0o as n — o0,

there exists n; > ng such that
1+1-0)"<(1+¢e"
for all n > ny, and then
T+ () ST+ fu(2) <1+ (1 =0)" <(1+¢)" (3.10)

for n > n; and z € K. Also, from (3.9) we have |f,(2)] < (1 — )" < 1 for n > ngy and

z € K, so there exists ny > n such that |f,(z)| < € for n > ny and z € K, and then
L+ M) = 1= @)l =2 1= fa(x)| > 1—e> (1—€)" (3.11)
for n > ng and z € K. Combining (3.10) and (3.11), we finally obtain
L+ ful) 7 =1 <€
for all n > ny and z € K. Therefore |1 + f,,(2)|"/" — 1 uniformly on K. [

Lemma 3.4. In the region L, we have

lim In [sgn(nz)]
n—00 n

= Re(z)
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uniformly on compact sets.

Proof. Let K C L, be compact. Equation (3.3) again gives (3.8). From the analysis
starting with (3.4) and ending with (3.7), we know that

Cpan-i—l( nz >
lim A1) 14 omy)

n—oo nz 1
an+ 1 Tan

uniformly on K. (The functions 1, and @Zn are not nonvanishing on L,, but we can assume

1/n

z etz _
=[e*(3)] =1

0 ¢ K since the z = 0 case is easily treated separately.) Now, |¢®*(z/a)| < 1 holds for all

z € Lg, and since z — ¢%(z/a) is continuous on K, the extreme value theorem implies that

()l <o

By Proposition 3.3 it follows that the limit at right in (3.8) equals 1 uniformly on K, and

therefore
li 1/n _ |, 2
im |[sgn(nz)| /" = |e?|
n—oo
uniformly on K. Since |e?| = eR¢?, taking logarithms finishes the proof. |

The sequence sq,(nz) is now seen to satisfy hypothesis (2) in Theorem 2.5, and it is
a relatively straightforward matter to verify the theorem’s other hypotheses. Uniform

boundedness on compacta is addressed next.
Lemma 3.5. The sequence |sq,(nz)|Y/" is uniformly bounded on compact sets.

Proof. Suppose K C C is compact, and fix n > 1. Let s € (0,00) be such that K C D;.

Now, for any z € K,

an (nz)k 1/n an ’TLZ’k 1/n
santnt = |57 O < (Z 0 )
=0 k=0

k
0o 1/n
N e _ e
< ZT :(enZ) n_ olz Ses’

and so € is an upper bound for {|s.,(nz)|'/™ : z € K}. Hence

llsan(n2)[" [l = sup {|san(n2)|" : z € K} < ¢°
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for all n > 1, so that

sup {H|san(nz)|1/”HK in > 1} < e’

and therefore |sq, (nz)|*/" is uniformly bounded on K. [

Finally, from [7, p.106] we have the following result which will be used to verify the
boundedness of J,, Z(sn(nz)) that is required by Theorem 2.5.

Proposition 3.6. Forcy,...,c, € C, let
P(z)=2"+ 12" V2" 2t ep12 + O

If P(z9) =0, then

20| < 2 max |c]'/*.
1<k<n

Lemma 3.7. |J,, Z(sn(nz)) is a bounded set.

Proof. Fix n > 0. Recalling

an
(nz)* nam n2
San(nz)zz Kl = Wz“”+~--+§z2+nz+l,
k=0

factoring out the leading coefficient makes clear that sqy,(nz) = 0 if and only if

an

2a1 4 27 an—1 + (an)(a;z — 1)zan72 + (an) (cm — ;)(an — 2) Lan—3 4.
n n n
n (an)(an —1)(an —2) - - 22’ n (an)! _o,

nan— 1 nan

which in turn implies, by Proposition 3.6, that

|z| < 2max{a, [@m)(an—l)} 3 . [(an)(an— 1)(an — 2) 2] anli—l’ [(an)!] aln}.

n2 nan—l

However, for any integer 1 < k < an,

[(an)(an— 1) [an — (k- 1)]]11 s [(an)k]i :a’

nk nk

and thus we find that |z| < 2a. Therefore Z(s,(nz)) C Dy, for all n > 0, and |J,, Z(sn(n2))

is a bounded set. [ |
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Clearly L, U (C\ L,) = C. Also, for any z € dL,, there is no neighborhood N
of z for which f : N — C is analytic, and yet Re f(w) = Re(w) for w € L, while
Re f(w) = Re[aln |(ew)/a|] for w € C\ L,. Hence hypotheses (1) and (3) of Theorem 2.5
are satisfied, and therefore the zero attractor of the sequence sqp(nz) is OL,. Theorem 3.1

is proven.
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Section 4: Asgn(nz) + Bspp(nz) with A,B# 0 and B # —A

We conjecture that the zero attractor of Asg,(nz) + Bsp,(nz) is the same for any
nonzero A, B € C such that B # —A. To show this, we note Asqy,(nz) + Bsp,(nz) and

San(nz) + (B/A)sp,(nz) have the same zero attractor, and so it is sufficient to prove that
Pn(2) := San(nz) + Bsp,(nz)

has the same zero attractor for any B # —1. The case when B =1 and a = 1 was analyzed
in [5], and so we carry out a similar (albeit streamlined) analysis here.

The zeros of pgpp(800z) in the case when a =1, b =2, and B = 1 are shown in Figure
6, along with the curves |p(z/a)| = 1 and |¢(z/b)| = 1, and also the circle C,p, at the origin
containing the points of intersection of these curves. Let D, denote the interior of the

circle, and define the region

T, = {z: ‘gp(%)‘ <1and |2| > |w\},

-2

FIGURE 6. The zeros of s,,(nz) + sa,(nz) for n = 800, with S,, Sy, Cyp for
(a,b) = (1,2).
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shown in Figure 5. Recalling (3.1), the figure strongly hints that the zero attractor of p,(z)
is the union of the boundaries of the following four regions:
0 =C\ (Dap U Ly),
Q2 = Dap \ (La UTa),
Qs = Ly N1y,

Q4 = L.
Theorem 4.1. The zero attractor of the sequence pp(z) is Ui:l 0.

For convenience, Figure 7 illustrates the conjectured zero attractor together with the
regions k. As with Theorem 3.1, the proof of Theorem 4.1 will be facilitated by a series
of lemmas which affirm that various hypotheses of Theorem 2.5 are satisfied. But first we

establish a lemma which will help resolve certain limits in this section and the next.
Lemma 4.2. Let u, A € C with |u| =X =1. For1<a<b set
(%)
ol 22
a
sl
‘p< b

If z € Dy \ {0}, then M > 1; and if 2 € C\ Dy, then M < 1.

a
)\z‘

e

|e?]

Proof. Since

b
a (b\bt-e eabb eba®
eD 0 < <-(-= s < — & |]z|*"> ,
2eDu\ (0} & <2 (1) < SO e et s S
we have
a a
|e/\z| © & |6)\z| &el—)\z/a
a a e
N pz\ b wz b~ ebaaM > 1
|e,u,z| 50(7>’ |€”Z| T2 el=Az/s
b b
for any nonzero z € Dgp. Similarly we obtain M < 1if z € C\ Dg. |

To confirm hypothesis (2) in Theorem 2.5 we now evaluate the limit of |p,(z)|"/" as

n — oo in each of the regions €.
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A

FIGURE 7. The regions 2, with the zero attractor of su,(nz) + Bsp,(nz)
in bold.

Lemma 4.3. In the region 21 we have

In |py,
lim n [pp(2)]

n—00 n

:bln’%

uniformly on compact sets.

Proof. The analysis of ; can be broken into two cases: |z| < b and |z| > b. Assume
|z| <, so that in particular Re z < b. By (3.2) with » = a and (3.3) with r = b,

1/n
an+1 nz bn+1 nz
1/n . ( ) By < >
() _ ant1) it \nromy+B| . (@)

I nz i nz )
—— 1o —-1)o
an +1 o bn+1 bn

Since v < 0 and nz/(rn+ 1) — z/r as n — oo for r # 0, it is clear that

1/n
pa(2)] /" () B (G)
a
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Now, since |p(z/b)| > 1, the second term above will dominate the constant term B. We

thus may drop the constant term and further simplify the expression in the limit:

f PO SOanH(%) n BS@an(%) .
e el (Ea) Van kT (F-1) Ve r |

We simplify still further by dropping the 1 in each radicand, drawing out 1/4/n to obtain

- pa(2)[V ‘Panﬂ(i) Bcpbnﬂ(%) 1/n

lim = lim a

el (S RO O

a

since (1/y/n)" — 1 as n — co. Finally, let

A :ﬁ and B :L(Eb)
Gy S G-y
so that
tn PR = oo () + 2 )]
n (2 1/n
st
on (2 1/n
) e+ o
- b
Since o .
A Azb@ = M‘;j)b <1
w0 TG

by Lemma 4.2, from equation (4.2) we obtain

GE (4.3)

()l -

: I/n _ 2
Jim [pn(2)] €]

by Proposition 3.3.
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If z € ©; is such that |z| > b, then by (3.2) with r = a,b we have

1/n
an+1 nz bn+1 nz
Pnlz an +1 v bn +1 y
e [14+0(n")] + +om)|
( — 1> Can < — 1) Obn,
an+1 bn+1

which is handled in the same manner as (4.1) and again leads to (4.3). Thus we obtain
(4.3) for all z € Q, and since the [1 + O(n")] factors in (3.2) and (3.3) hold uniformly on

compact sets, we find that (4.3) holds uniformly on compact subsets of €. |

Lemma 4.4. In the region 2o we have

In |pn,
i Il (2)]

ez
=aln|—
n—00 n a

uniformly on compact sets.

Proof. Let z € Q9 with Rez < a. By (3.3) with r = a, b,

1/n
an+1 nz bn+1 nz
1/n ¥ ( ) By ( >
Pa ()" _ antl/ I o)+ B+1| . (44)

lex] nz . nz )
—— 1o —-1)o
an +1 o bn +1 bn

The constant terms B and 1 may be neglected since |¢(z/a)| > 1, giving

N Lo I ]
SR G
G ()T
n—o00 z =
(E B 1) Va (g - 1) Vb
= lim |4 (%) + B. lm(i)‘l/”
a B (2) 1n
:‘ z n} 0 1+ b (4.5)
90((1) i Azwan(g)

Since
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by Lemma 4.2, from (4.5) we obtain

1/n

: _ z
Tim [pa(2)] /" = |¢]

zZ\ |@ e\

=) =(- @ 4.6
(=) n (49
by Proposition 3.3. A nearly identical analysis for z € Q9 with |z| > a will again yield
(4.6). |

Lemma 4.5. In the region 23 we have

1
1o I lpa(2)

n—oo n

= Re(z2)
uniformly on compact sets.

Proof. For z in
Q3 ={z:]p(z/a)] <1} N{z:]p(z/b)] <1} N{z:a < Rez < b},

equation (3.2) with » = a and (3.3) with r = b yields (4.1). The nonzero constant term B
dominates since |¢(z/a)| < 1 and |p(z/b)| < 1 both hold, so that

1/n
im PG e Z g,
n—o00 ‘ez| n—o00
and hence
lim |pn(2)[Y" = |e?]. (4.7)
n—oo
|
Lemma 4.6. In the region 24 we have
1
lim I lpa(2)] = Re(z2)
n—oo n

uniformly on compact sets.

Proof. For z € Q4 equation (3.3) with r = a,b yields (4.4). Now, B # —1 implies that
the constant term B + 1 is nonzero, and since |p(z/a)| < 1 and |¢(z/b)| < 1, this constant
term dominates. From (4.4),

1/m

tim PR B =,

n—o0 |ez| n—o0
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so that (4.7) results once more. This finishes the proof of Lemma 4.3. [

We now have

(

bln‘%, seM
lim 1n’Pn(z)’1/n: aln’% z €
n—00 a: 2

Inle*|, ze&Q3UQy,

and so In | pn(z)‘l/ " converges uniformly on compact sets to a harmonic function in each
region. Hypotheses (1) and (3) of Theorem 2.5 being clear, it remains to verify that the

1/n

sequence |p,(z)|*/" is uniformly bounded on compact sets and |J,, Z(pn(2)) is a bounded

set.

1/n

Lemma 4.7. The sequence |p,(z)|"/™ is uniformly bounded on compact sets.

Proof. Let K be a compact set, and fix n. Let » > 0 be such that K C D,, and set
M = |B|+ 1. For any z € K,

1/n 1/n
an ; bn ; an : ; bn ; ;
Un _ (nz)? (nz)? n|z|! n|z|!
P =T B S| T B
=0 =0 =0 iz
ol i) < ()
1/n n! |z n’|z|’ 1/n n|z|)’
<[ SR ) gy 30 0
=0 =0 =0
= (2Me"H " = 20 < e /2M < (2M 4+ 1)e = C, (4.8)

s0 {|pn(2)|Y/™ : z € K} has upper bound C € R. It follows that

[1pal"/™[| ;o = sup{lpa ()™ : 2z € K}

exists in R, with H\pn\l/”HK < C for all n, and hence
1
sup [|lpal /" ¢
neN
exists in R. Therefore the sequence |p,|"/" is uniformly bounded on K. |

Lemma 4.8. |J,, Z(pn(2)) is a bounded set.
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Proof. We have

bn nkzk an nkzk
po(x)=B Y -+ By
k=an+1 k=0

and so p,(z) = 0 if and only if

-1 —1).-- 2
bt OO0 e @)oo ]
n n n—an
B+1[(n)(bn—1)---(an+1) 4, (bn)(bn—1)---(an) ,,_; (bn)!
+ B |: nbn—an Z0 nbn—an+1 z +oet nbr =0

Thus if p,(z) = 0, then, letting By = |B + 1|/|B|, Proposition 3.6 implies that |z| is at

most equal to

M = 2max {b, \/(bn)(bn — 1)7 i’/(bm(bn —1)(bn — 2)’.“’bnan</(bn)(bn —1)---(an + 2)’

n2 n3 nbn—an—l

bn_a,{/Bo(bn)(bn 1) (an+ 1) bnan+§/30(bn)(bn 1) (an)

nbn—an ) nbn—an+1 rrro

wn_1/ Bo(bn)(bn —1)---2 4,/ Bo(bn)!
\/ 0( )Efbbn—l ) ) \/ Oébn) }

Now, since in general

(bn)(bn — 1)+ [bn — (k — 1)] < (bn)",
we find that
M < 2bmax {17Ml/(bn*an%Ml/(bnfanJrl)’ o ’Ml/(bn)} ’

and so M < 3b for all sufficiently large n. That is, there exists some ng such that Z(p,(z))

lies in the disc D3y, for all n > ng, and therefore | J,, Z(pn(2)) is a bounded set. [

We finally conclude by Theorem 2.5 that the zero attractor of su,(nz) + Bsp,(nz) is

Ui:l 0y, proving Theorem 4.1.
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Section 5: Asgn(nz) + Bspp(wnz) with A,B € C\ {0} and |w| =1

We now find the zero attractor of all sequences of the form Asgy,(nz) + Bsp,(wnz) with
A,B € C\ {0} and unimodular w € C. As is demonstrated in a more general setting at

the beginning of the next section, it is enough to consider

0

Pn(2) 1= San(nz) + Bsbn(ei nz).

for B # 0 and 0 <6 < 27.
For any fixed w € C let S,, denote the Szegs curve |¢(z/w)| = 1. The zeros of pgoo(8002)
in the case when a =1, b =2, B =1, and § = 7/5 are shown in Figure 8, along with the

curves S,, S

ne—i0s Spe—io, and the circle Cgy, at the origin that contains the intersection

points of the latter two curves. In addition to portions of the aforementioned Szegd curves
and circle, the zero attractor would seem to also include a line segment with endpoints

being the elements of S, N S,.—is N Dg.

-2

FIGURE 8. Zeros of s,(nz) + szn(e”/5nz) for n = 800, with S,, S,.—is,
Spe—io, Cqp for (a,b,0) = (1,2,7/5).
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For any 6 € R the angle this segment makes with the positive real axis is —0/2. To see

this, suppose z € S, N S, so that

z 4 z _ —i0
‘*61 z/a _ ‘7,961 z/(ae™") -1,
a ae™"
Assuming z = re~"/2 for some r > 0, we obtain
—re—10/2 _pif)2 a
‘6 re Ja| — ‘6 re’?/?/a| _ =,
er

then
Re(ge_wﬂ) = Re(%ewﬂ) = ln(%).

The first equality is in fact an identity that puts no constraints on r, and so from the

second equality we arrive at the single equation

a. er
cos — = —In —.
2 r a

We need only confirm that there must exist » > 0 that satisfies this equation, which

amounts to showing the function

a er

f0)=m

r a

has range containing [—1,1]. But this follows from the continuity of f and the observation
that f(a) =1 and f(a/e?) = —e? < —1.

Let D, denote the interior of the circle Cyp, s0 0Dy, = Cgy. For
H = {z: Re(z) > 0}
and fixed € € R define the open half-plane
Hy = e“H = {2 : z € H}.
Designating the regions

Ql - (C \ (Eab U Zbefw),

Qo =Dy \ (Za U faeﬂ'e U Taefie),
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Q3 = Lye—i0 N Tyei0,
Qu = Lye-io \ H(z—p)/2,
Q5 = Lo N Hiz_g)/2,
which are displayed in Figure 8, we make the following theorem.
Theorem 5.1. For any 6 € [0,27), the zero attractor of sy (nz)+Bsy,(e?nz) is Ui:l 0.

To prove this theorem with the use of Theorem 2.5 will require some asymptotic results

for sp,(e"nz). From (3.2) and (3.3) we have

0 _
Sbn(e nz) PRI L
bn+1 Tbn
for |z| > b+ 1/n, and
bnt1( € N2
0 efnz bn+1 v
spn(enz) =e 1+ [1+0(n")] (5.2)

for Re(e?z) < b+ 1/n, or equivalently for z € C \ e=®[(b+ 1/n) + H].

I1/7 in each

We now apply our asymptotic results to evaluate the limit lim,, oo In |p,(2)
of the regions €, as required by Theorem 2.5. Here we will make use of the symbol ~ to

denote asymptotic equivalence or “equality of the limits.”
Lemma 5.2. In the region Q) = C\ (Dgp U Ly,—i0) we have

1
i Py ],
n—oo n b
uniformly on compact sets.

Proof. Let z € Q) such that Re(e??z) < b. From (3.2) with 7 = a and (5.2) we have

enz pantl (z) (pbn+1 <elz>
Inpa(2)] [Pa(2)] ~ llm —QD a’/ 4 Be'nz| 14 —— b

n n (E_1> Ot
a




32

1 i
~ Eln enzgpa’VL(g) +Bee Oz |:1+80bn<bz>:| , (53)
and then |¢(e”z/b)| > 1 implies that
nlpn(Z)l 1)) e”zwan(i) + Bee””wm<ewz>‘
n n a b
z
. i0 bn 6nz(10an (7)
= Lin|Bee: go(e z> Qe +1
n b Beeienz@bn €z
b
o 1 enzsoan (E)
Nbln‘——i——ln G 41 (5.4)
b Beeienz(pbn €z
b
Since
1/n
a
enz(pan(i> ‘ez‘ (,0<3>
11 o = a'@ p <1
n—00 ) e~ 7
Bee“gnzsobn<> il » ez
b e« | b

by Lemma 4.2, the desired conclusion follows from (5.4) and Proposition 3.3. If z € € is

such that |z| > b, then a similar argument follows using (5.1). [ |
Lemma 5.3. In the region Qg = Dgp \ (Ly U Lyp—i0 UT 4o—i0) we have
lim PGy 12
n—00 n a
uniformly on compact sets.
Proof. Let z € Q9 such that Rez < a. We have, from (3.3) with » = a and (5.2),
0
1 (? bnt1 € %
a1y |y, 2 G) o,
SN e [ 14—l | 4 B 1 ——
n n (*—1>Gan <e z_1>0
1 z i0 0, b ez
~ —1n enz+enzgpan<7) + Be® ™ 4 Bet nZQD nl = ~
n a b
-1 ‘eewnz‘ 6(1787‘.9)722 + e(lfeig)nzgoan<i) + B+ BQDbn <GZZZ> ' . (55)
n a
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Since

Z_ B ‘ oif
ell—e G)nzgoan(i) _ (e*ZQ)anwa” <> (5.6)

a a

and |p(ez/a)| > 1, the constant term B in (5.5) is dominated by the preceding term, and

hence
1 1 i i i i0
n |pn(2)’ ~ ~1n ‘66 enz‘ e(lfe Nnz + 6(176 G)nz(pcm(E) + B@bn (ebz> ‘
n n a
1 z BSObﬂ(#)
nz an
e Lo () +

We have |p(z/a)| > 1, so that

eiaz
B(,Obn< >
In [pn(2)| In || an(f) b
n ® a e(l—ew)nz
Bsobn <6i92>
1
= —Inle"™| (p(i> - 1+ b ;
a e(l—ele)nzgoan( >
a
and since 1 ,
" n 0
B(pbn eliz ’eewz‘ © ez
. b b
lgn;o " > = ~a— <1
n e(l—e )nzgpan(i) |6'Z’ 90(*)
a a

by Lemma 4.2, Proposition 3.3 implies that

1 1 an a
lim Inpa(2)] = lim —Inle"*| gp(i) = In €| g0<3> :aln‘% .
n—00 n n—00 N a a a
If z € Q9 is such that |z| > a, then a similar argument follows using (3.2). [

Lemma 5.4. In the region Q23 = Ly,—ie N T, .—ie we have

In |pp,
1o 1 lpa(2)

Ea
n—o00 n

=Inle

uniformly on compact sets.
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Proof. As in the proof of Lemma 5.2 we use (3.2) with » = a and (5.2) to obtain (5.3),

0 0
—i0\an, an € * N
— B+ B — .

Since |p(e??z/a)| < 1 and |@(e?z/b)| < 1, the constant term B dominates, so

whereupon (5.6) leads us to

In ’pn(z)| ~ l In ‘eeienzl
n n

| 1 i i
lim I lpa(2)] = lim fln‘eeeml|B| zln‘eeez‘
n—00 n n—00 N

as desired. [ |

To carry out the analysis in the remaining regions {24 and 25 necessitates use of the
following lemma, as these two regions lie on either side of the line segment discussed at

the beginning of the section.

Lemma 5.5. Suppose 6 € [0,27), and let ¢ = (¢ —1)z. Then Re(¢) <0 if z € H(z_g)/2;
and Re(—() <0 if z € (C\F(ﬂ._g)/Q.

Proof. Fix 2z € H(;_g)/2. Then z = em=0)/2yy = je~9/2yy for some w € H. Now,
_ (0 Ci0/2 - i0/2 62y _ .0
¢=(e" —1)ie w=1iw(e"* —e ) ——2wsm§,
and since Re(w) > 0 we have
.0
Re(¢) = —2Re(w) sin 5 < 0.
If zeC\ F(ﬂ._g)/z, then z = ie~"/2w for w such that Re(w) < 0, whereupon
.0
Re(—(¢) = 2Re(w) sin 3 < 0
obtains. |

Lemma 5.6. In the region 4 = L, i \F(ﬂ-_g)/Q we have

| i
tim PP ety
n—o00 n

uniformly on compact sets.
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Proof. As in the proof of Lemma 5.3 we use (3.3) with 7 = a and (5.2) to obtain

0

e(l—ew)nz +e(1—ei9)nz¢an<§) —|—B(,Dbn(ebz> —l—B'

In |pn(Z)‘ ~ l In ‘eewnz‘
n n

if

=In }eewz‘ + l In
n

Since |p(e?z/a)] < 1 and |p(e?z/b)| < 1, and Re[(1 — ¢%)z] < 0 by Lemma 5.5, the

constant term B in (5.7) dominates the others as n — oo, and so

lim ipa()l _ lim <ln‘eewz| + iln\B[) :ln‘eewz‘.

n—00 n n—oo

Lemma 5.7. In the region Q5 = Lo N Hx_g)/2 we have

In |py
L Il (2)]

=In|e?|.
n—00 n

uniformly on compact sets.

Proof. As in the proof of Lemma 5.6 the equations (3.3) and (5.2) give the asymptotics,

leading to
In ‘pn(2)| ~ lln‘enz‘ 1+ @an<i>+ Be(ewfl)nz +Be(ei91)nz¢bn<eiez>’
n n a b
1 ; .
—1In ’€Z| + Eln ‘1 + SOan<g>+ Be(e 9 —1)nz + B(ew—l)bn(pbn(%) ‘ . (58)

Since |p(z/a)| < 1 and |p(z/b)| < 1, and Re[(e?® — 1)z] < 0 by Lemma 5.5, the constant

term 1 in (5.8) dominates the others, so that

n—00 n n—o0

In |p, 1
lim I lpa(2)] = lim (ln|ez|+ln|1]> = In |€*|.
n

|1/n

That the sequence |p,(z) is uniformly bounded on compact sets and |J,, Z(pn(2))

is a bounded set is argued along lines similar to the proofs of Lemmas 4.7 and 4.8. We
therefore conclude by Theorem 2.5 that the zero attractor of sq,(nz) + Bsy(e?nz) is

U‘Zzl 0y, proving Theorem 5.1.
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Section 6: Introducing the General Two-Term Case

We undertake to find the zero attractors of all sequences (p,(z))52, for which
pn(2) = Asgn(anz) + Bsp,(6nz)

for fixed integers 1 < a < b and nonzero constants «, 5, A, B € C. To do this it will be

sufficient to consider only sequences of the form
Pn(2) = san(nz) + Cspy(ynz) (6.1)
for nonzero v, C' € C. To see this, we note that
. 1 z
o) = o (3)

if we choose 7 = f/a and C = B/A, and so if Z(p,(2)) is the set of zeros of p,(z), then

the set of zeros of p,,(2) is aZ(pp(z)). Therefore

Z(pa(2)) = ~ Z(pn(2))

for all n, and so if A is the zero attractor of (p,(z)), then the zero attractor of (p,(2)) is

A

Q=

Setting v = 7€'’ for constants r > 0 and 6 € R, we recast the family of sequences (6.1)
as

Po(2) = san(nz) + Cspp(renz) (6.2)

with C' taking the place of B. In [3] the exceptional case in which r = 1,0 =0, and C' = —1
was treated. (Strictly speaking that paper kept a fixed at 1, but the technique employed
would be the same for a > 1.) The case r =1, § = 0, and C # —1 is addressed in §4, while
all other cases in which r = 1 are addressed in §5. It thus remains to consider the cases
when r <1 and r > 1.

The value of C will be seen to have no effect on the zero attractor except in the

aforementioned special case when C' = —1 for » =1 and § = 0.
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As in the past we define ¢ : C — C by

and use this function to define the following four Szegd curves:

s o)

10
rez
82: §0< b )’:17
10
S, - S0(7“6 Z>’_T7
a

s G-t

For any Szegd curve S given by |p(wz)| = s for constants w € C and s € R, it will be

convenient to define the “interior of §” to be the open region
S ={z:|p(wz)| <s}, (6.3)
and the “exterior of S” to be
S”={z:[p(wz)] > s}.
The symbols S~ and S will denote the closures of regions S< and S, so for instance
S =8 ={z:]p(wz)| < s}.

We will discover in the next section that the points in So N S3 and S1 N Sy lie on an

“intersection circle” C, of special significance, with center at the origin and radius

b

a b \b-e
= a2 4
p () (6.4)

called the “intersection radius.” All points in & N 83, moreover, we will find from

Proposition 7.1 lie on an “intersection line”

Lrg={z:Arg(£z) = {9},
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where
rcosf —1
by = arCtan(rsinH) (6.5)
if 0 # kr for any k € Z. If 6 = km we (quite arbitrarily) set
w/2, if 0 =2knw
Er@ =
—m/2, if 0 = (2k + 1)~.
In any case a suitable parametrization for £, would be
ts tet? teR.
A useful formula for the future is
in 6
coslpg = r|siné| (6.6)

V2 = 2rcosf+1

It will be convenient to give notation to the half planes with common boundary L,g,
letting
Hlp = ellrotm/2I and Hop=—Hp.

b
D, = {z: |z] < a<b>b_a}
e\ ar

will be the disc with boundary C,.

Also

S/

T i) T3 T

FIGURE 9. Left: an example of S for » < 1. Right: an example of S for r > 1.
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For fixed values a, b, 0, and r, the zero attractor of (P,) will always be a subset of
the four Szegd curves, circle, and line defined above. To prove this it will be necessary
to first establish some basic facts about Szegd curves. The proposition below does this
with the aid of the Lambert-W function. The function £ : R — [—1/e, 00) given by
E(z) = xze” defines a bijection [—1,00) — [—1/e,00) with inverse the increasing function
Wy : [-1/e,00) — [—1,00) (which forms the principal branch), and another bijection
(=00, —1] — [~1/e,0) with inverse the decreasing function W_; : [-1/e,0) — (—o0, —1].
In particular we have

Wo(—1/e) = W_1(—1/e) = —1. (6.7)

The various parts of the next proposition, and especially the last two parts, are tailored
to provide the minimum that is required to push the proofs of certain future results across

the finish line.

Proposition 6.1 (Properties of Szegé Curves). For a,r > 0 let S be the Szegd curve

which is symmetric about R.

(1) If r <1, SNR consists of the points

Ty = —EW()(f), Ty = —EW()(_i), Ty = — oWy (—i>,
r € r € r &

where —a < 1 <0< 9 < a<a/r <x3. Moreover SNR = {x1,a} when r =1,
and SNR = {z1} when r > 1 (where again —a < x1 < 0).

(2) If r < 1, the graph of S consists of two components: a simple closed curve S’ in
D, and a simple unbounded curve 8" in x3 + H.

(3) If r > 1, the graph of S is connected and lies in x1 + H. Also S is simple if r > 1.

(4) If r < 1, then |¢o(rz/a)| < r for all z inside S’ and on the side of 8" containing
(x3,00). Otherwise |o(rz/a)| > r holds.

(5) If r > 1, then |p(rz/a)| < r in the region bounded by S that contains (x1,00),
otherwise |p(rz/a)| > r holds. If r =1, then |¢(z/a)| < 1 in the region bounded by

S containing the origin, and also the region bounded by S containing (a,c0).
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(6) For 0 <r <1 the portion of S lying in the upper half-plane where x1 < Rez < x4
18 concave.
(7) When r =1 define S’ to be the region enclosed by the portion of S in D,. Then S’

is convex for all 0 < r < 1.

Figure 9 illustrates the essential shape of the curve S when r < 1 (at left) and r > 1
(at right). The shape of & when r = 1 is exactly as shown at right in Figure 3, with a in
place of 1, and x7 the leftmost point on the curve. We now commence with the proof of

the proposition.

Proof.
Proof of (1). For z = x + iy,

AN TZ 1—rz/a| _ rzfa| _ 6|Z|
— r & |—e r & e =—
(%)) . =
2 2
N erx/a _ e\ xre+y o y2 _ a262rx/a—2 _ .’Ez, (68)

and so the graph of the level curve |o(rz/a)| = r in C may be identified with the graphs of

v(x) = Va2e2re/a=2 _ g2 (6.9)

and —v(z) in R%. Thus S is symmetric about the real axis, and of particular importance is
the fact that S consists of two continuous simple curves that are reflections of each other
about R. No vertical line intersects S at more than two points.

Define

_ f 1-rz/a
fr(z) e .

If z € R, then a?e?"*/%=2 — z2 = 0 by (6.8), giving
0= (aem/“fl — ) (aem/afl + ) = e’/ (1= fo(@)] [T+ fr(2)],
and thus f,(z) =1 or f,(z) = —1. Of special import are the observations that

flz)=—-1 & —%e—”‘/a . (6.10)
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and
rT r

frlz)=1 < —;e*m/a = (6.11)

e
Suppose r < 1. Since r/e € (0,1/e), it is exclusively in the domain of Wy and so (6.10)

yields the unique solution

-2 (2)

In contrast —r/e € (—1/e,0) is in the domain of both Wy and W_;, and so (6.11) yields

two solutions:

= -B(T) it =20,

It is immediate from the definitions of Wy and W_; that 1 < 0 < zo < z3, noting in
particular that Wy : [—1/e,0] — [—1,0] is a bijection. Next, since E(x) = xe” is increasing

on [—1,0], we find
el<e™ = —g >—re" = E(W()(—g)) > E(-r) = WO<_£> > —r,

and hence zo < a. A similar argument shows —a < x; for any » > 0, and —oc0 <
W_i(—r/e) < —1 implies x3 > a/r > a.

If r =1, then z9 = x3 = a results from (6.7), implying SN R = {x1,a}.

Finally, if » > 1 then —r/e falls outside the domain of W_; and Wy, and so only the
solution 7 deriving from (6.10) results. That —a < x; < 0 still holds for » > 1 is argued

similarly as in the r < 1 setting. In particular, since E(z) = ze” is increasing on (0, 00),

-1 T

e <e = g<7’er = E(W0<£>>>E(r) = W0<£><r,

and so x1 > —a.

Proof of (2). Suppose r < 1. From (6.8) it is clear that |p(rz/a)| = r admits a solution

rae/a—1

z = x + iy if and only if |z| < ae , or equivalently f.(z) € [-1,1]. Calculating

fiw) = = (1= 5 )errere

a a

we find that f, > 0 on (—o0,a/r) and f; < 0 on (a/r,cc0), and so f, has a maximum at

a/r with f.(a/r) = 1/r > 1. Now, setting f.(z) = 1 yields the solutions z3 < a/r and



42

x3 > a/r found before, so that the graph of § is disjoint from the strip zo < Rez < z3, and
at least some portion of the graph lies in x3 + H. Indeed, because f,(z3) = 1, f, decreases
on [x3,00), and f,(x) = —1 has only solution z1 ¢ [x3,00), it follows that f,.(x) € [—1,1]

for all z > x3, and hence the graph of S in 3 + H consists of the points
rtiv(z), x> xs.

Since the function v is continuous with v(x3) = 0, we conclude that 3+ H contains precisely
one component of the level curve |p(rz/a)| = r, and it is both simple and unbounded.
Since f,(x) decreases on (—o0,a/r) as © — —oo and f(z) = —1 has solution z; < 0,
we find that another portion of the graph of |¢p(rz/a)| = r is confined to the strip
1 < Rez < 9, and in addition the graph intersects every vertical line in the strip.
Because x9 < a, if z = x + iy is a solution to |¢(rz/a)| = r such that x; < x < x4, then

x < a follows, and

r<a = a?e® 2 < = 224y <d?

by (6.8). This clearly indicates that the portion of the graph of |p(rz/a)| = r in the strip
r1 < Rez < x5 must lie within D,. The graph is generated by the graphs of the continuous
functions +v, which are symmetric about the real axis and join at x7 and xo. Therefore

the graph of S possesses a component in D, that is a simple closed curve.

Proof of (3). Recalling that x9 = x3 when r = 1, in the r > 1 case the strips 1 < Rez < x9
and 7o < Re z < x3 of part (2) join to form the half-plane 21 +H, and by similar arguments
we find that the graph of |p(rz/a)| = r is comprised of the graphs of the continuous
functions v for all x > x1. As x — oo, the functions proceed from the common starting
point z1 symmetrically into the upper and lower half planes to form a single connected
level curve. The graph of S is also simple when r > 1, since in this case S NR consists of a

single point by part (1).

Proof of (4). This follows from part (2) and the observations that |¢(0)] =0 < r and

lim go(z)‘ =& lim e /0 /o2 +y?=0<r
Re z—o00 a

a T—oo
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for any r < 1.

Proof of (5). By part (3), the same observations made in the proof of part (4) hold here

for any r > 1.

Proof of (6). Fix 0 < r < 1. In the proof of parts (1) and (2) it was found that the portion
of § in question is given by (6.9) and lies in the strip x; < Rez < x9. To show is that

v”(x) <0 for all x € (x1,22). From

eQrm/a72(a2r2e2rx/a72 — g2 + 2arz — 27421.2)
<a2€2rr/a—2 _ 1'2)3/2

,U//(x) —
it’s seen that, for x € (x1,22), v”(x) < 0 if and only if
a’r?
h(z) == 2r’z? — 2arz + o — —2627"””/“ > 0.
e

To start, we observe that

r —r/e)eWol=r/e) - —r/e 22 r
o (o (-1)) = [T (o) = Gwa()

and so
h(ws) = 212 ;‘fzwg (—g) + 2ar —Wo(—g) +a?— 2226Xp<—2; %WO (-Z))
= 20*W3 (=) +20*Wo (= ) +a? — Wi ()
() () o0

2
+1}.

I

s

[N}
[ —|

5

|
I3 o=
N———

In particular h(x2) > 0, and so h(z) > 0 for 71 < x < 25 if K’ < 0 on (z1,x2). We have

2 3
B (z) = 4r’z — 2ar — ar_e2ra/a

)

and since

2ar3 2
h/(x2)2—4r2.9W0<_f)_2ar_ i eXp(_r.aWO (J’))
T e e a T

= —4a7“W0<—£) — 2ar — 2arW§ <_£>
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r 2
= —2ar [W()(—f) - 1} <o,
e
h' < 0 on (x1,z2) will obtain if A’ > 0 on (z1,72). Now,

4ot
B — 42 _ 2rz/a
(x) =4r e

)

and so h” > 0 on (z1,z2) will obtain if
2

(&
e?m:/a < —

3 (6.12)

for all x < x9. Since (6.12) is equivalent to < (a/r)In(e/r), it remains only to show that
x2 < (a/r)In(e/r). Recalling that Wy maps [—1/e,0) onto [—1,0), so Wy(—r/e) < 0 in
particular, we have
a. re r r r r
<4 (7> o W <—7) >1 <7) o TeWolor/ T
T2 =G e/ = e e =° eWo(—r/e)

or equivalently Wy(—r/e) > —1, which is of course true. The proof is done.

Proof of (7). By parts (1) and (6), the boundary of S’ consists of the graphs of the concave
function v(z) in the upper half-plane and the convex function —v(x) in the lower half-plane

for x € [z1, 2], which immediately implies that S’ is convex. [

The curve S3 is merely S of Proposition 6.1 rotated about the origin clockwise by 8,
and so the properties of S are easily adapted to suit S3. Moreover, the curve S; is S with
r = 1, while Ss is obtained by rotating S clockwise by 6 and replacing r with 1 and a
with b/r. Finally, if r is replaced by 1/r and a by b/r, we find that S becomes S;. These
observations readily imply the following several corollaries, the first and third of which will
occasionally be called upon in some of the proofs carried out in §9. The second and fourth

corollaries are given for the sake of completeness, but will not be used in any proofs.

Corollary 6.2. The curve 81 is symmetric about R and has the following properties.

(1) The set St NR consists of the points

1
11 = —aWp ()
e

and a, where —a < x11 < 0.
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(2) The graph of Sy is connected and lies in x11 + H.
(3) S; consists of the region bounded by Si containing the origin, and also the region
bounded by S1 containing (a,o0).

(4) The region enclosed by the portion of S in Dy, is convez.

Corollary 6.3. The curve Sy is symmetric about the line e R and has the following

properties.

(1) The set So N e ™R consists of the points

b 1 -
ro1 = —— Wy <> 6719
T e

and (b/r)e=® where —b/r < —(b/r)Wy(1/e) < 0.

(2) The graph of S is connected and lies in x21 + e VH.

(3) S5 consists of the region bounded by Sz containing the origin, and also the region
bounded by Sy containing the open ray e~ (b/r, o0).

(4) The region enclosed by the portion of Sz in ﬁb/T 1S convez.

The following corollary is the most important of the four. In its statement we omit the

rather obvious analogues to parts (6) and (7) of Proposition 6.1.

Corollary 6.4. The curve S3 is symmetric about the line e R and has the following

properties.

(1) If r < 1, S3Ne R consists of the points

T3 = —EWO(C>6_M), T32 = =W (—C)G_w, r33 = —EW—1<—C)6_M-
r e r e r e
Moreover S3 N e PR = {x31,ae™} when r = 1, and S3 N e PR = {231} when
r>1.
(2) If r < 1, the graph of Ss consists of two components: a simple closed curve S in
D, and a simple unbounded curve S§ in w33 + e "H.
(3) If r > 1, the graph of Ss is connected and lies in x31 + e YH. Also S is simple if
r> 1.
(4) If r < 1, then S5 consists of the region inside S;, and also the region bounded by
—i0(

84 that contains the open ray e~ (x33,00).
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(5) If r > 1, then S5 consists of the region bounded by S that contains e~ (31, 00).
If r =1, then S5 consists of the region bounded by S3 containing the origin, and

also the region bounded by Sz containing e~ (a, 00).

Corollary 6.5. The curve Sy is symmetric about R and has the following properties.

(1) If r > 1, S4 N R consists of the points

1 1 1
r41 = —bWp ()7 z42 = —bWo <—>, T43 = —bW_4 (—)7
er er er

where —b/r < x41 < 0 < x4 < b/r < b < x43. Moreover S4 N R = {x41,b} when
r=1, and S4 NR = {x41} when r < 1 (where again —b/r < x4; < 0).

(2) If r > 1, the graph of Sy consists of two components: a simple closed curve Sj in
Dy, and a simple unbounded curve SY in x43 + H.

(3) If r < 1, the graph of Sy is connected and lies in x41 + H. Also Sy is simple if
r<1.

(4) If r > 1, then S; consists of the region inside S} and the region bounded by Sy
that contains (x43,00).

(5) If r <1, then S; consists of the region bounded by Sy that contains (x41,00). If
r =1, then 8§ consists of the region bounded by Sy containing the origin, and also

the region bounded by Sy containing (a,o0).
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Section 7: Coordinates of Key Points

Here we determine precise coordinates for the intersection points of certain pairs of
Szegd curves. In the case of the points in S; N S3, which we consider first, we will once
again have need of the Lambert-WW function. As usual we assume a and b are positive

integers with a < b.

Proposition 7.1. If 6 # kx for any k € Z, then the intersection points of S1 and Sz are

a coslrg\ a coslrg\
p1= Wo ) et py = — Wo| ———= |e'r,
cos Uy e cos g e
and
a coslrg\
p3 — W—l (_T> elere.
cos g e

If 0 = km (with r # 1 if k is even), then the only intersection points are p1 = (a/e)i and
p2 = —(a/e)i. Moreover the points p1, p2, and ps always lie on the line Lg.
Proof. Suppose 0 # kw. Any z € & N S3 must satisfy

’Eel—rewz/a
a

Z 1
_ ’*61 z/a
a

=1. (7.1)
Setting z = se' for s > 0, the first equality in particular gives
rscos(f + ¢) = scos/. (7.2)

If cos ¢ = 0 then (7.2) becomes sin @ = 0, so our assumption that 6 # km implies cos ¢ # 0.
Now, from (7.2) we obtain

r(cos —sinftanl) = 1,

and hence
rcosf —1
tan ¥ = -
rsinf
There are two solutions:
rcosf —1 rcosf —1
{1 = arctan| — and f9 =7+ arctan| ——— .
rsin @ rsinf
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We note that ¢1 in particular is precisely £,9 as given by (6.5), thus showing that all points
in the set &1 N S3 lie on the line L£,g.

From the second equality in (7.1) we obtain

felf(s/a) cosl _ 1
a

)

and hence

_3(305567(3/@) _cos/

)

cosl __
a e

and so if E(z) = ze* it follows that

E(_scos€>:_cos€ (73)

a €

for ¢ € {£1,02}.

We consider first the ¢ = ¢; case. Since ¢; € (—m/2,7/2) implies cos¢; > 0, we have
—(1/e)cost; € [—1/e,0). This makes clear that the value at right in (7.3) is in the domain
of both Wy and W_;, and there exist sg,s3 > 0 such that —(s2/a)cos¥f; € [—1,0) and
—(s3/a)cost; € (—oo, —1] with

_82COS€1_WO<_COS€1> and _3300561_W_1(_cos£1>.
a e a e

Now we have solutions for s given by

= a W _cosfl and 3= — a W, _cos€1
cos {1 e cos {1 e

for ¢ = /1, and therefore we have points py = s9e1 and p3 = sgett in S N Ss.

Next we consider ¢ = f5. Since cos 3 < 0 we have —(1/e) cos{; € (0,1/e], implying the
value at right in (7.3) is in the domain of Wj. Indeed, because Wy : (0,00) — (0,00) is a

bijection, there exists a unique s; > 0 such that —(s1/a)cosly € (0,00) and

s1 cos ¥a W( COS@)
_ =Wy - )

a e

Now we have a solution for s given by

o — a W0<_cos€2>
cos ¥9 e
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for ¢ = 05, and therefore the point p; = s1€%2 is in S N S3. This is the same formulation
of p1 as in the lemma, since 5 = ¢; + m and cosfo = — cos /.

Suppose 0 = kw. We seek all z = x + iy that satisfy (7.1). The first equality in (7.1)
yields |e*72/¢| = |e=%/%|, so that x/a & rz/a = 0 and either £ = 0 or r = 1. If 2 = 0, then
the second equality in (7.1) implies |y| = a/e, and so z = £(a/e)i are the only solutions.

The result is the same if r = 1 for odd k. [ |

In the foregoing proof there exists at each stage the technical necessity of additionally
solving the equation

2 _eib
‘*61 rez/a -1

a

deriving from (7.1), but the work is similar and the outcome identical to the treatment of
the second equality in (7.1). We discount the case when § = 2k7 for r = 1 since we then
find that S3 = &7.

The manner in which p; and ps are defined in Proposition 7.1 ensures that, for 6 # kr,
the point p; lies always in C\ H and ps lies always in H. Thus, for fixed a, b, r, the manner
in which these points move as € increases is not continuous. As # — oo, the segment
[p1, p2] that is a subset of L9 will rotate in clockwise fashion until it passes through the
imaginary axis, whereupon the points will switch places to remain in their specified half
planes. This is to say the designations p; = (a/e)i and ps = —(a/e)i in the case when

0 = km are arbitrary.

Lemma 7.2. Let r > 0.

(1) |p1] < a/e for all 6 € R.
(2
(3
(4) |ps| > a if 0 # km and cos8 # 1/r, with p3 = a if @ # km and cosf = 1/r.

)
) |p1] < |p2| if 0 # km, with equality if 0 = k.

) |p2| < a for all @ € R such that cos@ # 1/r, with po = a if cos = 1/r.
)

Proof.

Proof of (1). Proposition 7.1 makes clear that for any 6 the point p; lies on the portion of

Sp in C\ H, and so it’s sufficient to show that |z| < a/e for any z € S; with Re(z) < 0.
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Indeed, from |p(z/a)| = 1 we obtain

p(zfa) =1 = |eljel2/" =q = |2 = LeRel)/a,
e

and so |z| < a/e follows whenever Re(z) < 0.

Proof of (2). Suppose 6 # km, and fix € (0,1/e]. Then there exist u,v > 0 such that
Wo(x) = v and Wy(—z) = —v, and so ue" = x and —ve " = —z. Adding these results
gives ue" —ve~ " = 0, so that

v
Z =t > 1
u

holds, and therefore v > w. This shows that |Wy(—x)| > |Wy(z)|, and since (1/e) coslyg €

cos £, a cos £,
(257 )| < o [ ()| =
e cos ¥y e

If 6 = km, it is immediate from Proposition 7.1 that [p1| = |p2| = a/e.

(0,1/e] it follows that

a

|P1| =

cos lyg

by Proposition 7.1.

Proof of (3). That |p2| < a if § = kx is clear, so assume 6 # km. Suppose cosf # 1/r.
By (6.5) it follows that £, € (—7/2,7/2) with £.9 # 0, and thus 0 < cosl.9 < 1. Now

—e~tcosty € (—1/e,0), and since Wy maps (—1/e,0) onto (—1,0) we have

¢
0< 1+WO<—COS T">< 1.
e

Using Proposition 7.1 and the property Wy(x) = e~ Wolr),
_ a coslrg\ _ (@ _Wo(—e~lcostg) _ a
[po| = o8 g Wo <_ e > B (e)e — el+Wo(—e ! costig) =

If cos@® = 1/r, then ¢,9 = 0 by (6.5), so that po» = —aWy(—1/e) = a by Proposition 7.1.

Proof of (4). Suppose 0 # km and cos @ # 1/r. From (6.5) we find that the latter condition
ensures /9 # 0, and so 0 < cos /9 < 1. Now we have —e~!cosl,g € (—1/e,0), and since
Wy maps (—1/e,0) onto (—1,0) while W_; maps (—1/e,0) onto (—oo, —1), Proposition
7.1 and part (2) give |p3| > |p2| > a. If cos@ = 1/r, then ¢,y = 0 holds and Proposition 7.1

gives p3 = —aW_1(—1/e) = a. [ |



51

Lemma 7.3. Let 15 be the value of v for which p, = min{|z| : z € S§1}. Then
s = — |:6WO (>:| > ]_ (74)
a e
Proof. Corollary 6.2(1) implies that 1 = —aWy(1/e) € S;. Suppose z = x + iy is such
that |z| < aWy(1/e). Then |z|/a < Wy(1/e), and because E(w) = we" is increasing on
[—1,00), we have

2l getie < Eletve - (el 1a) < BOWO(1/0)) = 1/

and hence

2l gi-tatfa < 12l griatsa .

a a
If x < 0, then

‘@(E)‘ — Belfx/a _ Melﬂﬂ/a <1,
a a a

and so z ¢ 1. If x > 0, then

()| = 2l 1tatfa 1
a a

and again z ¢ S results. Therefore min{|z| : z € S;} = aWy(1/e).? Now setting p, equal

to min{|z| : z € S1} gives rise to the equation

b
b-a 1
e\ar e

and solving for r yields the expression at right in (7.4). This by definition is 5.
Finally, using the identity In[Wy(z)] = Inx — Wy(zx) for = > 0,

Wo(l/e) >0 < 1+1In(1/e) — Wy(l/e) <0 < In(eWy(1/e)) <O,

and so eWy(1/e) < 1. Thus [eWy(1/e)]*/*~" > 1 since a/b < 1, and the inequality in (7.4)
follows. [

2In fact 21 = —aWo(1/e) is the unique point on Sy that is closest to 0: putting z = z1€’ into |p(z/a)| = 1
readily gives t = .
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The motivation for denoting the special value in Lemma 7.3 by the symbol r5 will be

revealed early in §9.

Proposition 7.4. The intersection points of So and S3 are

[ b . erp, ]
q1 = prexp|| —60 — arccos In i
i TPy b |

_ b -
G2 = pr €Xp <—9 + arccos( In P >> i
L TPr b i

for all r € (0,75]. Moreover q1,q2 € Cy.

and

Proof. We have z € S5 N &3 if and only if

() )

1
r

so that in particular

holds, and hence
€a|Z‘a _ ebrb|z\b

a® b

afb\ie
|Z|:7 — = Pr,
e\ ar

which indicates that all intersection points of the curves Sy and S3 lie on the circle C,.

(7.6)

Solving for |z| then yields

Set z = p,e' and solve for ¢ with the second equality in (7.5). This gives

’erprei<0+t) ‘ _ (?)b 7

whence

cos(6 + 1) = prr ln<6rbpr>

() = ()

Provided that the rightmost expression is in [—1, 1], there are generally two solutions for ¢,

b b
In erpr> and to=—0+ arccos( In erpr> ,
TPy b rPr b

t1 = —0 — arccos(
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which results in the desired expressions for ¢; and go.
It remains to shows that

PO = 25 (5) ()

lies in [—1, 1] for r € (0, 75]. First,

o= ()T ()]

and so F'(r) = 0 for r > 0 only when

a ar
1 1(7):,
—i—b_an b 0

orr = (b/a)e' "% := 1. Since F is increasing on (0, r1), lim,_,g+ F(r) =0, and F(r) = 1,

it is clear that F'(r) € (0,1] for € (0,71]. Then, since F' is decreasing on (r;,o0) and

@

F(’f‘5) = b €W0(1/e)] —a/b In [€W0(1/€)] = _%[eWO(l/e)] l—a/b _ —1/T5

for r5 > 1, we conclude that —1 < F(r5) <1 for all r € (0, rs]. [
That the value r; in the proof of Proposition 7.4 is less than 75 is apparent from the

observation that F'(r) > 0 for r € (0,r1] and F(r5) < 0, but in §9 (before the statement of

Lemma 9.2) it is shown that in fact m < 1.

Proposition 7.5. The intersection points of S1 and Sy are

01 = prexp|tarccos| — In
Pr a

and

02 = prexp|—tarccos| — In
Pr a

for all r € (0,75]. Moreover o1, 09 € C,.

Proof. We have z € §§ NSy if and only if

(=Gl =1
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so that

e =GN

holds and we again obtain (7.6). Thus |z| = p,, and all intersection points of S; and Sy lie
on C,.

We next find ¢ such that z = p.e¥ satisfies |p(z/a)| = 1. Obtaining

=()
(Y,

}epreit

it follows that cost = G(r) for

)= E(2)= L5 () u(%).

Provided that G(r) € [—1, 1], there are two solutions for ¢,

a e a e
t1 = arccos ( In pT) and to = — arccos ( In Pr) ,
p'f" a pr a

which results in the desired expressions for o; and o0s.

It remains to shows that G(r) € [—1, 1] indeed holds for r € (0,75]. We have

¢(r) = be—aa(azgﬂ [1 + bia ln(abrﬂ !

and so G'(r) = 0 for r > 0 only when

1+b5aln(a7br> =0

or r = (b/a)e®*=1 := ry. Since G is increasing on (0,73), lim,_,o+ G(r) = 0, and G(r3) = 1,
it is clear that G(r) € (0,1] for r € (0,73]. In addition, since G is decreasing on (73, c0)

and
In[eWo(1/e)] _ 1+1n(1/e) = Wo(lfe) _
Wo(1/e) Wo(1/e)

we conclude both that r5 > r3 and —1 < G(r5) < 1 for all r € (0, 75]. [ |

G(rs) =
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Section 8: A Qualitative Overview

We undertake here a survey of how the zero attractor A of (6.2) evolves as r — oo in
the case when C =1, a =1, b =2, and 8 = 1. There are five critical values, k1 < --- < K5,
when the characterization of A as a union of regional boundaries passes to a new homotopy
class as r passes from one open interval (k;—1,%;) to the next open interval (k;, Kit1),
starting with (0, 1) and ending with (ks5,00). (Whether &; itself should be included in

(Ki—1, ki) or (K, ki+1) depends on the value of i.) In the next section we will see that, in
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FIGURE 10. An r € (0,k1) case, illustrated by the zeros of Pyo(z) for
(a,b,0) = (1,2,1) and r = 0.60. Here v = (b/r)e™" and £, ~ —0.929.



o6

S1

=
=
\

7,
/" ¢

Qy

D2

0

-3 -2 -1 0 1 2 3

FIGURE 11. The r = k; case illustrated by the zeros of Pjo(z), with
k1 = 2/e here.

the general case, most of the x; values are functions of at least one of the parameters a, b,
6.

In Figure 10 is shown the » = 0.6 case, featuring the points p1, p2, ps in SN Ss3, and q1,
g2 in Sy N S3. (That p1,p2, p3 € L9 and q1, g2 € C, follow from Propositions 7.1 and 7.4,
respectively.) This is a fairly representative value in the interval (0, x1). Indeed, for small
r € (0, k1) the appearance of A changes little as 7 — 0 save that the radius of C, grows
without bound. The union of the boundaries of the regions 21, Qs, 3, and 4 in Figure

10 precisely equals A. However, as r — k] the circle C, shrinks until it includes the point
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FIGURE 12. An r € (K1, k2) case illustrated with zeros of Pygo(z) for » = 0.90.

u = (b/r)e"" on Sy. In the present setting in which (a,b,6) = (1,2,1) we find this occurs
when r = 2/e ~ 0.736, shown in Figure 11. Once r surpasses 2/e a new component of Q3
arises, shown in Figure 12, whose boundary contributes to .A. (The reason for regarding
the new region as a component of {23 will be made manifest when the two domains merge

for higher values of r.) Thus we conclude that k; = 2/e is the first critical value.

Observation 8.1. Forr € (0,k1] with k1 = 2/e, A is disconnected and is the union of

the boundaries of the connected regions

Qli C\Z_)T
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FIGURE 13. The r = ko case illustrated by the zeros of Pyo(z), with ke =1
here.

Qy: D\ [(S; US;) D]
Qg : 83< N H;e N Da

Q4 : 81< N H;re N ]D)a.

For r € (k1,k2) the zero attractor A has the appearance suggested by the zeros of
Pyoo(z) in Figure 12. In particular A consists of the boundaries of the regions 1, Q9, Q3,

and €4. As r — k, the two components of the curve S3 draw toward one another, until

finally when 7 = 1 they meet at the point ae~* as shown in Figure 13, and A becomes a
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FIGURE 14. An r € (ko, k3) case illustrated with zeros of Pygo(z) for r = 1.11.

connected set. Once r exceeds 1 the two components of {23 merge as in Figure 14, so that
while A remains connected, it is in a decidedly different homotopy class. Thus ks =1 is
the second critical value. Because |u| = b/r, and the bounded and unbounded components

of S5 lie inside and outside D,, we have the following.

Observation 8.2. For r € (ki1,k2) with ke = 1, A is disconnected and is the union of the

boundaries of the regions

Q: C\[D,U(S;NDy,)]

Q: Dp\ [S3U(S; NDa)]
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FIGURE 15. An r € (k3, k4) case illustrated with zeros of Pyoo(z) for r = 1.25.

Qz: [S5 N Hyp D) T [S5 NS5 N Agyyy]

Q4 : S]_< mH,:e ﬂ]D)(h

where only €3 is disconnected

For r € (K2, k3) we find A has a form that is largely traced by the zeros of Pyo(z) in
Figure 14, where » = 1.11. The critical value k3 is achieved when r is such that the radius
of C, equals a. Then for r > k3 the region (s inside C, becomes disconnected, as in Figure
15. Just as interesting, however, is that the curve S begins contributing to A for the first

time. In Figure 15 the contribution lies between points 01 and oy (the points where C,
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FIGURE 16. An r € (ky4, k5) case illustrated with zeros of Pygo(z) for r = 1.50.

intersects S1), and while this is by no means visually obvious, it is borne out by a careful

asymptotic analysis later on in §12. The radius of C. when a = 1 and b = 2 is 4/er?, and

so k3 = 2/y/e ~ 1.213 in the present setting.

Observation 8.3. For r € [ka, k3) with k3 = 2/\/e, A is connected and is the union of

the boundaries of the connected regions

C\ [D, U (3; NDy)]
D\ [85 U (31 ND,)]

82< ﬂ 83< ﬁ HTTO ﬂ Db/?"
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FIGURE 17. An r € (k5,00) case illustrated with zeros of Pygo(z) for r = 3.

Qu: S NHND,.

For r € (k3,k4) we find A has a form that is largely traced by the zeros of Py (z) in

Figure 15, where r = 1.25. The region with boundary that traces S from o2 to pa, S3 from

p2 to q1, and C, from ¢ to 09 is a component of {29. The critical value k4 is reached when

r is such that the radius of C, equals |p2|. Then the smaller component of €y vanishes,

and s becomes connected once again. For the statement of the next observation we

emphasize that the curve S; has two components for any r > 1, with the region S; having
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a bounded and unbounded component. The unbounded component, however, always lies

in the half-plane b + H, a fact established by Corollary 6.5.

Observation 8.4. For r € [k3, k4) with k4 being such that p., = |p2|, A is the union of

the boundaries of the regions
Q1: C\ [DrU(S;NDyy,) U (S; NDy)]
Q: D\ [S;US]
Qg . 82< N 53< N HTTH N Db/T

Q: S NS;NHYND,,

where only Qs is disconnected.

Region €9 vanishes completely at the same time both the circle C, and the curve &7
cease to contribute to A, and so this is when the final critical value x5 has been attained.
Since C, is a part of the zero attractor so long as some piece of it lies outside Sy, we find
that k5 is that value of r for which the radius of C, equals the modulus of the point where

S intersects (—o0,0).

Observation 8.5. For r € [ky4,ks5) with k5 as described above, A is the union of the
boundaries of the connected regions
Q1: C\[DrU(S;NDyy) U (S;Nby)]
QQ : Dr \gf
Q3 . 82< N 53< N H;e N Db/r
Qy: STNSyNH,ND,.
For r € (ks5,00) the zero attractor is relatively simple, as it no longer tracks along C,.,

S1, or Ss. The r = 3 case in Figure 17 looks much the same as the » = 10 case or higher.

With €2 gone, only three regions remain.



64
Observation 8.6. For r € [k5,00), A is the union of the boundaries of the connected
TEGLONS
Q0 C\[(8;nDy,) U (S; nDy)]
Q3 SsNH, me/r

Oy SfNHyND,.
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Section 9: Critical Values of » > 0

Here we continue to lay the groundwork that will enable us to ascertain the zero

attractor A of the sequence
Po(2) = San(nz) + Cspn(renz)

for positive integers a < b, nonzero real C, positive real r, and real 6. The task is lengthy,
for as the previous section showed, the topological nature of A depends on r; and as we’ll
see in the present section, even for fixed r it may be that the nature of A depends on 6.
As stated at the beginning of §6 all 7 = 1 cases have already been treated. However, the
developments of this section will be applicable to all r = 1 cases for which cos € # 1. Since
the 7 = 1, cos§ = 1 scenarios are treated in §4 for C' # —1 and [3] for C' = —1, we will
henceforth assume that » = 1 and cos§ = 1 are never simultaneously the case. Working
under this assumption, it will become apparent in the course of the asymptotic analyses in
sections 11 and 12 that the value of C' has no impact on the nature of A. In any event
the curves Sk, C,, and L,g defined early in §6, and the regions 2, introduced in §8, do not
depend on C, and since the present section is concerned only with certain properties of
these curves and regions, we will neglect making any reference to C' until future sections.

It is convenient to think of r as being “time,” and speak of the zero attractor A of
(P.(z)) as an object that evolves as time r increases and the other parameters a, b, and 6
are held constant. In the previous section we let a = 1, b = 2, and # = 1 in particular, and
presented a series of illustrations of A in order of increasing r. Five critical values of r
were identified, denoted k1, ..., k5, which correspond to times when the homotopy class
of the zero attractor changes. We will find in this section’s general setting that no other
critical values exist aside from the five already discovered, and indeed in some cases there
are fewer than five. Most of the critical values depend in some way on at least some of
the other parameters a, b, and 6. Also the four regions 21, ...,y featured in §8 figure
prominently in the general setting, with no additional regions being necessary.

We now give decidedly topological definitions for the five critical values. A large part

of the work done in the present section will be devoted to determining, where possible,
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explicit algebraic expressions for these critical values of r in terms of the other parameters.
Any candidate for a critical value x;, or a bound on same, we will denote provisionally by

’I“j.
Definition 9.1. Define the regions
Q =D, \ [(S] NDa) U (S3NDy,) ]

and

Q3 =8 N85 N [(Hg Do) LA, ],

where Ka,b/r =@ if b/r < a. Taking € > 0 to be sufficiently small, we specify the following
critical values of r > 0.
(1) K1 is the least r such that Q3 is connected for r € (0,k1] and disconnected for
r € (k1, k1 +€).
(2) Ka is the least v such that Qg is disconnected for r € (k2 — €, k2| and connected for
r € (K2,00).
(3) K3 is the least r such that Qo is connected for r € (0,k3) and disconnected for
r=K3.
(4) Ky 1is the least v such that Qo is disconnected for r € (k4 — €, k4) and connected for
= K4.

(5) k5 is the least r such that Qo = & for r = k5.

Though not likely obvious at a glance, the regions 29 and 23 specified in Definition
9.1 correspond to the regions of the same name in the previous section’s figures. (The
complicated expressions given above for {25 and {23 stem from the need to accommodate
all possible parameter values, whereas in §8 the two regions were able to assume relatively
simple expressions owing to the specialized path within the parameter space to which that

section restricted itself.) We also define the subregions
5=8 NS NH,,ND, (9.1)

and

4 = 85 NS5 Nhapr 9.2)
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so that Q3 = Q5 1T QF.

Before beginning our analyses we give here a broad overview of what they will discover.
First, the regions (27 and {24 of §8 are never mentioned in this section because they never
do anything interesting: they always exist and are always connected. As for (o, it turns
out that it is always connected if the angle @ falls within a sector I in H that is symmetrical
about the real axis and depends only on a and b; otherwise it does become disconnected, as
in Figure 15, for some bounded interval of r values. That (g is connected for all r if 8 €
means that the critical values k3 and x4 do not exist in this case. Moreover, for sufficiently
large r the region 29 vanishes altogether, as in Figure 17, which never occurs with any of
the other regions. Finally, €23 is always disconnected on some bounded r-interval, no matter
the values of the other parameters. Tables 1 and Table 2 give the number of components
constituting s and Q3 when 6 ¢ I and 6 € I, respectively, for 7 in the different open
subintervals of (0, 00) determined by the critical values.

There may be points in the parameter space where the homotopy class of the zero
attractor may change additional times as r increases in the interval (kq4, k5). Fortunately
this potentiality can be ruled out whenever cosf < 0, and it will in any case be shown
that the inequality x; < kj;1 always holds whenever x; and x;41 both exist. We now
commence with our analyses.

For the statement of the first lemma consider the function

f(:U) — Eelfz/a.

a

TABLE 1. The number of components of 9 and {23 as r varies for 6 ¢ I,
where I depends only on a and b

0¢1

r-interval | Qo | Q3

IS
=== =N
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TABLE 2. The number of components of {29 and 23 as r varies for 0 € I.
In this case k3 and k4 do not exist.

0el
r-interval | Q9 | Q3
(0, k1) 1|1
(k1,k2) | 1 ] 2
(ko,k5) | 1 |1
(k5,00) | @ | 1

Since f(a) =1 and

f(z) = l(1 - g)el_m/“ <0

for all x > a, it follows that f(x) < 1 on (a,o0), and hence in particular
b
ro=—el Ve < 1
a

for any a,b € Z such that 1 < a < b.

Lemma 9.2. Fiz 0 € R and a,b € Z with 1 < a < b. Then the region 3 is connected if

and only if r € (0,r1] U (1, 00).

Proof. Suppose 0 < r < ry. For x3 as defined in Proposition 6.1 we first show that x5 > b/7.
From r < r; comes —(b/a)e ?/* < —r/e, with both values in [~1/e,0). Recalling from

page 39 that W_; : [-1/e,0) — (—o0, —1] is a decreasing function, we next obtain

_é =W_, (_beb/a> > W 4 <_f> 7
a a e
whereupon multiplying by —a/r gives

b
<
T

gw,l (_g) = 3. (9:3)

Now, since r < 1, by Corollary 6.4 the region S is disconnected with bounded component in
the disc D, and unbounded component in the half-plane e~ (z3-+H), so that S5NA, =D
here, and thus

Q3 =85 NS5 NH,yND,. (9.4)
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Corollary 6.3(4) makes clear that Sy Ny, is a convex set, while Proposition 6.1(7) implies
S5 N D, is convex. The unbounded components of S5 and S5 both lie outside D, /ry and
since D, C Dy, here, so that D, = D, N Dy, (9.4) may be recast as an intersection of

convex sets:

Q3 = (S5 NDyy,) N (S5 D) N H,g.

Hence Q3 is convex, and therefore is connected.
Next suppose r» > 1. By Corollary 6.4 the boundary of the region S; is a simple
continuous curve that partitions the complex plane, while S5 Ny, is convex as before.

In fact, with v(x) as given by (6.9),

and with

and x] = —(b/r)Wy(1/e),

Sy = U e_w(:v —iw(z), v + iw(x)).

/
fl‘>271

Recalling that be=" /7 is the self-intersection point of Sy, the above characterizations of
S5 and S5 make clear that S5 NS5 N ﬁb/r, which is S5 NS5 N (Dg I Kmb/,ﬂ), is connected,
and therefore so too is 3.

For the converse, suppose that r < r < 1, so —r/e < —(b/a)e~%%, and by the steps
leading to (9.3)—only with all inequalities reversed—we obtain z3 < b/r. Corollary 6.4
implies £3 > a/r > a > 2, and the two components of S5 lie in e ®(z3 + H) and D,. It
follows that S5 N ID, = &, and thus Q3 N ID, = @. With Qf, QF as defined by (9.1) and
(9.2), we find that Q% # & since it contains points in #,, that are sufficiently close to the
origin, and also 4 # & since e~ (z3,b/r) C Qf. Therefore Q3 is disconnected.

If r =1, then 23 = 22 = a, so S5 has components in e~ (a 4 H) and D, by Corollary

6.4. Once again S; N ID, = &, and we conclude that €23 is disconnected. |
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The next proposition now follows directly from Lemma 9.2 and the remarks made
immediately before it. In particular the value ry is found to be k1, and the uniqueness
of the critical values k1 and k9 is seen to be assured even if the word “least” were to be

omitted from their descriptions in Definition 9.1.

Proposition 9.3. For 8 € R and a,b € Z with 1 < a < b,

b
k1= —e' " <1 and ke =1.
a

To determine the next critical value k3 we again start with a lemma, this time addressing
the connectedness property of the region (2 given in Definition 9.1. Before stating the
lemma we first establish a needed fact. For fixed a > 1 let

flw) = Zeotat,

a
Since f(a) =1 and

f(z) = <cll — i) el 5

for all x > a, we have

b
76a/b—1
a

r3 = >1

whenever 1 < a < b. After the next lemma we will discover in short order that k3 = rs.
Lemma 9.4. For 6 € [0, x| let
QB=Wn{z:0<argz<2r—0} and QU =0N{z:-0<argz <0},
so that Qo = QL 1T Qf. Defining
I = [ — arccos(1/r3), arccos(1/r3)],

the following hold.

(1) Qg is connected if 0 <1 < r3.
(2) Qg is connected if r > 13 and 6 € 1.

(3) QY and Qf are connected if r > r3 and 0 ¢ 1.



71

If 0 € [—m,0] the same conclusions hold for regions
Qy=0nN{z:—0<argz<2r} and Q) =WN{z:0<argz < —0}.

Before proceeding with the proof the significance of the interval I of 6 values bears
some mention. It is easy to verify that r3 is the unique value of r for which p, = a, and
since p, decreases as r increases, we find that the teardrop-shaped portion of S; lies within
the disc D, for all 0 < r < r3. Figures 10 through 14 of the previous section illustrate
this fact, which is wholly independent of the values of the other parameters a, b, and 6.
By definition the region {23 is what’s left of D, after removing both the teardrop-shaped
portion of S; as well as the portion of S; that intersects D,., and part (1) of the lemma
states that €9 is connected in the case when p, > a (i.e. when 0 < r < r3). In the proof of
part (1) we undertake some pains to “firm up” this assertion which might otherwise be
passed off as being clear owing to the simple and well-studied nature of the curves involved.

Now, once r attains the value r3 or exceeds it by a nominal amount (so that some part
of the teardrop-shaped portion of S; falls outside D,.) one of two things must occur: either
Q9 becomes disconnected as in Figure 15, or {29 remains connected as in Figure 18. Which
scenario occurs depends on whether the point a (the tip of the teardrop) lies within S
when p, = a (i.e. when r = r3). Given that both figures have a = 1, b = 2, and r = 1.25,
it is clear that the parameter that makes the difference is 8. The endpoints of I are in
fact the 6 values for which the point a on the curve S lies on S3 when p, = a (i.e. when
r =r3). Thus Figure 15 illustrates a 6 ¢ I case for r slightly larger than r3 ~ 1.213, with
Y, comprising all of 9 save the portion with vertices p2, ¢1 and o2, which is Q4. If 6 is
changed from its §8 value of 1 to something smaller such as 0.4, however, we obtain the
0 € I case shown in Figure 18, where I ~ [—0.6,0.6] is also depicted. These situations are
addressed in parts (2) and (3) of the lemma, and in the corresponding parts of the proof
we will appeal much more to the known nature of the relevant curves to make the case
for the connectedness of 9 or its subregions Q) and Q7 so as to avoid becoming mired in

topological technicalities.
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Proof. We assume throughout that 6 € [0, 7], as the proof for § € [—7,0] is similar. A

simple appeal to periodicity then extends the proof to all real 6.

Proof of (1). Suppose r € (0,k1]. Then r < 1, so that 3 > b/r by the proof of
Lemma 9.2 up to (9.3), and thus the point 233 = x3e™ in Corollary 6.4 is such that
|xss| > b/r > a. Next, referencing parts (2) and (4) of Corollary 6.4, we find that the
bounded and unbounded components of S5 lie inside D, and outside D, /r» Tespectively, so

that S; N Dy Jr = S5 N Dy, and hence
Q =D, \ [(S; US3) NDg]. (9.5)

Since pr, = a and pgr decreases as R increases, we have pgr > a for all R € (0,73), and
hence p, > a on account of the fact that k1 < 1 < r3 by Proposition 9.3 and the remarks
after it. This observation, together with (9.5), makes clear that the outer boundary of 5
is simply the circle C,, while the inner boundary must lie in D, and is in fact the boundary
of the domain (S; U S5) ND,. Therefore Q9 is homeomorphic to an annulus and hence
connected.

For r € (k1,1) we of course still have p, > a and |z33| > a, so that, as before, the
inner boundary of €y is a simple closed curve in D,. The outer boundary, with no further
analysis, is either C, again, or else (as happens to be the case) is the portion of C, lying
outside &5 together with the portion of the unbounded component of S3 lying in D,.. This
results in a “dented” circle as in Figure 12, with the dent lying outside D, by Corollary
6.4(2). Again €9 is homeomorphic to an annulus and so connected.

In the r = 1 case Corollary 6.4 informs us that S3 becomes connected, and in fact is
the well-known curve S; rotated by —6 about the origin (i.e. S3 = e %S)) as in Figure
13; and since p; > a, removing Ef N D, and 3; from D; results in a set that is connected.
Therefore )5 is connected.

Suppose r € (1,73), so p, > a still holds, and thus the connectedness of D, \ (S; ND,)
is assured. By Corollary 6.4 the curve S3 is simple as well as connected, with S5 an
unbounded connected and simply connected domain that is symmetrical about the line
0

t — te” " and contains the origin, as in Figure 14. These observations, together with

Proposition 7.4, make clear that Ss intersects the circle C, at least at the points ¢; and
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g2, with ¢1 # ¢o in particular. Indeed, carrying out calculations like those in the proof of
Proposition 7.4, we find the system of equations |¢(re?z/a)| = r, |z| = p, can have no
more than two solutions for z, so S3 must pass once into D, at ¢; and pass once out at
g2, with the implication that removal of S; from D, will not disconnect the disc. Indeed
D, \35 is also simply connected since D, C D, /r on account of the equation p, = b/r
having unique solution r = k1 < 1, with p, < b/r for r > k1. Next, S 1S3 N D, consists
of the two distinct points p; and po by Proposition 7.1 and Lemma 7.2, so it may be
reasonably surmised—and will soon be shown—that the simple curve S3 passes once into
the domain S; ND, (convex by Corollary 6.2) at p;, and then passes once out at po. If
this is the case, then removal of S; N D, from the connected and simply connected region

D, \ S; results in a connected set that is, by definition, 5.

0.0

S3

L L L L L L L L L L L L L L L L L L L L L L L L L

-1.0 -0.5 0.0 0.5 1.0 1.5

FIGURE 18. An r € (r3,00), 6 € I case illustration with zeros of Ps40(2)
and (a,b,r,0) = (1,2,1.25,0.4). Sector I ~ [—0.6,0.6] lies between the two
rays in H.
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It remains to verify our “reasonable surmisal”; that is, we must show that S3 passes
properly into and out of the interior of gf N D, via the points p; and ps, rather than
“bounce” off the boundary of the region at these points and thereby cause a pocket of €2 to
be isolated from the rest. Working in R?, the leftmost point on the curve S of Proposition
6.1 that lies on the z-axis is (z1,0). Recalling that S3 is the curve S of Proposition 6.1
rotated about the origin by —6, we wish to show that (z1,0) is in fact the leftmost point on
all of §, and there are no other “local” leftmost points, which in light of the smoothness of
S for r > 1 must necessarily be points where the curve has a vertical tangent line. If S is
S rotated by —7/2, then our objective is met if we show that (0, —z1) is the unique global
maximum point on S , and there are no other local maxima (necessarily points where the
tangent line is horizontal). The equation for & in C is |@(irz/a)| = r, which in R? may be

rendered as
Va2 + 2 = ae v/ (9.6)

via manipulations like those in (6.8). Squaring both sides of (9.6) and differentiating with
respect to x readily yields
, x
Yy = - ) —9°
Yy + are ry/a

and thus 3 = 0 if and only if z = 0. Setting = = 0 in (9.6) gives |y|e"¥/%/a = 1/e after a

bit of algebra, and hence

Y ryja _ 4T
a e
Recalling that E(x) = ze® has range [—1/e,o0), the equation E(ry/a) = —r/e has

no solution for » > 1. The equation E(ry/a) = r/e, on the other hand, has solution
y = (a/r)Wo(r/e) = —z1. The point (0, —z;) on S must be a unique (global) maximum,
for Proposition 6.1 makes clear that S is bounded above and unbounded below. (Of course
(0,—z1) on S corresponds to (z1,0) on S.) This implies a shape for Ss such that the curve
must intersect S; transversally at p; and po, thereby precluding any possibility of Ss being

disjoint from the interior of S; N Dy, for r € (1,73).

Proof of (2). Fix r > r3 and 0 € I, so in particular 0 < § < arccos(1/r3) since 6 € [0, 7].

Suppose z € D, is such that —0 < argz < 0, so z = se’® for some s > 0 and t € [0, 0].
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Let f(z) = In(ex/a) and g(z) = x/a. For E(x) = ze®, we find f(z) = g(z) implies
E(—x/a) = —1/e, and because E(z) has a global minimum at E(—1) = —1/e, it follows
that —z/a = —1 and thus z = a is the only solution. Now, since f(a/2) < g(a/2) and
f(2a) < g(2a), the intermediate value theorem makes clear that f(z) < g(z) for all

z € (0,a) U (a,00), so that

es S ST ST
1n<7) S R 7361—(1/1) S 761—0,/17’
a a b b

and hence

3111(?) <L (9.7)

On the other hand ¢ + 6 € [0, 8] implies

1 1
cos(t + 6) > cos @ > cos (arccos ) = —.
T3 3

Taken together our findings indicate that

cos(t +6) > % ln(%),

which leads to

esrei(9+t>

€S\
Z <7> )
a

and finally

That is, z € S5.

In the proof of part (1) we noted that p, < b/r for r > k1. Here r > r3 by hypothesis,
and since 3 > £ it follows that D, C I/, and hence z € Dy /.. Now we have 2z € S, NDy/r.,
implying z ¢ 2 and more to the point z ¢ QF. Therefore ) = &, and so Qg = Q. That
(Y5 is connected we take to be clear from the nature of the curves S; and S3, noting as in
the proof of part (1) that Ss intersects the teardrop-shaped portion of S; at precisely two

points.

Proof of (3). Fixr > r3 and 6 ¢ I. That Q) is connected follows from the same observations

made in the proof of part (2). As for €, its connectedness is evident owing to its boundary
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being a simple closed curve that is the piecewise-smooth joining of portions of &1, Ss, and
the circle C,, with vertices being one of the points g;, one of the points o0;, and point po
(as in Figure 15).

If » = r3 in particular, so that a € C,, Propositions 7.4 and 7.5 show the ¢; and o;
points lie on C, (so |g;| = |oj| = a), while |p2| < a by Lemma 7.2, and thus Q) # @.
Moreover 2 must be connected, for otherwise there must be at least one additional point

of intersection amongst C,, S1, and S3 beyond those which were found to exist in §7. W

The first two parts of Lemma 9.4 imply that k3 and x4 do not exist for any 6 € I. For

0 ¢ I the next proposition informs us that k3 is none other than rs.

Proposition 9.5. If 0 ¢ I, then

b
kg = —e¥P7t > 1.
a

Proof. Fix 0 ¢ I, assuming 0 € [0, 7] for definiteness. In light of Lemma 9.4(1) it will
suffice to show that 25 is disconnected when r = r3.

Since cosf # 1/r3 and p,, = a, Lemma 7.2 implies |p2| < p,,, and so the situation
is nearly as in Figure 15 except the circle C,, contains the point a. The boundary of Q)
must therefore be the simple closed curve consisting of the piece of S; in H,op from a to
po, the piece of S3 in H,.0 from ps to ¢q1, and the piece of C,, in the lower half-plane from
q1 to a. The points p2, q1, and a are readily found to be distinct in the present setting
by computing their coordinates using the formulas furnished in §7, and therefore Q) # &.

That €, is nonempty can be verified by showing that it contains ai/2. Since

ai/2\| _ iz _ e
(50| -2 = 5

we have ai/2 € S7; and since, for r = 73,
6el0,n] = —%COS(Q +7/2) >0 = e (/2)eos0+m/2) > 1

so that

T,

0, )
‘(p<r6 ((ZZ/Q))‘ _ ﬂ‘efm'e“’/Q‘ _ gef(r/2)cos(9+7r/2) >
a 2 2

we also have ai/2 € S;. Clearly ai/2 € D,, = D,, and so ai/2 € Q.
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On the other hand, [0,00) € S; by Corollary 6.2(3) and e~*?[0,00) C S5 by Corollary
6.4(5), so that [0,00) N Qs = @ since D, = D,, and e~*[0,00) N Qy = T also. Because
the nonempty regions Q) and 2 are each subsets of one of the two sectors formed by the
rays [0,00) and e~*[0, 00), we conclude that € is disconnected. Therefore x3 = r3, and it
was already shown that r3 > 1. A symmetrical argument leads to the same conclusion if

0 € [—m,0], and so the conclusion holds for any 6 ¢ I. [

Lemma 9.6. Define r4 to be the smallest value of v for which p, = |p2|. Then ry exists
for any 6, with ry > k3 whenever 8 ¢ I. Moreover ry is the only solution to p, = |p2| if

cosf < 0.

Proof. First, 0 ¢ I implies cosf # 1/kg3, so for r = k3 we have |ps2| < a by Lemma 7.2
while p, = a. Since p, decreases as r increases, and |p2| < a in any case, it’s clear that
ry > K3 if r4 exists.

As for existence, p, = |p2]| is equivalent for any 6 to

a(b)bba __a W@(_cos€r9>
e\ ar cos g e

by (6.4) and Lemma 7.2, which with the property Wy(z) = ze~"0(*) becomes

b
af(b\re  a ~ coslrg o~ Wo(—e? cos )
e\ar cos g e ’

coslrg b ar
W0<— - >_b_a1n<b). (9.8)

The equation (9.8) can be shown to always have at least one solution for r in terms of

and hence

the parameters a, b, and 6. Define

cos £y

e

fe(T)ZWo<— ) and  A(r) = bfaln(ibr). (9.9)

Noting that

0<r<1l = 2r<r’41 = r?—2rcosf+1>0,
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use of the identity (6.6) yields

7| sin 6]

lim cos/t,g = lim =
r—0+ 0 r—0t /12 — 2rcos@ + 1

)

and so fo(r) — Wy(0) = 0 as r — 0", Since A(r) — —oo as r — 01 there exists some
r’ > 0 such that A\(r’') < fp(r"). On the other hand fp(r) — Wy(—|sinf|/e) € [-1,0] and
A(r) = oo as r — oo, and so (") > fg(r") for some r” > 0. The intermediate value
theorem now implies there exists some r > 0 such that fp(r) = A(r), and therefore (9.8)
has at least one solution for any 6 € R. The total number of solutions must be finite, and
so we may further conclude that there is a smallest solution. This proves the existence of
r4.

Before commencing the uniqueness inquiry we note that, because the possibility that

cosf = 1 when r = 1 is excluded throughout this section, the inequality

72 —2rcosf +1>0 (9.10)
holds for all > 0.
Suppose cosf < 0. Since
1
/ p—
Wo(x) - x + eWO(J»‘)

when x > —1/e, for r > 0 such that cos /.9 < 1 we obtain

1 (1 —rcosf)|sinb|
cos bpg — efo(+1 (r2 — 21 cosf) + 1)3/2

fo(r) = (9-11)

after some simplification. In fact, cosf,9 < 1 is assured whenever cosf < 0, since

r2sin? 6

lp=1 & =
costre r2 —2rcosf +1

2
& cos? 0 — Zcosh + 0

r r2

1\2
= (cos@—) =0.
T
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and yet cosf = 1/r is impossible. Moreover, since cos g > 0 is clear from (6.6), we find

that

1 cos g

1
. #cosl = 2 < <0 = —1<fp(r)<0 = el (1],

e

and so the denominator of the first fraction in (9.11) is always negative, whereas the
denominator of the second fraction is always positive in light of (9.10). We conclude that
fo(r) <0 for all » > 0 whenever cosf € (—1,0], so that fy is decreasing on (0, 00) while A
is increasing, and the uniqueness of the solution to fp(r) = A(r) is clear. When cosf = —1

we of course have sinf = 0, so fy(r) = 0 and again (9.8) must have a unique solution. W

Difficulties arise when attempting to prove the uniqueness of the solution to (9.8) when
cos® > 0, as the factor 1 —rcosf in (9.11) may then be negative. One mitigating factor is
that the sector of 8 values I, and all angles coterminal with the elements of I, comprise
a subset of the # values for which cos@ > 0, and so are of no concern to us. Nonetheless
this leaves us with the symmetrical sectors (—7/2, — arccos(1/r3)) and (arccos(1/rs), n/2)
to worry about. At the end of this section we will push the uniqueness argument at least
partway into these sectors, though a full resolution to the problem remains elusive. For

this reason, and for the sake of simplicity, it will occasionally be assumed that cosf < 0.

Proposition 9.7. Suppose cos @ < 0. Then k4 is the unique solution to p, = |pa|. Moreover

k4 > k3 always holds, with ky =b/a if 0 = (2k + 1) for any k € Z.

Proof. Assume for definiteness that 6 € [r/2,7]. By Lemma 9.6 and its proof, |pz2| < pr
for all k3 < r < ry, and thus {29 is disconnected by the same argument given in the proof
of Proposition 9.5. When r = r4, however, we have p, = |p2|, and in fact ps = g2 = 02 by
Propositions 7.1, 7.4 and 7.5, and we conclude that Q) = @. But since 0 € [r/2, 7|, when
r =74 it can still be shown as in the proof of Proposition 9.5 that ai/2 € 0, and because
Q) is connected by Lemma 9.4, it follows that Qo = Q) IT QY is connected. Hence Qg is
disconnected for r € (k3,74) and connected for r = ry4, so that x4 = r4 by Definition 9.1,

and therefore k4 is the unique solution to p, = |pa|.
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A similar argument can be made for the case 6 € [—m, —7/2], for all curves involved
merely reflect about the real axis, and so the conclusion that x4 is the unique solution to
pr = |p2| holds for all # such that cos§ < 0. That k4 > k3 is immediate from Lemma 9.6.

Next assume 6 = (2k + 1)m. Then |p2| = a/e by Proposition 7.1, and so 4 is the

unique solution to p, = a/e. Solving this equation directly gives k4 = b/a. |

Lemma 9.8. For any fized 0 the value of v for which p, = |p1| is the unique solution to

cos g b ar
= In{ — ). 12
WO( e > b—a n( b) (9.12)

Proof. Define gy(r) = Wy(e ! cosl,) and let A\(r) be as in (9.9). That go(r) = A(r),

which is (9.12), is equivalent to p, = |p1]| is ascertained in the same manner that p, = |p2|
was found to be equivalent to (9.8). Also, nearly the identical argument that proved
the existence of a solution to (9.8) for any 6 € R will show the same for (9.12), only
go(r) — Wo(|sinb|/e) as r — oo.

The proof of the uniqueness of a solution to gg(r) = A(r) will be carried out assuming
0 € [0, m]. Then, since gy is unchanged when @ is replaced by —6, the proof will apply to
all 6 € [—m, 7]. Finally, since gy is unchanged when 6 is replaced by 6 + 2rk for any k € Z,
the proof will apply to all § € R.

The situation is especially simple if § = 0 or § = 7, for then cos?,y = 0 and (9.12)
becomes In(ar/b) = 0, which clearly has the unique solution r = b/a.

Assume 60 € (0,7), so that cos,g € (0,1]. For r € (0,b/a] we have \(r) < 0, whereas
e tcoslg € (0,e ] implies go(r) > 0. Thus gg(r) = A(r) has no solution on (0,b/a).
Suppose there exist 7/, r” such that " > r' > b/a, go(r') = A(r’), and go(r") = A(r"). Then

by Rolle’s Theorem there is some r € (1, ") such that (go — \)'(r) = 0, or equivalently

1 1 ( 2 sin? 0 >_1/2 (2rsin?0)(1 — r cos 6) b

e Lcoslyg +e9()  2e\r2 —2rcosf + 1 (r —2rcosf+1)2  (b—a)r

Some algebra leads to

1 (1—-rcosf)sinf b (9.13)
coslyg 4+ €90(+1 (12 — 2rcosf +1)3/2  (b—a)r’ ’
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which cannot be satisfied if r» cosf > 1 since the left-hand side would then be either zero
or negative, contradicting the assumption that 1 < a < b.

Assume rcosf < 1. From (9.13) we have

(r? — 2rcosf + 1)%/2 :< B a)r’

[cos g e ] e e

which with (6.6) becomes

r(r? —2rcosf + 1) N (r? — 2rcos O + 1)3/2e90 (1) +1 B ( a)r
1—rcosé (1 —cosf)sinf N

Now, because r > b/a > 1, we find that

r(r? —2rcosf +1) S r(1—2rcosf +1)

=2
1—17cos6 1—17rcos6 "

)

and hence the left-hand side of (9.14) is greater than 2r. However the right-hand side is
less than 7, so the equation cannot be satisfied if r cos @ < 1.

It is now clear that (g9 — A)'(r) = 0 cannot be satisfied for any r > 0, so that the
equation gg(r) = A(r) must have at most one solution on (b/a,o0) whenever 6§ € (0, ).

Therefore any solution to (9.12) on (0, c0) must be unique for any 6 € [0, 7]. [ ]

Proposition 9.9. Let my be the point on S1 with minimum modulus and let k € Z. Then
ps € {r s fmal < pp < i} (9.15)

for all 8 € R, with the inequalities being sharp. Moreover the following hold:

(1) k5 > kg if cos® <0 and 0 # (2k + 1)7.
(2) ks = kg =bJa if 0 = 2k + 1)7.
(3) ks > 1 for all 6.

In any case

R5 < E [GW()()] =T5. (916)

(&

Proof. We first lay down a few needed facts. In the proof of Lemma 7.3 it was established
that my = —aWy(1/e), while the lemma itself showed 75 is the unique value of r for which

pr = |ma|. Also |p1| = a/e for § = km by Proposition 7.1, and since E(t) = te’ is increasing
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on (—1,00),
1/e < (1/e)e® o E(Wy(1/e)) < E(1/e) < Wy(l/e) <1/e,

so |m1| = aWy(1/e) < a/e = |p1| whenever 6 = k.

For fixed 6 suppose r > r5. Then p, < |my|, and so z € D, implies |z| < |m1|. Now,

since
elf/a > cIRe(z/a)] _ (|-Re(z/a)| > = Re(z/a) _ |c—2/a|
we find that
1 1
2| < |m1| = Il Wo(l/e) = Elgpetra o 1 2 M\e’z/‘ﬂ <=,
a a e a e

0 |p(z/a)| < 1 and hence z ¢ Q9. Since Q9 C D, by definition, it follows that Qs = & for
any r > r5, thereby affirming (9.16) and making clear that no r > 75 can be in the range
of k5. Given p, decreases as r increases, it follows that no r for which p, < |mq| can be in
the interval (9.15).

We now show that x5 = r5 when 6 = 0, so that r5 must be the least upper bound on
the range of k5, and the first inequality in the interval (9.15) is sharp. For any r > 0 define
mg = —(a/r)Wo(r/e), and suppose x < mg. Since x < 0 and E(t) = te! is increasing on

(07 oo)?

r<mg = —£x>WO<£) = E<—£x>>E(Wo(£>)

rr _ T T q1_
= ——eTmvlas o o _Telorala s g
a e a

so that |p(rz/a)| > r and we have € S5 when # = 0. Assuming also that x < my,
the same chain of implications with r replaced by 1 shows that |¢(z/a)| > 1 and hence
z € §7. Now, it’s readily shown that r3 > 1 as defined in Lemma 9.4 is the unique r
value for which p, = a, with p, > a if r < r3 and p, < a if r > r3. Since —a < m; and
—a < m3 by Corollary 6.2, we find —p, < —a < z, := min{my, ms} for r € (0, r3], and
hence (—pr, xym) # @ for r < 1 with (—p,, 2ym) C Q. That is, Qg # @ for r < 1.

The case when # = 0 and r > 1 we handle separately. Define f(t) = Wy(t/e)
and g(t) = tWy(1l/e). Clearly f(1) = g¢(1), and so suppose f(tp) = g(to) for some
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to > 1. By Rolle’s Theorem there exists 1 < t < g such that f'(t) = ¢’(t). Then since
eWy(1/e) = e~ Woll/e),

o 1/e _ 1 — o~ Wol(l/e)
f(t) _g(t) = t/e—i—eWO(t/e) —WO(l/e) = t/e—i—eWO(t/e) =e 0 )

so that

Wo(t/e) Wo(1/e)

! +e =e )
e
and hence Wy(t/e) < Wy(1/e). This is a contradiction, as Wy is known to be strictly
increasing on (0,00), and so f(t) # g(t) for all t > 1. Continuity considerations and the
observation that f(2) < g(2) then establish that f(r) < g(r) for all » > 1. Now,
firy<g(r) = Wy (g) <rWy(l/e) = *%W0(£> > —aW) <i>,
and so m; < mg for all r > 1. Now, with Lemma 7.3 we find that —p, < m; = z,, for
1 < r < rs, and so once again (—p,, T,,) # & with (—p,, ;) C Qo. That is Qy # & for
1 < r < rs, and hence for all r < r5. Recalling that Qo = & for all » > r5, we conclude
k5 = r5 when 6 = 0.

The full verification of (9.15) is still a few steps away, but the next step is achieved by
establishing statement (2) in the proposition. In the proof of Proposition 9.7 we found that
k4 is the smallest value of r for which Q) = & for any 6 ¢ I, and so the symmetry of the
regions €, and ) about the real axis when 6 = k7 implies that x4 is the smallest r value
for which Q9 = @ when 6 = 7. Thus k5 = k4 = b/a for any 0 = (2k + 1)7 by Definition
9.1 and Proposition 9.7, and since |p;| = |p2| for any § = kr by Lemma 7.2, when 6 = 7
we find k5 to be the r value for which p, = |p1|.

Next we show that if r is such that p, > |p1| then k5 # r for any 6, thereby establishing
not only that the range of k5 must lie in the interval (9.15), but also that the second
inequality in the interval’s definition is sharp. Lemma 9.8 establishes that there is a unique
r value, say 1/, for which p, = |p1|. Supposing that r € (0,7'), then p, > |p1| and there

exists some ¢ > 1 such that tp; € D,. Since |¢(p1/a)| = 1 and |p(re?p;/a)| = r, with
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Lemma 7.2(1) we obtain

‘(p(tpl>’ _ t’p1| ‘el—tpl/a
a a

elpt " /1yt a/e\"
— ¢ QP ‘go(—)‘ (X)) >is,
a a 1]

and

10
‘gp(rel tpl) ‘ _ M )el—rewtpl/a
a

a
1-t t
—¢ T‘pl‘ T’p1| let—reietpl/a
a a
1—t t
¢ 6T|p1| T’p1| ‘elfrewzn/a
a a
<er|p1|>1_t (rei9p1>
a a

er|pi[\'™" a/e\'™
= trt =7rt|— > 7.
a |p1]

Thus tp; € Qo, so that Q9 # & and we conclude that r # k5 for any 6. The proof of (9.15)

el—t

t

is done.
It remains to verify the statements (1) and (3) in the proposition. Suppose 6 is such
that cos® < 0 and 6 # (2k + 1)m. Then r4 is the unique solution to (9.8) by Proposition

9.7, and we let r§ be the unique solution to (9.12). By Lemmas 7.2, 9.6, and 9.8,

pry = Ip1] < |p2| = prs

and thus r} > k4 since 7 — p, is a decreasing function. As we found earlier, k5 is an r
value for which p, < |p1|, implying p., < Prts and hence i < k5. Therefore k4 < k5, and
statement (1) is proven.

Finally, for fixed 6 suppose r is such that p, = |p1|. In the proof of Lemma 9.8 it
was found that (9.12) has no solution on (0,b/a], and so r > b/a > 1. Now, from (9.15)

we have p.. < |pi1| = pr, whence k5 > r obtains, and we conclude that k5 > 1 for any 6.

Statement (3) is proven. [

If rf is the unique solution to (9.12) for a given value of 6, Proposition 9.9 states that

ks lies in the interval [rf,r5]. In particular, as we have just seen, k5 = r5 for § = 0 and
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ks = r for # = 7. That is, when 6 = 0, x5 is that value of r for which the circle C, contains
the point mq; and, when 6 = m, k5 is the r value for which C, contains p;.

We now summarize our findings for the critical values x;. For fixed 6 ¢ I we have

b | b
— Zet b/a’ Ko =1, kKg= 76a/b 17
a a

K1

and if cos @ < 0 then k4 > k3 is the unique r value that satisfies (9.8), while k5 > k4 lies
between the solution 4 to (9.12) and r5 = (b/a)[eWy(1/e)]*/*~1. If § € I the critical values
k3 and k4 do not exist, and we simply note that k5 > ko = 1.

As promised, we now extend the argument that equation (9.8) has a unique solution
for r so as to include at least some 6 values for which cosé > 0.

First we establish a few more general properties of the function fy as defined by (9.9),
at least for 6 values for which cosf > 0. If r < sec, then rcosf < 1 and the second
fraction in equation (9.11) is positive while the first fraction (by the same arguments that
follow (9.11)) is negative, and thus fy(r) < 0. If 7 > sec 6, then both fractions are negative

and fj(r) > 0 results. Therefore fy is decreasing on (0,secf), increasing on (sec, c0),

with fp(secf) = —1 an easy matter to verify, and
) | sin 4|
lgn fo(r) =Wo| — . <0. (9.17)

Next, recalling (9.9), we readily find that A(b/a) = 0. Set # = b/a and 6 = arcsec#, so
6 e (0,7/2) and
f5(7) = fi(secf) = —1 < 0 = (7).

Suppose 0 € [0,7/2), so sec > secl = 7. Fix r > secf. Then A(r) > A(#) = 0 while
(9.17) and other findings of the previous paragraph make clear that fy(r) < 0. Hence
fo(r) # A(r) for all r € [sec, c0), and the existence part of the proof of Lemma 9.6 leads
to the conclusion that fy(r) = A(r) must hold for at least one r value in (0,secf). That A
is increasing while fy is decreasing on (0, sec @) then finishes the proof of uniqueness for
all 0 € [é, w/2). Since f_g = fp in general, the uniqueness of the solution to (9.8) is also

assured for 6 € (—7/2, —0].
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So for example, if a =1 and b = 2, then 0 = arcsec(2) = /3, and (9.8) has a unique
solution for all # ¢ (—m/3,7/3). This is a substantial improvement over 6 ¢ (—m/2,7/2),
which we have been more properly characterizing as cos < 0.

While an improvement, our new result does not capture all 6 values outside the sector
I = [—arccos(1/k3), arccos(1/k3)],

since

b 1
cos( arcsec = | = ¢ < Go-a/b _ L
a b b K3

implies § = arcsec(b/a) > arccos(1/k3). We could sharpen the result by, for instance, letting
7 be such that A\(7) = Wo(—|sin6|/e), setting 6 = arcsec#, and taking Wy(—|sin6|/e) to
be the upper bound on f(r) for r > sec and 6 € [f, 7/2). Capturing more 6 values in this

manner, or by some other means, will be left as a possible avenue for future research.
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Section 10: Additional Tools

Here we establish some more results that will help in the course of proving upcoming
theorems about the zero attractors of sequences of the form (6.2). The foremost result
we’ve already seen, namely Theorem 2.5, which characterizes zero attractors as explicit
point sets. However, the following asymptotic result deriving from [4, Proposition 2.1] will

be useful in determining the limits mentioned in part (2) of Theorem 2.5.

Proposition 10.1. There exists v < 0 such that, for each n € N,

St <7‘ewn2>
spn(renz) = |1+ i bn+ 1 [14+0n")]| e’ (10.1)
—1 27 (b 1
<bn 1 > m(bn + 1)

for all z € C\ e7®(b/r + H), where O(n*) holds uniformly on compact sets.

Proof. A direct adaptation of a result given in [4] yields (10.1) for all z such that

Re(re?z) < b+ 1/n, with v € (—1/2,0) fixed and O(n”) holding uniformly on compact

sets. Thus (10.1) holds for all n for any z such that Re(e?z) < b/r, and since
{z:Re(e?2) <b/r} ={e®z:Rez<b/r} =C\{e®z:2eb/r+H}

=C\{z:e¥2eb/r+H} =C\{z:2ze€e ¥ 0b/r+H)]},

the claimed region of validity is obtained. |

The above asymptotic covers an open half-plane of C, while the following asymptotic
derived from [4, Proposition 2.2] covers all of C outside a closed disc. It can be seen that

the two asymptotics combined cover all of C except for the single point e_wb/ r.

Proposition 10.2. There exists v < 0 such that, for each n € N,

St re'nz
10 bn +1 vy] refnz
Spn(renz) = T [1+O(n")]e
-1 27 (b 1
<bn +1 > mbn +1)

for all z such that |z| > b/r 4+ 1/n, where O(n") holds uniformly on compact sets.
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The next two asymptotics were already introduced in the beginning of §3, and they
in fact can be readily adapted to give the two more general asymptotics above. In the
interests of thoroughness we will give some of the steps whereby the final asymptotic, in

Proposition 10.4, is derived from [4, Proposition 2.2].

Proposition 10.3. There exists v < 0 such that, for each n € N,

an—+1 nz
? <cm + 1>

( ne —1> 2n(an + 1)

San(nz) = |1+

[14+O(n")]| ™

an+1

for all z € C\ (a + H), where O(n") holds uniformly on compact sets.

Proposition 10.4. There exists v < 0 such that, for each n € N,

an+1 nz
7 (an +1 )

nz
-1 2 1
1 ) m(an + 1)

[1+O(n")]e™

San(nz) =
(

for all z such that |z| > a+ 1/n, where O(n") holds uniformly on compact sets.

Proof. By [4, Proposition 2.2], for any 1/3 < o < 1/2, we have

Swa(nw) _ (wel=0)" o
enw - \/%(’LU . 1) (1 + O(nl ’ ))

1—3a)

for any |w| > 1, with the term O(n holding uniformly on compacta in A . Setting

v =1-3q, so that —1/2 < v <0, for w € A,, o wWe obtain
ew (Eelfw/n)n

Sp—1(w) = (wjn — 1)\/%(1 + O(n"))

since w/n € Ay . Noting that a function of order O((n + 1)) as n — oo is necessarily of

order O(n”), it follows that

+1
<w —1> 2n(n+ 1)

n—+1

n+1
ew( w elw/(nJrl))
n

(1+0(n"))

sn(w) =
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for jw| > n+ 1, and hence

an+1
ew( w 161w/(an+1))
an + (1+0(m"))

w
-1 2 1
pro— > m(an +1)

San (W) =
(

for jw| > an + 1. This last equation then yields

an+1
en? < nz e1nz/(an+1)>

an +1
nz
an +1

14 0(n"))

San(n2) = ( _1> om(an + 1)

for |z| > a+1/n. [ ]

In addition to the preceding asymptotics, the following proposition and several lemmas

will also prove to be valuable aids.

Proposition 10.5. If z € H , then
Re[(1 —re?)2] <0,

and if z € H ), then
Re[(1 —re®?)z] > 0.

Proof. Let z € H, = —elfroT™/2H 50 2 = —eléro+7/2)i¢ for some ¢ such that Re( > 0.

Now, letting

¢ o
= and = (rcosf — 1) +i(rsinf),
0 V12 —2rcosf +1 = )+l )

with (6.5) we obtain

(1 B Tei@)z _ (,rez'ﬁ . 1)6(€r9+7r/2)i<

—=i(re? —1)exp [z arctan<rcose_1>] ¢

rsin 6

. rsin 6 rcosf —1
:imw—1< +i >
( ) V12 —2rcosfh + 1 Vr2 —2rcosf + 1 ¢

= —[(rcosf — 1) +i(rsinf)] [(rcos — 1) — i(rsin )]
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= —i1¢160 = —1G1* -
Thus Re[(1 — re®?)z] < 0 since Re{y > 0. The proof that Re[(1 — re?)z] > 0 if z € H, is

similar. [ |

Lemma 10.6. For 1 <a<b, >0, and 0 € R, let

z a
o(2)]

a

reifz\ "
(7))

Then z € C\ D, implies M < 1, and z € D, \ {0} implies M > 1.

€]

|6rei9z|

Proof. Since

— af b \bt-a b elaor?
ZGC\DT = Z|>€<a’l“> 4 |Z|a <W,
we have
VA a
1| (%)) app
_ o/l et
; rez e’a’r
|6r619z|
b
Similarly we obtain M > 1if z € D, \ {0}. [

Lemma 10.7. Suppose 1 < a < b andr < 1. If z € D, is such that |p(re?z/a)| < r, then
lo(re?z/b)| < 1.

Proof. The result is trivial if z = 0, so fix z # 0 such that |z| < a and |¢(re?z/a)| < r.
We need two auxiliary inequalities. First, from |z| < @ and b — a > 0 we have

‘b ab
< —. 10.2
o7 <@ (10.2)

|z

Next, defining
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we note that g = 1/f for f defined before Lemma 9.4, and so g < 1 on (a,c0), and hence
(a/b)e’ =" < 1 in particular. From this we obtain our second needed inequality:

ab
Eeb—a <1 (10.3)

Now, |p(re?®z/a)| < r implies that |ea_”ewz| < a®/|z|*, and then with (10.2), the fact that
r < 1, and (10.3) it follows that

‘eb—reigz‘ - a® _ei’ _ b . |z|Pa%ebr® b 'abeb - b .
2o er T pPlzb T |z]ebben rz]p " bhea ~ pb|fb
Therefore
A i
which immediately yields |@(rez/b)| < 1. [ ]

Lemma 10.8. Suppose 1 < a < b. If z € D, is such that |p(z/a)| < 1, then |p(z/b)| < 1/r

for all r € (0, k3].

Proof. The result is trivial if z = 0. Suppose z # 0 is such that |z| < a and |p(z/a)| < 1.

From the latter inequality comes

and hence

< () < ()

since a/|z| > 1 and 0 < a < b. Thus |z|’|e™?| < a’e™, implying

|2\ 1—z @ 1—ap 1
b)| = =L z/ < — a/ I
(/)] = Bljel =+ < Tetolb =
which in turn implies |¢(2/b)| < 1/r for r < k3. [ ]
Lemma 10.9. Suppose 1 < a <b. Then
S ND, CS; and S;ND, CSy (10.4)

for allr >0 and 0 € R.
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Proof. Suppose z € §§ ND,. If z = 0 then z € §; is immediate, so we assume z # 0.

Then
a o/
lele/al <1 = |e7t < o = [T < g et
= lpte/t)] = et < i 22 ot

and so, since |z| < pr,

and therefore z € §;.
To prove the second containment in (10.4) it suffices to examine only the case § = 0.

Setting 6 = 0, suppose that z € S5 N D,. Then

aa/b

1-rz/a a 1-rz/b 1—a/b
rz/a)l <r = le <2 o e < e
M T g = T <
a/b
= fplrz/n) = (1ot < oo T o,

so that

al b a el ra@/bel—a/b
ezl < |4 ( e ) -

and therefore z € S;. [ |
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Section 11: The Zero Attractor for 0 < r < K1

Let A denote the zero attractor for the sequence of polynomials
Po(2) = san(nz) + Csp(renz).

Since the compact set A passes through different homotopy classes as r — oo, it is
necessary to carry out separate analyses over a series of disjoint intervals of r values that
are determined by the critical values given in Definition 9.1. The regions 2y and {23 given
in that definition are involved in nearly all these analyses, though we will often alter their
expressions in the upcoming theorems (depending on the interval in which 7 is assumed to
lie) for purposes of using the propositions of the previous section. In the present section

we concern ourselves strictly with 0 < r < k3 for all admissible a, b, 6.

Theorem 11.1. If0 < r < Ky, then A is the union of the boundaries of the connected
T€GLONS

0 : C\D,

Qy: D\ [(S;US;)ND,]

Qz: SgNHND,

Qy: STNHYyND,.

To facilitate the proof of the theorem we first establish lemmas that determine the

asymptotics in each of the four regions.

Lemma 11.2. If 0 < r < k1, then

:bln‘@‘

S b

n—00 n

uniformly on compact sets of 1 = C\ D,..

Proof. Let K C C\ D, be compact. Since p, = a if and only if 7 = k3, the fact that

r +— pr is a decreasing function and x; < k3 makes clear that D, C D,. Some algebra
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shows
b e/ar\esa _ T b 1 v/a
P
r a\b b a
and so D/, € D,. Hence K is a subset of C C\D, C\ D, /r» 50 Propositions 10.2 and

10.4 imply that

1/n
an+1 nz 1 V1 nz
e () o e
nz
-1 2 1
San(nz) L/n . <an +1 ) m(an +1)
i | Cop(renzy| A v (1L1)
oo bn oo bn+1 1 O(n?2 renz
P (F 2 )+ o
renz
—1 27 (b 1
(bn—l— 1 ) m(bn +1)

on K, where the order terms O(n**) and O(n*?) hold uniformly on K for some vy, s < 0.

This readily simplifies, giving

1/n

lim

San(nz)
n—oo

Cspn(retfnz)

for each z € K, with the last inequality following from Lemma 10.6. Since f : K — C

defined as
eabb b
Fz) = 55l
is continuous on K, we have || f||x < 1. Also it was shown in §3 that |sq,(nz)|'/™ converges

uniformly on compact subsets of C\ {a}, and a similar argument shows that

i0 b , b.b
)| e = e

hm |Cspn (renz) |V = ‘@(re
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uniformly on compact subsets of C \ {¢~*b/r}. Hence the limit (11.1) must converge

uniformly to f(z) on K, so that

1i San (TLZ)
im |[—2 0
n—o0 | C'spy (reifnz)

uniformly on K by Proposition 3.3, and therefore

lim |P,(2)|/" = 1i_>m |San(n2) + Cspp (renz)| /™

n—oo
1/n
) : San(nz)
= lim |Cspp(renz)|V/m | =" _ 411
n—)oo‘ bn( )| Csbn(rewnz) +
B ebrb b
= ?|Z|
uniformly on K. |

That our limits hold uniformly on compact subsets of whatever region is under consid-
eration can be established in much the same way as in the proof of the lemma above, and
so in subsequent proofs we shall concern ourselves largely with the evaluation of pointwise

limits.

Lemma 11.3. In the region Qo that is D, \ [(gf u§§) ﬂﬁa],

In|P,
L IlPa(z)

ez
=aln|—
n—00 n a

uniformly on compact sets.

Proof. Suppose z is a point in 0 that lies in the intersection of C \ e~%(b/r + H) and
C\ (a + H). By Propositions 10.1 and 10.3,

; 1/n
e f nFpn (f) + Cerewnz + Cerewnz(pbn <T610Z> ’
o0 a b

= lim |ereigzl
n—oo

, : 0N\ |1/
e(lfrele)nz + e(lfre“g)nz(pan<2) +C+ C@bn (Teb Z) ’ )

(11.2)

Since

e(1-re e)nZSO(m (E) _ (e—ZG)an [¢<re Z>:| (11.3)
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and |p(re??z/a)| > r, the constant term in (11.2) may be neglected, and since |¢(z/a)| > 1

we obtain
. . . 0,0\ |1/
lim ’Pn(z)ll/n — lim ‘ereﬁz’ e(l—rele)nz_'_6(1—7"6”“9)nz(p(m(2)_i_C(pbn<rreZ Z)
n—00 n—00 a b
oo () v
T z an [ ? b
= Jlim |7l |1+ () + — (11.4)
wn [ TE"Z
N
= lim |€?| g0<7) 1+ =
n—00 a e(lfreig)nzsoan(,)
a
Now, by Lemma 10.6,
) 1 .
C(pbn (TGZGZ> " ‘erewz’ QD(TGZGZ> b
b
6(1—rei9)nz¢an (E) - ez (p(i> “ <L
a a
and so Proposition 3.3 implies that
im [ Py(2)]Y" = Tim [e*|[o(2)|" = Sz (11.5)
n—oo T nSoo ¥ a o a? : :

If z lies in the portion of {2y that is in the intersection of C \ D, and C\ e~ (b/r 4 H),
then it is not necessarily the case that |p(z/a)| > 1, but then Propositions 10.1 and 10.4
may be used in order to obtain (11.4) without the 1 term to begin with, and the rest of
the analysis is the same.

Finally, if z lies in the part of Qo where C \ D, and C\ ﬁb/T intersect, then neither
lo(2/a)| > 1 nor |p(re?z/a)| > r necessarily hold, but Propositions 10.2 and 10.4 may be
used to find that

1/n

C 6
’ spn(re?nz) <1

San(nz)

n—o0



97

much as the reciprocal expression was treated in the proof of Lemma 11.2. Then via

Proposition 3.3 we arrive at

Cspp, 6 1/n
Tim [Po(2)[V" = lim_[sqn(n2)[V/" W +1| = [san(n2)/",
which again leads to (11.5). We have now covered all of Q9 save for the point b/r. [

Lemma 11.4. In the region 23 that is S3 N'H,_, N Dy,

R AC]

=In |e’”emzl
n—oo n

uniformly on compact sets.

Proof. Let z be a point in 3. As in the proof of Lemma 11.3 we employ Propositions
10.1 and 10.3 to obtain (11.2). Now, Re[(1 — 7¢?)z] < 0 by Proposition 10.5, and also
lo(re?z/b)| < 1 by Lemma 10.7. Then, in light of (11.2) and the fact that |p(re??z/a)| < r,

we find that the nonzero constant term C in (11.2) dominates, and hence

lim |Pn(2)‘1/n = lim |6rei92’|0’1/n — ’erei<92|.

This immediately implies the desired result. |

Lemma 11.5. In the region Q4 that is Sy NH}y N Dy,

In|F,
R AE]

|
n—oo n

=lInle
uniformly on compact sets.

Proof. Let z be a point in 4. Again using (11.2),

0\ |1/
: 1/n _ 7: z an [ % (re’ —1)nz (ret® —Dnz, bn [ 7€ %
nh_}ngo|Pn(z)] —nh_>n;o|e |11+ ¢ (a>+Ce +Ce © < 3
= Tim [¢*] {1+ () + Celre’—Dne c[re%(f)]b" o (11.6)
n—00 a b ’

Now, Re[(re?? —1)z] < 0 by Proposition 10.5 and |¢(z/b)| < 1/r by Lemma 10.8. Moreover,

r < k1 implies r < 1 by Proposition 9.3, so that |re?’| < 1. Since |¢(z/a)| < 1 as well, the
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constant term 1 in (11.6) dominates, and therefore
: 1/n _ |,z
Tim_ |P(2)] V" = [e
as claimed. [

Proof of Theorem 11.1. From the lemmas we find that

bln|rez/bl, ze€

In|Py ()| alnlez/al, z€Qy

lim ————= =
n— 00 n

In|er®’?|, ze€Qs

In |e?], z €y

and so by Theorem 2.5 the theorem is proven. |
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Section 12: The Zero Attractor for r in Other Intervals

We now consider the nature of A for r in other intervals beyond (0, x1]. As Proposition
9.3 established, k9 = 1, and of course when r = 1 we are back to the unimodular case
treated in §5. Thus in the course of proving the following theorem we may assume r < 1,

though r = 1 should not present any difficulties.

Theorem 12.1. If k1 < r < 1, with 0 # 27k for k € Z if r = 1, then A is the union of

the boundaries of the regions

Q: C\[D,U(S;NDyy,)]
D D\ [S3U(S;ND,)]
Q3 [S5 N Hp D) T [S5 NS5 N Agyyy]

O SfNH,ND,,

where only Qs is disconnected.

Proof. The analysis of regions {29 and €14 is the same as in the proofs of Lemmas 11.3

and 11.5 in the previous section, and also the component
Q5 =85 NH,pND,

of the present region {23 is handled as in the proof of Lemma 11.4. It remains to consider
Q1 and the component

3=3S5 NS5 NAGp

Any z € Q is such that either z € C\ Dy, or z € C\ e~ (b/r +H). In the former case
the analysis proceeds as in the proof of Lemma 11.2, while in the latter case Proposition
10.1 leads to

1/n

7
n—oo n—oo

) bn (. .16 i
lim ‘C’sbn(rewnz)‘l/n = lim '[C’+ Cor(re”z/b) }e ’

(re®z/b —1)v/2mbn
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and then since |¢(rez/b)| > 1 we may neglect the constant term C' to obtain

C’gob”(rewz/b) i L/n

re’nz

(rei?z/b —1)v2wbn

lim ‘Csbn(rewnz)‘l/n = lim

Y

This leads to (11.1), whereafter the analysis is the same.

For z € Qf, Propositions 10.1 and 10.4 imply

lim |P,(2)]"/" = lim

n—o0 n—oo

; 1/n
¥ (g) + Cereignz + Cerewnz(pbn (7“6;92’) ’

, . 0,5\ |1/
— lim |€re’9z’ e(lfrew)nzsoan (Z)_FC_‘_C(pbn(reZ Z)‘
n—00 a b
0 an i0 1/n
L reif 1 re’’z o [ T€0 2
= fin || e ()| rered (M)

with the last equality following from (11.3). The constant term C dominates since

lp(re?z/a)| < r and |p(re?®z/b)| < 1 by the definition of 2, and so

lim | P, (2)[Y/" = [e""|.

n—oo
Hence
)
bln|rez/bl, ze€
) In|Po(z)] alnlez/al, z€Qy
im ——= =
n—00 n

In|ere’|, ze€Qs

In |e?], z €y

For the statement of the following theorem recall the set I as defined in Lemma 9.4. It

will also be convenient to define
W =8 NS;NH,,NC\ (a+H)

and, for aesthetic reasons, Q%" = QF.
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Theorem 12.2. If 0 ¢ I and 1 < r < k3, then A is the union of the boundaries of the

connected regions

Q1 : C\ [D,U(S;NDy,)]
Q: Dp\ [S;U(S; NDy)]
Qz: Q5UQL

Qu: SfNH,ND,.

Proof. The analysis of €27 is as in Theorem 12.1, while 25 and €4 are treated as in the
previous section. The current €23, however, is the result of a merging of the former regions
3 and %, and so has properties of both. To fully cover Q3 may require two separate
analyses: one using Propositions 10.1 and 10.3, and another using Propositions 10.1 and
10.4 provided that Q%* \ Qf # @. However, for z € (5 the analysis proceeds precisely as in
Lemma 11.4, and for z € Q%* the analysis is the same as that carried out for % in the

proof of Theorem 12.1. Therefore
bln|rez/b|, ze€

(P2 alnlez/al, z€ Qo
lim ————= =
n—00 n

In|ee’?|, zeQy

In|e?|, z €y

When r > k3, the radius of C, is less than a, and thus the portion of the set S;° that
lies outside this circle is no longer a part of {29. This simplifies the expression for {29 in
the next theorem. A complicating feature is that a portion of &4 now forms part of the

boundary of £2; and 4.
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Theorem 12.3. If 0 ¢ I and k3 < r < k3, then A is the union of the boundaries of the

regions
Qi C\[DrU(S; NDyy) U (S; NDy)]
Q: D\ (S;US;)
Qs: QUQL
Q: S NS;NH,ND,,

where Qo is disconnected for ks < r < k4 and connected for kg < r < k5 provided that

cosf < 0.

Proof. Asin the proof of Theorem 12.1, any z € { lies either in C\Dy, or C\e™*(b/r+H),
and in the former case the analysis is the same as that done in the previous section. If

z € C\ e ™(b/r +H), then Propositions 10.1 and 10.3 imply that

) i0 1/n
lim |Py(2)[Y/" = lim |e™ [1+¢an<i>} L Oerenz [1+(pbn<re z)]
) 0 1/n
= lim €nz [1+¢an<i>:| _'_CeTelenz(pbn(Te Z)’
0 0 1/n
o o (2) o O
= lim |e*] |1+ (a e ; , (12.1)

where the constant term 1 is neglected in the right grouping since |¢(re?z/b)| > 1. Now,

re¥nz i0 renz i0 ) bn bn
e o [(T€7 2 e ez 1reitz/b - M‘el—z/b‘
enz ¥ b - enz b o b ’

and since |p(z/b)| > 1/r by the definition of Q;, with

AT el ey o 1 AEIFpee—
‘(p(b)‘>r® b‘6 ‘>r® b‘e ‘>1’

the 1 in (12.1) may be neglected to obtain

nz, an(? renz _bn ,r.eiéz Y
e <a>—|—Ce © 5

lim |P,(z)]"/" = lim
n—oo n—oo
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1/n
z
v ” nz an<7>
_ ‘ ,r.ezgz‘ re”z lim ey a : 1
b oo C ret9nz, bn re”z
e (2 b
Since
1/n
a
e () oG
1m - = <
nee Cereienzgpbn retz reif ret? b
b le % b

by Lemma 10.6, we conclude by Proposition 3.3 that
re2\ | B elrt
¥ b = W'Z |

The analysis of €24 proceeds much as in the proof of Lemma 11.5, only with r > k3 we

1/n rewz}

Tim [Pa(2)]" = e

as usual.

cannot rely on Lemma 10.8. However, 24 C §; is now built into the definition of the region,

s0 |¢(z/b)| < 1/r still holds for any z € Q4. We again obtain lim, s [Pn(2)|Y/" = |e?]. R

The condition cos# < 0 in Theorem 12.3 stems from the possibility that equation (9.8)
may have multiple solutions when cosf > 0, in which case (provided 6 ¢ I) the region Qo
may alternate between being connected and disconnected multiple times as r increases.
We recall, however, that uniqueness of solution for (9.8) was secured at the end of §9 for
some values of § for which cos# > 0, namely values in the intervals [arcsecb/a,7/2) and
(—m/2, —arcsecb/a], and so the condition cos# < 0 may correspondingly be relaxed in the

statement of the theorem.

Theorem 12.4. If r > ks, then A is the union of the boundaries of the connected regions
o : C\[@;nDy) U G;nDy)]
Qg . 82< N H;g N ]D)b/r
Q4 . Sf HSIHH:QQ]D)G

Proof. By definition k5 = min{r : Qs = @}, and the proof of Proposition 9.9 shows that

()5 is in fact empty for all r > k5. This enables a slight simplification of the expressions
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for €7 and Q3. In the case of {21, Definition 9.1 implies that
D, C (87 NDa) U (S3 NDy,.)

for r > k5, and hence
D, C (S; ND,) U (S; NDy,).
Suppose z € D,., so either z € S; ND, or z € S3 ﬁﬁb/r. Now,
2€8,ND, = 2€8,ND, = 2€8, = z€8,NDy,

where the second implication follows from Lemma 10.9 and the third from the simple fact

that D, C D,. On the other hand,
2€83NDy, = 2€83ND, = z€8, = ze€8NDy,,
where again Lemma 10.9 is used for the second implication. Thus
D, C (83 NDyy) U (Sy NDy),

and the expression for € in Theorem 12.3 simplifies to that in Theorem 12.4. This
observation, moreover, makes clear that the asymptotic analysis of §2; as expressed here
will be identical to that carried out in the previous theorem. The same holds true for {3,

and also for Q4 (whose expression is unchanged in any case). |

Finally, if # € I we find that {22 remains connected for all 0 < r < x5 until becoming
the empty set when r > k5. The zero attractor therefore remains in the same homotopy
class for r between ko = 1 and k5 (where k5 > 1 was established by Proposition 9.9). The
next theorem takes this into account, giving definitions for the various regions that are

valid for all such r values.

Theorem 12.5. If 0 € I and 1 < r < ks, then A is the union of the boundaries of the

connected regions

Q1: C\[DrU(S;NDyy) U (S;NDy)]
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Q: D\ [S3U (S NDy)]
Qs QUO3
Qu: SfNS;NH,ND,.

Proof. The asymptotic analysis of each region proceeds along lines already traced in the
course of proving Theorems 12.2 and 12.3, the sole difference being the present assumption

that 8 € I and therefore {25 never becomes disconnected. [ |
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Section 13: The Zero Attractor of Perturbed Chebyshev Polynomials

Let T,,(z) be the nth Chebyshev polynomial of the first kind, and for fixed integer ¢ > 2

define the perturbation

Also, for r(z) = V2% — 1 define the sets
Ci={2¢D:z¢e(C\H)U (—ioo,0) and |z — r(z)| = \z|£}

and

Cy={2¢D:2€HU(0,ic0) and |z +r(z)| = ]z]e},

so that C' = C1 U (3 is a simple closed curve in the domain |z| > 1. Shown in Figure 19
are the solutions to T'4o(z) = 0 when £ = 4, and also the graphs of |z +(z)| = |z|*. The
curves C and Cy form the left and right halves of the outer loop, respectively. If iR is

the imaginary axis, then C; NiR = {—if8} and Cy NiR = {i} for some 5 > 1. In explicit

0.5F

0.0

-0.5F

-1.0}

-1.0 -0.5 0.0 0.5 1.0

FIGURE 19. The graphs of |z + 7(2)| = |2|* and zeros of Ty(z) for £ = 4.
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terms f is such that
B+/B2+1=p" (13.1)

It is the disposition of the zeros of T4o(z) in the figure that motivates the following.
Theorem 13.1. The zero attractor of the sequence Ty(z) is C'U [—1,1].

As has been our approach in the past, the proof of the theorem will follow from a series
of lemmas together with Theorem 2.5.

Our first lemma will establish that T, satisfies the two hypotheses stated in Theorem
2.5 concerning the boundedness of | J, Z(T',,) and the uniform boundedness of the family
of functions |T,|"/" on compacta. Part of the lemma’s proof will employ the following

result, a form of which is found in [6, p.74].

Proposition 13.2. For each 1 < k < m define the polynomial
pr(z) = 2" + akylzn’cfl + ot app,,
and suppose Dy, is an open disc such that Z(py) C Dy. For fivzed A1,..., Ay, € C\ {0} let
m
p(z) =D Mpr(2).
k=1
If ¢ € Z(p), then there exist ay, € Dy, such that ¢ is a root of

Z /\k(z - Oék)nk =0.

k=1

|1/n

Also needed for the proof of the first lemma is the fact that if sequences |p, and

|gn|*/™ are uniformly bounded on S C C, then so too is |pn + gn|"/™. To see this, define

o, 7 € R by
o =sup{[lpal "5 :n €N} and 7 =sup {[laal"g:n € N},
Fix n. Then
1+ nl 7" = sp Ipn() + an ()" < s (Ipa(2)] + lan (2)) " (13.2)
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If z € S is such that |p,(2)| > |gn(2)], then
n 1/n n n n
(IPa(2)] + laa(2)) ™ < @2lpa()) " = 2/ pa ()™ < 2||[pa]/"| 5 < 20
and if [pn(2)| < |gn(2)], then

(Ipn(2)] + lan(2))) /™ < 2.
Thus
(1pn(2)| + lan(2)) " < 2(0 + 7)
for all z € S, and (13.2) implies

M| < 2(0 +7)

[1pn + anl ||

for all n. It follows that

R& :n €N} €R,

sup {[[[pn + a4

|1/n

and therefore |p, + ¢ is uniformly bounded on S.

Finally, we will need the well-known identity
1 n n
Tn(z)zi[(z—\/:ﬂ—l) +(z+\/22—1) } (13.3)
for z € C, given in [8, p. 5]. We now state and prove our first lemma.

Lemma 13.3. The set |J, Z(T,) is bounded, and the family {|T(2)|Y/"} is uniformly

bounded on compact sets.

Proof. Fix n, and let pi(z) = 2/ and pa(2) = T;,(2). For § = 0.1, say, we have Z(p;) C
Dy :=Ds and Z(p2) C Dy :=Dy,s5. We apply Proposition 13.2 to p = p; — p2 = —T, to

conclude that any zero ¢ of p(z) must be a root of
(z—a)™—(z—a)" =0 (13.4)
for some oy € Dy and ag € Dsy, which implies

¢ — ol = |¢ — as (13.5)
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for some |a] < 0.1 and |ag| < 1.1.
Suppose |¢| > 3. Some algebra shows (|¢| — 0.1)% > 2|¢|, with ||¢| — 0.1] > v/6 > 1 in

particular, and thus (|¢| — 0.1)¢ > 2|¢| since £ > 2. It follows that
(I =0.1)" > [¢ + 1.1,

and since
¢ = onl" = (¢ = aa])* > (I¢] = 0.1)f
while
¢ — aa| < [¢] + || <[¢]+ 1.1,
we see (13.5) cannot be satisfied if |(| > 3, and thus (13.4) has no roots outside D3 for any
choice of ay € Dy. Therefore Z(T,,) = Z(p) C D3 for all n, and J,, Z(T,) is bounded.
Next, let K C C be compact. Knowing that v/22 — 1 is bounded on K, we find that

1/n

z4+vV22—1)" 2422 -1

sup ( ) = sup ’ - | :sz:\/zQ—lH € R,
neN 2 neN 21/n K

K

and also
1
sup “zm‘ /nH = suszéHK = HzeHK e R.
K neN

neN
Therefore the family of functions given by

1/n
n

(= — 22—1)n+ (z—i—\/z?—l)n_zé

T /n _

is uniformly bounded on K. |

Next, define the sets
E; = [{z:Rez < 0} U (—ioc0,0)] \ [-1,1]

and

Ey; = [{z:Rez >0} U (0,i00)] \ [-1,1],

with F := F1 U Ey = C\ [—1, 1]
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Lemma 13.4. The inequality

|2 = V22— 1] > |2+ V22— 1] (13.6)
holds throughout E:, while

|2 = V22— 1| < |2+ V22 1] (13.7)

holds throughout Es.

Proof. For the principal branch of the square root,
va+ib=u-+iv

if and only if

2 4 p2)1/2 2 4 p2)1/2
u:\/(a + 2) ta and U:(sgnb)\/(a i 2) a’

where we set sgnb=1if b=0 and a <0, and sgnb=0if b =0 and a > 0.

Let z =z +1iy € C\ [-1,1] with x < 0. We have

\Vz —\/ —y? —1) +i(2zy) := u + v,

with
u:\/W—y2—1>2+<2my>211/2+<x2—y2—1)
2
and
2 _ .2 _1)2 211/2 _ (2 _ 02
U:Sgn@xW[(x GRS GRE)
Now,

2= V2 —1|> |2+ V21| & (z—u)’+(@y—v)*>@+u)?+(y+v)
& zu < —yo.
We examine cases, observing that z # £1 and so u = v = 0 is impossible.

Suppose y # 0. Then sgn(2zy) = —1, so —yv = —ysgn(2zy)|v| = |yv| > 0. If v = 0,

then u > 0 must hold and we have xu < 0 = —yv. If v # 0, then zu < 0 < |yv| = —yv.
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Next suppose y = 0. Then z =z < —1, and
u+iv=vz2-1

implies that u = V22 —1 > 0 and v = 0. Now it follows that zu < 0 = —yv, and we see
zu < —yv, and hence (13.6), holds on the half-plane Re z < 0 outside [—1, 1].

Finally, let z = 4y. Then

ut+iv=+—-y2—1=1iy2+1,

indicating that u = 0 and v = \/y2 + 1. From this we see zu = 0 < —yv if and only if
y < 0.
It is now clear that (13.6) holds for all z € E;. The treatment of (13.7) for z € Ej is

similar. |
Lemma 13.5. The function h : E — C given by

—Vz2—-1, z€F
22—1, z € By

1s analytic on E.
Proof. Define h : iEl — C by h(z) = ih(—iz). Thus

—ivV—22 -1, z€ilby
h(z) =

iv—22—1, z€ibs.
Clearly h is analytic on E if and only if & is analytic on iE. Define f : iE; — C by
f2) = iV 2

so that h(z) = f(z) for z € iEy. Suppose z € (iF3)°, so Imz > 0 with z ¢ [0,i], and
hence Argw € (—7,7) for w := —2% — 1. From this it follows that Argw = — Argw, and

subsequently

Vo = [w] /2 exp((i/2) Arg w] = |w]"/? exp[(—i/2) Arg w]
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= [w|'/? exp|(i/2) Arg W] = V.

That is,

\/_22_ :1/_22_1’

and since z € (iF1)°,

F@) =—ivV-22—1=ivV/—22 —1=h(2).

Thus

- f(Z), z € 1F,
h(z) =
f(Z), ze€ (iEy)°.
The mapping z — V22 —1 is known to be continuous and analytic on E; and EY,

respectively, implying that f is continuous and analytic on
iBy = [{z:Imz <0} U (0,00)] \ [~4,0]

and (iE7)°. Moreover, for x > 0 we have

fla) = —iv/—22—1=a2 +1,

so f is real-valued on (0,00). By the Schwarz reflection principle it follows that h is
analytic on iF; U (iE2)°. Since a symmetrical argument shows that analyticity holds on
iEy U (iE1)°, we conclude that h is analytic on iE = iE; UiEy = C \ [—i,4], and therefore
h is analytic on £ = C\ [—1,1]. [ |

Let U be the unbounded domain outside the curve C, and let B = C\U be the bounded
domain inside. Furthermore, set B’ = B\ [—1, 1], and define the regions By = E; N B and

By = E> N B, so that B’ = By U By. More explicitly we have
By ={z€ B :Rez<0}U(-iB3,0)

and

By ={z€ B':Rez > 0} U (0,if).
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Figure 20 illustrates these regions, as well as the points 4+i5 mentioned at the beginning of

the section.

Lemma 13.6. The inequality

|z — V22— 1] > |2|¢ (13.8)

holds throughout B, while
|2+ V22— 1] > |2|¢ (13.9)

holds throughout Bs.

Proof. We will verify the inequalities for the relevant intervals on the imaginary axis first.

Define
‘z — V22— 1‘
9(2) = —7— — L.
2|
For z > 0,
. r+vVrZ+1
g(—iz) = ———F—— -1,
x
By By
] 1 1

—iB

FIGURE 20. Left: regions U and B’. Right: regions By and Bs, which
contain the portions of the negative and positive imaginary axes, respectively,
that lie in B’.
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so that
g(—iz) >0 & z—zt+a22+1>0. (13.10)

Since £ > 2, it is clear the right-hand inequality holds for z € (0, 1], and so g(—iz) > 0 for
x € (0,1]. Let

Glx) =z —a' + Va2 +1,

where G() = 0 by (13.1). Then

G'(z) = 1—5384_1—1—L,
(@) 2 +1
so that G'(x) < 0 if and only if
— L 41<th (13.11)

z2+1
The left-hand side of (13.11) is always less than 2, whereas ¢z‘~! > 2 whenever z > 1.
This implies G is decreasing on (1,00), so that G(x) > 0 for = € (1, 3) since G(1) = /2
and G(8) = 0. It follows that g(—ixz) > 0 for z € (1, 3) by (13.10), and hence g(z) > 0 for
z € (—i$3,0). Therefore (13.8) holds on (—i3,0), and by a similar argument (13.9) holds
on (0,i0).
Let @ be the interior of the kth quadrant in C, and define

We will show that (13.9), or equivalently |f(z)| > 1, holds on Bo N Q1 as well as on Ba NR.
Since ¢ > 2, there exists 0 < ¢ < 1 sufficiently small that (13.9) holds for all z € dDsy.
That (13.9) holds on the interval (id,¢/3) follows from the foregoing analysis, whereas
|z + r(2)| = |2|* holds on Co N @, by the definition of Cy. To complete the circuit and
apply the minimum modulus principle, it is necessary to verify that the curve C5 intersects
R at a unique o > 1, and that |z + 7(2)| > |2|¢ holds on (§,1] while |z + r(2)| > |2|® holds
on (1,«a) C By.
Define the polynomial

p(x) = 2% — 221 11,
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i3
W
T
Rs
01
5 1 \@

FiGURE 21. The region Rs in Bs.

so p/(z) = 22°(4x*~1 — ¢ — 1), and for z > 0 we find p/(z) > 0 if and only if fz‘~! > ¢ +1,

041\ YD
o> (S8 =

or equivalently

l
Clearly zp > 1, so p(z) is decreasing in particular on (1,z) and increasing on (xg, 00).
But p(1) = 0 implies p(xo) < 0, and hence there exists a unique o > 1 such that p(a) = 0.

This « is the sole point where Cy intersects R, since, for x > 1,
p(x)=0 & 22—1=@a'-2)? & z+Va2-1=2"
Suppose x € (1,«). Then p(z) < 0 by the immediately preceding analysis, and since

px)<0 & 22—-1>@'—2)? & z+Va2—-1>2",

we see (13.9) holds on (1, o). Next supposing that z € (J, 1], we obtain by direct calculation

x+vVr2—1
7

X

_]J:—i—i\/l—xQ\_\/$2+(V1—$2)2 1
— - - 2

x xt xt

[f (@) =

Now, the points in

(aDé N @1) U [Zév ia] U (02 N Ql) U [67 a]
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form a simple closed curve that admits a piecewise smooth parametrization I'. Let Rs
denote the region enclosed by this parametrized curve I', as shown in Figure 21 Our findings
thus far show that |f(z)| > 1 on ORs, with

. .
nin | f(2)]

since f(1) = 1. Noting that f is nonvanishing and analytic on Rs, and continuous on Rj,
the minimum modulus principle implies that |f(z)| > 1 for all z € Rs. Letting § — 0T,
we conclude that |f(z)| > 1 holds for all z € Bo N Q1. That |f(z)| > 1 holds for z in
By NR = (1,«) and By NiR = (0,43) was shown above, and therefore (13.9) is verified on

By N Q. The treatment in other quadrants runs along similar lines. |

Lemma 13.7. The inequalities

_\/2 _ 2 _
—‘Z : 1‘ <1 and —|z+ : 1| 1
|2[¢ |2|¢

both hold throughout the domain U.

Proof. It is clear that, for some sufficiently large R > 0,

‘zir(z)|

<
2l ~

1
2
for all z ¢ Dp, with the curve C' lying in the interior of the disc.

Define the domain Q = U NDg, so that 9Q = C U dDg. Since Q C E, by Lemma 13.5

implies that
z + h(z)

ho(z) = Ze

is analytic on € and continuous on . Noting C}, C Ej, the definition of C; implies

|z —r(z)|
h = = ]_
()] =
for all z € C1, and similarly
z+r(z
hoz)| = 202 g

|2
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for z € Cy. Hence |hg| =1 on C, and since |hy| < 1/2 on 0Dg, it follows that

max |ho(z)| = 1,
z€09)

and thus |hg| < 1 on 2 by the maximum modulus principle. Therefore |ho(z)| < 1 for all

z € U, so that
2=r()l _,
R
for z € U N Eq, and
@)l
|2*

for z € U N Es.

Replacing h with —h in the foregoing analysis leads to the conclusion that

2+ r(2)]

B <1

for z € UN Eq, and

for z € U N Ey. Since
UNE)UUNE)=UNE=UN(C\[-1,1]) =0,
the proof is done. |

With our various lemmas in place, we are now ready to prove our theorem concerning

the zero attractor of Tn

Proof of Theorem 13.1. Let K C U N H be compact. From (13.3), for z € K,

lim |T (Z)‘l/n — lim [Z—r(z)]" N [z+r(z)]n ot 1/n
n—oo ' n—00 2 2
n n 1/n
. z—r(z z+r(z
g L 220 o

To evaluate this limit we first observe that
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uniformly on K. Since r(z) is continuous and z + r(z) nonvanishing on K, we see p(z) is
also continuous on K'; moreover p(z) < 1 for all z € K by Lemma 13.4, so that ||p||x < 1,

and Proposition 3.3 implies that

s |(5r) -

uniformly on K as well. It then easily follows that

1/n
=1

lim [z—r(2)]"  [z+7r(=)]" 1/"_ lz+7r()| |z —7r(2) +1 1/n
n—00 24tn 2z4n N n—>oo 21/ |t z+4r(z)
|z +r(2)]

uniformly on K. By Lemma 13.7 the sup norm on K of the function at right in (13.13) is
less than 1, so another application of Proposition 3.3 implies the limit in (13.12) equals 1
uniformly on K. Therefore

lim |7, (2)|Y"™ = |2/* (13.14)
n—oo

uniformly on K. A similar argument that reverses the roles of z + r(z) and z — r(z) yields
the same result if K C U N (C\ H), and since r(z) restricted to U N iR is continuous, we
conclude that (13.14) holds uniformly on any compact K C U.

Next, for z € By we use (13.8) to obtain

1/n
—V22-1)" (24 V2 -1)"
1/n: 4 (Z Z ) _
Ji, T = fim B = m—  m
n n|L/n
_ ol (z=Vz2—1) (z+ V22 -1)
N nlﬁnc}ov‘ 2z¢n 2z¢n
T n|l/n
- ‘z V221 lim |14+ (H z_) (13.15)
n—oo z—vz22 -1
Since Y
n n
lim z+Vz22 -1 VR -1 )
n—oo |\ z — /22 -1 z—Vz22 -1

by (13.6) in Lemma 13.4, Proposition 3.3 implies the last limit in (13.15) equals 1, and

therefore

lim |T,(2) 1/”:‘ —Vz ’

n—o0
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on Bj. For z € By a similar argument using (13.9) followed by (13.7) in Lemma 13.4 leads

to the conclusion that
lim |7 (2)|"/" = ‘z +V22— 1‘
n—oo

on Bsy. To show that these limits in fact hold uniformly on compact subsets of By or By is
straightforward with Proposition 3.3.
Observing that By C Ey and By C Es, Lemma 13.5 implies that h; : B’ — C given by

2—Vz2—-1, z€ B

2+Vz22—1, z2€ By

hl(z) =

is analytic on B’, and thus our finding that

~ In ’hl(z)’a ze B
lim In |T,(2)|/™ =

lln|z|, zeU

makes clear lim,_,o In [T (2)|"/" equals distinct harmonic functions on U and B’. By
Theorem 2.5 we conclude that the zero attractor A of the sequence T, contains C' = 9B,
and in fact C C A C C U[-1,1]. We will now employ other means to determine that the
interval [—1, 1] also lies in A, finishing the proof.

For each n it is known that

Tp(z) =271 f[ <z — cos M)

2n
k=1

so T, has n distinct real zeros distributed uniformly on [—1, 1]. Moreover, if (; < (2 < (3
are three consecutive zeros of T, and u1 = ({1 + (2)/2 and pe = (¢2 + (3)/2, then
Tai)| = [ Ta(p2)| = 1 with T () = —T(112)

Fix 29 € [-1,1] and € > 0. Defining the deleted open disc D.(xo) = Dc(zo) \ {0},
choose a < b to designate a closed interval [a,b] C D.(xg) N (—1,1). There exists ng such
that, for all n > ng, [a,b] contains three consecutive zeros (, 1 < (p2 < (3 of Ty, with
midpoints (1 < pin,1 < (2 and (n2 < fin2 < (p,3. For definiteness assume 75, (pin,1) = —1

and T, (pn,2) = 1. There also exists n; such that 0 < " < 1/2foralln > ng and x € [a, b],
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so that in particular

Tn(,“n,l) = Tn(ptn,1) — aft=—-1-2" <0

and

1
Tn(#n,Q) = Tn(,U/n,2) - x(n =1- lﬁn > 5 > 0.

Now the intermediate value theorem ensures there is at least one zero of Tn in (fin,1, pn,2) C
D! (zg) for each n > max{ng,n;}. This implies that x( is not only a limit point of the
set of all zeros of the sequence T, but in fact is in the zero attractor A. Therefore

[~1,1] C A. m



121

Section 14: Conclusion

In the early days of grappling with the zero attractor of the sequence
pn(2) = Asgn(anz) + Bsy,(fnz)

it was hoped that, once the analysis was finished, the problem of determining the zero

attractor of
N

pn(z) = ZAksakn(aknz)

k=1
could be solved via a similar analysis. However, the “two-term case” that spans sections

6 through 12 of this thesis is seen to be quite complicated, and so we turned instead to
the problem of finding the zero attractor of perturbed Chebyshev polynomials in §13. As
this bore fruit, and proved to be neither too difficult nor too trivial an undertaking, the
problem of determining the zero attractors of more general perturbations of Chebyshev

polynomials remains a possible avenue (among many others) for future research.
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Appendix A: Symbol Glossary

Open annulus {z € C: s < |z| < t}

Circle containing intersection of |¢(z/a)| =1 and |¢(z/b)| =1
“Intersection circle” at 0 with radius p,, containing So N S3
Open disc at 0 with radius s

Open disc with boundary Cy,

Open disc with boundary C,

Open disc at z with radius s

Open half-plane {z € C : Re(z) > 0}

Open half-plane elfrom/2)i

Open half-plane —H

Rotated open half-plane {¢?z : » € H}

Angle between the line £,.¢ and the positive real axis
“Intersection line” {z : Arg(+z) = {9} containing S; N S3
Open region {z : |p(z/w)| < 1 and |z| < |w|}

Closure of set S

Interior of set S

Exterior of Szegd curve &

Interior of Szeg6 curve S

Taylor polynomial Y }_, 2*/k!

Szegd curve |p(z/w)| =1

Open region {z : |¢(z/w)| < 1 and |z| > |w|}

Also Z(p), set of zeros of the polynomial p(z)

“Intersection radius,” or radius of C,

Expression ze!™?

Asymptotic equivalence
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.13
.21
.37
.13
.21

. 38

. 30
. 38
. 38
. 30
. 38
.37

.12

.37
.37

. 29

.21

.37
.12

.31
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